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a b s t r a c t

Consider the equal mass planar 4-body problem with a potential corresponding to an
inverse cube force. The Jacobi–Maupertuis principle reparametrizes the dynamics as
geodesics of a certain metric. We compute the curvature of this metric in the reduced
space on the collinear and parallelogram invariant surfaces and observe some dynamical
consequences.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

The classical N-body problem concerns the motions of N point masses subject to an attractive force proportional to the
inverse square of the relative distances between themasses. Poincaré noticed in [1] (see aswell [2]) that variationalmethods
work better for ‘strong forces’ meaning proportional to the inverse cube or a larger power of the relative distances, due to the
fact that the action becomes infinite as one approaches collisions. Consequently, for strong force N-body problems it is easy
to show the existence of periodic orbits by minimizing the action over almost any free homotopy class. Montgomery [3]
studied the inverse cube planar problem with three equal masses using the Jacobi–Maupertuis variational principle (see
Eq. (4) below) and obtained uniqueness results leading to some symbolic dynamics. Recently research on this subject has
been a topic of increasing interest, see for instance [3–6]. Here we examine this approach for the restricted problems of
4-bodies in a collinear configuration or 4-bodies in a parallelogram configuration. Chen in [7] observed that the shape space
for 4-bodies in a parallelogram configuration (Fig. 1) is, like for the planar 3-body problem, a punctured sphere (see Figs.
2, 4) and used this to great advantage in finding new choreography type solutions to the Newtonian 4-body problem. Our
main result on Chen’s parallelogram shape space with an inverse cube potential is that almost every free homotopy class is
realized uniquely up to symmetry by a periodic solution.

In this paper we consider the planar 4-body problem with an inverse cube force. For the inverse cube N-body problem
the virial, or Lagrange Jacobi identity (Eq. (3) below) implies that bounded orbits must have zero energy, H , and constant
moment of inertia, I . Conversely if H = 0 and İ = 0 at the initial time then the motion remains bounded as long as it exists.
Consequently in this paper we assume the energy is zero and the initial change in moment of inertia is zero for our 4-body problem.

The key method in [3] was to compute the curvature of the corresponding Jacobi–Maupertuis metric and show that it is
negative almost everywhere. One of us showed in [6] that this method fails for the 4-body equal mass inverse cube problem:
the curvatures havemixed signs. The question then remains, can some of themethods be salvaged? Here we answer ‘yes’ by
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Fig. 1. A configuration of P . Here × is the center of mass. Note there are 3 parallelogram problems in Q , each corresponding to a different choice of
diagonals.

proving that there exist two invariant subproblems of this 4-body problem for which the curvatures are negative and hence
methods of hyperbolic dynamics apply.

One of these subproblems is the collinear 4-body problem whose reduced configuration space we will denote by C. The
other corresponds to the parallelogram 4-body problem (see [7] and Fig. 1) whose reduced configuration space we will
call P .

It is well known that Newton’s equations of motion in a potential field can be reformulated as a geodesic problem, once
the total energy H is fixed. This metric on the configuration space generating the geodesics is called the Jacobi–Maupertuis
metric. In our situation, due to the symmetries of Newton’s equations and the special inverse cube law [8], this metric at
energy zero admits a large isometry group G corresponding to translating, rotating, and scaling the quadrilateral formed by
the 4-bodies. The metric lives on the standard configuration space for the 4-body problem, X and this quotient procedure
induces a metric on the quotient space

Q = X/G

which we will also call the Jacobi–Maupertuis metric and will denote by ds2JM . Its geodesics correspond to solutions to the
Marsden–Weinstein symmetry reduced Newton’s equations.

In earlier work [3,6] it was shown that ds2JM is a complete metric of varying curvature on Q . Both the collinear
configurations C and parallelogram configurations P sit naturally in Q . We are now able to state our main results.

Theorem 1. The Gaussian curvature of ds2JM on both C and P is negative almost everywhere. On P the curvature is zero at exactly
two points while on C the curvature is strictly negative everywhere.

Remark. The surface P is topologically equivalent to a 2-sphere minus four points, or a shirt. The punctures of the 2-sphere
are due to two binary collisions (q1 = q3 and q2 = q4) and two simultaneous binary collisions (q1 = q4, q2 = q3, and
q1 = q2, q3 = q4). See Figs. 2, 4 for a depiction of P .

A syzygy is a collinear configuration on the equator of P . Note that although the masses are equal, we have four syzygy
types on P , see Fig. 3. The syzygy map takes a solution and lists its syzygy types in temporal order. Deleting the ‘stutters’
(e.g. abaa → ab) makes this map well defined on free homotopy classes (see [3] Section 2 pgs. 3–6).

Theorem 1 implies the following: (the proof is identical to the proof in [3])

Corollary 1. For the parallelogram problem, P , the syzygy map from bounded parallelogram solutions to syzygy sequences is a
bijection between the set of collision-free solutions,modulo symmetry and time-translation, and the set of bi-infinite non-stuttering
collision-free syzygy sequences, modulo shift.

The surface C consists of 12 invariant open disks, each disk corresponding to an ordering of the masses on the line (mod
reversing the order due to a rotation by π ). Restricting our attention to the closure of one of these invariant disks, T ⊂ C
(e.g. {q : q1 ≤ q2 ≤ q3 ≤ q4}), we have:

Corollary 2. For the collinear problem, C, let p, q ∈ ∂T\{the two triple collision points} be two distinct points. Then there exists
a unique solution connecting p to q, that is a solution γ (t) with ω(γ ) = p and α(γ ) = q.

Open Questions: Does Corollary 2 hold when p and q are triple collisions? Does Corollary 1 hold for collision syzygy
sequences? See Figs. 9, 10 for some collision orbits with matching syzygy sequences (giving some numerical evidence that
the syzygy map is not 1–1 on collision orbits). Are there any solutions besides the rectangulars and rhomboids which have
finite syzygy sequences?
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Fig. 2. The shirt.

Fig. 3. Four syzygy types on P .

2. Notations

A configuration for the planar 4-body problem will be written

q = (q1, q2, q3, q4), qi ∈ C,

the configuration space is then

X = C4
\ ∆

where ∆ = {q ∈ C4
: qi = qj, for some i ̸= j} corresponds to collisions between two or more bodies. The dynamics for the

inverse cube equal mass 4-body problem is the Hamiltonian flow of

H(q, p) =
1
2
|p|2 − U(q)

for (p, q) ∈ T ∗X with symplectic form ω = ℜ(
∑

dpi ∧ dqi) where

|p|2 =

∑
pipi

and

U =

∑
i<j

|qi − qj|−2

is the inverse cube potential.
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We will form the quotient by the symmetry group G in stages. First we may reduce by translations simply by fixing the
center of mass and the linear momentum. Hence we will work on

CM0 := {q ∈ X :

∑
qi = 0}

with the condition∑
pi = 0

on the momentum. Note CM0 ∼= C3
\ {6 complex lines }.

Since U is homogeneous of degree −2, the virial identity reads

Ï = 4H (3)

along solutions, where

I = |q|2.

Observe that for H ̸= 0 solutions are either unbounded or end in total collision (I = 0). Hence the energy zero case is the only
interesting case with regard to finding periodic motions.

The Jacobi–Maupertuis principle (see [9] pg. 247) states that the solutions to this inverse cube problemat this fixed energy
level H = 0 are, up to reparametrization, geodesics of the metric

Uds2Eucl (4)

where

ds2Eucl =

∑
dqidqi

is the usual Euclidean metric restricted to CM0.
Again, due to U ’s homogeneity of degree −2, the metric (4) is invariant under complex multiplication. Hence the Hopf

map:

πHopf : CM0 \ 0 → CP2
\ P∆ = Q

defined by mapping q ∈ CM0 to the complex span of q pushes down (4) by submersion to induce a metric ds2JM on the
quotient space which we call the Jacobi–Maupertuis metric (or JM-metric) on the reduced space. Here P∆ is the complex
projectivization of ∆ ∩ CM0. See [3,6,10,11], for more details about the Riemannian submersions in the reduction process.

Remark. In [3] these inverse cube ds2JM metrics are shown to be complete. The geodesics of ds2JM on Q lift to geodesics
of (4) moving perpendicularly to the fibers Cq, which is equivalent to satisfying the conditions İ = ds2Eucl(q, q̇) = 0 (or
I = const.) and angular momentum J = ds2Eucl(iq, q̇) = 0. From this quotient by scaling we can then always restrict ourselves
to representatives in Q with I = const. > 0. Dynamically this choice is consistent with H = 0 and Eq. (3).

We now define the invariant surfaces corresponding to the parallelogram and collinear problems. We do so by using
isometric involutions. Recall the fixed point sets of isometric involutions are always totally geodesic. Let

ΦP (q1, q2, q3, q4) = −(q3, q4, q1, q2)

ΦC(q1, q2, q3, q4) = (q1, q2, q3, q4)

and set

P = πHopf (FixΦP ) ∼= S2 \ {4 points}

C = πHopf (FixΦC) ∼= RP2
\ RP∆,

(see Fig. 1). Here the S2 \ {4pts.} ∼= CP1
\ {4pts.} and RP∆ is the real projectivization of ∆ ∩ CM0.

3. Proof of results

The proof of Theorem 1 boils down to computing Gaussian curvatures ofP and C. OverP , we follow the techniques of [10]
using the nice coordinates from [7]. Over C we take convenient coordinates in which the computation reduces to checking
the sign of a Laplacian.
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Fig. 4. The shape sphere or reduced space corresponding to parallelogram configuration in the case of equal masses. The equator corresponds to collinear
parallelograms. There are two binary collisions and two simultaneous binary collisions on the equator. The rhombus and rectangles are great circles and
these intersect in the poles, which corresponding to squares distinguished only by their orientation. See [7].

Proof of Theorem 1.
We will first compute the curvature over P .
Consider the symmetry of the problem: q1 = −q3 and q2 = −q4. In this case the (negative) potential function has the

following form

U =
2
r212

+
2
r214

+
1
r213

+
1
r224

. (5)

Next we take the quotient by rotations. As in [7], consider Jacobi’s coordinates and the Hopf map:

(q1, q2, q3, q4) ↦→ (q2 − q1, −q2 − q1) =: (z1, z2) ∈ C2,

(z1, z2) ↦→

(
1
2

(
|z1|2 − |z2|2

)
, z̄1z2

)
=: (u1, u2, u3) ∈ R3.

Using the above formulas, it is immediate to see that ([11, Theorem 1])

I = |z1|2 + |z2|2 = 2
√
u2
1 + u2

2 + u2
3, I = constant.

The following Lemma describes the relation between points of P and the mutual distances rij (see [7]):

Lemma 6. For u = (u1, u2, u3) ∈ P , we have

(1) r212 = |z1|2 =
I
2 + u1,

(2) r214 = |z2|2 =
I
2 − u1,

(3) r213 = |z1 + z2|2 = I + 2u2,
(4) r224 = |z1 − z2|2 = I − 2u2.

In particular, observe that u1 = 0 if and only if the configuration is a rhombus, and u2 = 0 if and only if the configuration
is a rectangle. So, we have that on the north or south pole the configuration is a square. See Fig. 4.

We will use the following Lemma in our computations:

Lemma 7. Let a surface be endowed with conformally related metrics ds2 and ds2 = Uds2. Then their curvatures K and K are
related by

UK = K −
1
2
∆ logU

where the Laplacian ∆ is with respect to the ds2 metric.

From Eq. (5) and Lemma 6, the potential can be written as

U(u1, u2) =
4

I + 2u1
+

4
I − 2u1

+
1

I + 2u2
+

1
I − 2u2

, I = constant. (8)
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Fig. 5. Graph of the Gaussian curvature K (x, y) of the surface P corresponding to configurations that are parallelograms.

Taking I = 2, we have u2
1 + u2

2 + u2
3 = 1. As in [10], we use the stereographic projection from north pole (0, 0, 1) given by

x =
u1

1 − u3
, y =

u2

1 − u3
, (9)

we obtain U(x, y) = (x2 + y2 + 1)f (x, y), where

f (x, y) =
2

(x + 1)2 + y2
+

2
(x − 1)2 + y2

+
1

2(x2 + (y + 1)2)
+

1
2(x2 + (y − 1)2)

.

We can also write the Jacobi–Maupertuis metric on the shape sphere as

ds2JM =
4U(x, y)

(x2 + y2 + 1)2
(dx2 + dy2) =

4f (x, y)
x2 + y2 + 1

(dx2 + dy2). (10)

Write λ(x, y) =
4f (x,y)

x2+y2+1
. By Lemma 7, the Gaussian curvature of ds2JM is given by

K (x, y) = −
1

2λ(x, y)
∆ log λ(x, y). (11)

By a direct calculation we have

∆ log λ(x, y) =
256(x2 + y2)

[5 + 5x4 − 6y2 + 5y4 + 2x2(3 + 5y2)]2
. (12)

Note that ∆ log λ(x, y) ≥ 0, and ∆ log λ(x, y) = 0 if and only if x = y = 0. Therefore we conclude that K is negative on P
except at the points corresponding to the square configurations.

Remark. As in [3], we consider the Gaussian curvature of P near the (simultaneous) binary collisions. In the same way as
in [10], from Eqs. (11) and (12), we obtain

lim
(x,y)→C

K (x, y) = 0,

where C is some (simultaneous) binary collision, see Fig. 5. It follows from this and completeness that the ends are asymptotic
to Euclidean cylinders. In fact, if Rij is the radius of the Euclidean cylinder when we approach the ij end, we have that (see [3,
eq. 3.16] for explicit computations)

R13 = R24 =
1

√
2
, (binary collisions),

and

R12 = R14 = 1, (simultaneous binary collisions).

Now we compute the Gaussian curvature over C and show it is negative.
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Take the coordinates:

2ξ1 = q1 − q2 − q3 + q4, 2ξ2 = q1 − q2 + q3 − q4,

2ξ3 = q1 + q2 − q3 − q4 (13)

where we have

U =

∑
1≤i<j≤3

1
|ξi − ξj|

2 +
1

|ξi + ξj|
2

for ξj = xj + iyj ∈ C and j = 1, 2, 3.
Reducing the collinear configurations by dilations and rotations amounts to restricting the metric

U |R3ds2Eucl

to the sphere I = 1 (with antipodal points identified).
That is in the usual spherical coordinates (I = ρ2) we wish to compute the curvature, KC , of

Û I(dφ2
+ cos2 φdθ2)

where Û := U |R3 . Set u = Û I = U |S2 .
By Lemma 7:

uKC = 1 −
1
2
∆S2 log u

where ∆S2 is the Laplacian on the sphere.
As:

∆S2 log u = (∆ log ρ2Û)|S2 = (∆ log Û)|S2 + 2

where ∆ is the standard Laplacian on R3, we see KC < 0 is equivalent to (∆ log Û)|S2 > 0.
So it suffices to show that ∆ log Û > 0.
It is easy to check that when V ⊂ CM is an affine subvariety and f : CM

\ V → CM ′

\ 0 is holomorphic that∑M
j=1

∂2 log ∥f ∥2
∂zj∂zj

≥ 0. Moreover, the inequality is strict whenM ′ > 1 and ∂ f
∂zj

̸= λf for any λ ∈ C and some j ∈ {1, . . . ,M}.
Hence setting f −

ij (ξ1, ξ2, ξ3) = 1/(ξi − ξj)2, f +

ij (ξ1, ξ2, ξ3) = 1/(ξ1 + ξj)2 and φ = logU = log ∥f ∥2 we have

∆C3φ :=

3∑
j=1

∂2φ

∂x2j
+

∂2φ

∂y2j
> 0.

Take x = (x1, x2, x3) and y = (y1, y2, y3). The symmetry φ(x, y) = φ(y, x) implies

∂kφ

∂xkj
(x, y) =

∂kφ

∂ykj
(y, x).

Now since φ(x, 0) = φ(0, x) = φ(x, x) + const. we have

2(
∂2φ

∂x2j
(x, x) +

∂2φ

∂y2j
(x, x)) =

∂2φ

∂x2j
(x, 0)

and so

∆ log Û = 2∆C3φ(x, x) > 0

as desired. □

Proof of Corollary 2. Continue with the coordinates ξj = xj + iyj of Eq. (13). After the spherical projection:

u =
x1 + x2
1 − x3

, v =
x1 − x2
1 − x3

of the I = 1 sphere, our metric U(
∑

dx2i )|S2 becomes λ
2 (du

2
+ dv2) with:
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Fig. 6. The region T we are focusing on in u, v coordinates.

λ =
1
u2 +

1
v2 +

16
((u − 1)2 + (v − 1)2 − 4)2

+
16

((u + 1)2 + (v + 1)2 − 4)2
+

16
((u + 1)2 + (v − 1)2 − 4)2

+
16

((u − 1)2 + (v + 1)2 − 4)2
.

The RP2 of collinear shapes is divided into 12 = 4!/2 open domains by the collision locus. All of these domains are
isometric and resemble triangles, the interiors of which are specified by an ordering of themasses on the line (mod an overall
flip due to a rotation by π ). See Fig. 6. We focus on one such domain T corresponding to the ordering q1 ≤ q2 ≤ q3 ≤ q4.
Here the boundary in u, v coordinates translates to:

u = 0 ⇐⇒ q1 = q2

v = 0 ⇐⇒ q3 = q4

w = (u − 1)2 + (v + 1)2 − 4 = 0 ⇐⇒ q2 = q3.

Near a binary collision point interior to T (for example near q1 = q2 in a region 0 < −u ≪ 1 and v, −w ≥ δ > 0) the
metric takes the form

(
1

2u2 + O(1))(du2
+ dv2). (14)

Near the simultaneous binary collision, i.e. in the region 0 < −u, v ≪ 1, through the change of variable u+ iv = z ↦→ z2,
the metric takes the same form as Eq. (14).

Fix our attention on unit speed geodesics and note that by Eq. (14) above if a geodesic γ passes sufficiently close to
the boundary it behaves as a geodesic in the hyperbolic plane, for instance α(γ ) ∩ ∂T must be a point, see Fig. 7 and the
Appendix.

Fix some q ∈ ∂T\{triple collisions} and p ∈ ∂T \ {q}. We first show the existence of a geodesic from p to q.
Near q (by Eq. (14)) we have that every geodesic γ with ω(γ ) sufficiently near p and α(γ ) near q intersects some compact

set I , see Fig. 8.
Next take a sequence of points qi ∈ T o with qi → q and a sequence of points pi ∈ T o with pi → p. Let γi be the unique

geodesic from pi to qi. Then for i large enough all such geodesics intersect I in some point xi = γi(ti). Let vi = γ̇i(ti). Now due
to the compactness, (xi, vi) → (x, v) ∈ I × R2 and the geodesic with this initial condition γ(x,v) goes from p to q.
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Fig. 7. Sufficiently near the boundary geodesics behave as in the upper half plane. See Appendix for details.

Fig. 8. The compact set I . See Appendix for details.

Fig. 9. A distinct collision solution seen from the (x, y)-plane (on the left) and in the shape sphere (on the right). In this case the collisions are simultaneous
binary collisions.

For uniqueness, note that when we have both p, q ∈ ∂T\{triple collisions} then the angles at the boundary between any
two geodesics from p to q are zero (see Appendix). So if therewere two such geodesics bounding a region R, theGauss–Bonnet
theorem yields

2π =

∫
R
K dA +

∫
∂R

κg ds =

∫
R
KdA + π + π,

which is impossible by the negative curvature. Hence in this case such a geodesic is unique. □

Remark. Due to the covering of the exponential map, every geodesic passes sufficiently close to the boundary and hence is
characterized uniquely by the points α(γ ), ω(γ ) (except possibly for geodesics beginning or ending in triple collision). The
dynamics here on C are an attractive case of the integrable Calogero–Moser system.
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Fig. 10. Solutions with collision seen from the (x, y)-plane. Note that all these solutions pass through a square configuration, corresponding to the south
pole in the shape sphere.

Appendix. On a metric of the form of Eq. (14)

Here we establish Figs. 7, 8 for the behavior of Eq. (14) near the boundary ∂T \ {triple collisions} that were used in the
proof of Corollary 2.

Our metric Eq. (14) has the form:

(
1
y2

+ f (x, y))(dx2 + dy2) =
φ

y2
(dx2 + dy2)

on the upper half plane z = x + iy, y > 0 where φ, 1
φ

∈ O(1), φx ∈ O(y2) and φy ∈ O(y) as y → 0. Recasting in Hamiltonian
form, that is with

H =
y2

2φ
(p2x + p2y)

the equations of motion for H = 1 (so ypx, ypy ∈ O(1)) read:

ẋ =
y2

φ
px, ẏ =

y2

φ
py,

ṗx =
φx

φ
, ṗy = −

2
y

+
φy

φ
.

In particular for y sufficiently small we have ṗy < 0 so that entering such a sufficiently near region of the boundary
(py(0) < 0 ⇒ py(t) < 0) implies ẏ < 0 and y → 0 as t → ∞ (see Fig. 7). Moreover near the boundary we may parametrize
geodesics by y as they approach or leave the boundary.

Parametrizing now by y and letting ′ denote d
dy we have:

pyp′

y = −
2
y3

+ O(
1
y
) ⇒ p2y =

1
y2

+ O(log y) + cy
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and

p′

x = O(
1
py

) = O(y) ⇒ px = O(y2) + cx

where cx and cy are constants. In particular, py → ∞ and px → cx as y → 0 so that θ = arctan(ẏ/ẋ) = arctan(py/px) → π/2
i.e. all orbits intersect the boundary perpendicularly.

Take an ε small enough so that the above observations hold over y ≤ ε.
Now we direct our attention towards establishing Fig. 8.
Reparameterize by y, to obtain

|
dx
dy

| = |
px
py

| =
y|px|√

1 + y2O(log(y)) + cyy2
=

y|px|
1 + O(y)

.

In particular as px = O(y2) + cx, any orbit entering y ≤ ε with an initial |px(ε)| = δ at the instant y = ε has

|px| ≤ δ + O(ε2)

over the rest of its fall so that

|x′
| ≤ c1y(δ + O(ε2))

and

|x(ε) − x(y)| ≤ c1ε2δ + O(ε4)

for some constant c1.
Moreover by energy conservation, H = 1, we have δ = |px(ε)| ≤

√
2φ
ε

, so that

δ ≤
c2
ε

for some constant c2.
Hence any geodesic entering y ≤ ε at x(ε) + iε will hit the boundary at a point x(0) with

|x(ε) − x(0)| ≤ cε

for some constant c . Likewise by reversing the time a geodesic leaving the region y ≤ ε at x(ε) + iε will have come from a
boundary point x(0) = x(ε) + O(ε).

Divide those geodesics coming into q into two classes:

1. those that do not intersect y = ε,
2. those that intersect y = ε.

For the geodesics of class 1, we have by ṗy < 0 that there is a uniquemaximum attained at y = M < ε. Now our estimates
above imply we intersect the boundary again a distance at most 2cM < 2cε from q.

Consider geodesics of class 2 intersecting y = ε at q + x(ε) + iε. Then by the above, once |x(ε)| > cε such a geodesic
cannot reach q, hence all such geodesics of class 2 intersect the compact set {q + x + iy : −cε ≤ x ≤ cε, y = ε}.

In particular we can establish Fig. 8 by choosing ε small enough that p does not lie within cε of q.
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