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CONNOR JACKMAN

Abstract. A pair of transverse contact distributions on a 3-manifold will in general admit no 1-

parameter families of symmetries: a flow preserving both contact distributions. Here, we will determine
local normal forms for such pairs admitting symmetries. In particular, we observe that orientable Anosov

flows may be globally given by the intersection of a pair of oppositely oriented contact distributions ad-

mitting, around any point, maximal local symmetries.

1. Introduction

Pairs of transverse contact distributions on a 3-manifold have been an active topic of interest primarily
due to their relations to projective Anosov flows (see §2.2 of [4], and §4 of [13]), and in particular Anosov
flows (eg [9], [12]). Here we examine such pairs admitting infinitesimal symmetries, where:

Definition 1. A contact distribution, ξ, on a 3-manifold M is a non-integrable rank two distribution
on M . We write (M, ξ, ξ̃) for a pair of transverse contact distributions ξ, ξ̃ on the 3-manifold M . A
symmetry of the pair is a diffeomorphism φ : M → M preserving both contact distributions:

φ∗ξ = ξ, φ∗ξ̃ = ξ̃.

A infinitesimal symmetry of the pair is a vector field whose flow is by symmetries of the pair.

Definition 2. We call the local symmetry algebra, g, of (M, ξ, ξ̃) around a point m ∈ M , the Lie algebra
of infinitesimal symmetries of the pair defined in some neighborhood of m ∈ M .

Note that the local symmetry algebra around a point is a real vector space, having a Lie algebra
structure by Lie bracket of vector fields.

As is well known, a single contact distribution on a 3-manifold admits many infinitesimal symmetries:
all are locally equivalent to the standard Darboux normal form: ker{dy − pdx}, (x, y, p) ∈ R3, and any
function H(x, y, p) generates an infinitesimal symmetry via its contact Hamiltonian vector field, eg:

(1) Hp∂x + (pHp −H)∂y − (Hx + pHy)∂p

where here, and in what follows, we write subscripts for partial derivatives (Hp = ∂pH, etc.).
On the other hand, as it turns out (see [11]), a typical pair of transverse contact distributions will admit

no infinitesimal symmetries. As for those pairs of transverse contact distributions admitting infinitesimal
symmetries, we find here the following local normal forms:

Theorem 1.1. Suppose a pair of transverse contact distributions ξ, ξ̃ on a 3-manifold M admits an
infinitesimal symmetry around m ∈ M transverse to ξ ∩ ξ̃. Then around m, the pair is given in some
coordinates by one of the following local normal forms:
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(I1) For c ∈ R\{0, 1} a constant:

ξ = {dy = pdx}, ξ̃ = {dy = cpdx}.

The symmetry algebra of such a pair is given by the vector fields of the form:

g = ⟨u(x)∂x + v(y)∂y + p(v′(y)− u′(x))∂p⟩

where u(x), v(y) are any smooth functions of x and y respectively, and u′, v′ their derivatives.
(I2) For c2 ≤ 4 a constant,

ξ = {dy = pdx}, ξ̃ = {(p+ c)dy + dx = 0}.

The symmetry algebra of such a pair in these coordinates are those vector fields of the form:

g = ⟨u∂x + v∂y − uy(1 + cp+ p2)∂p⟩

where u(x, y) is any solution to

uxx + uyy = cuxy

and v(x, y) its conjugate solution determined, up to addition of a constant, through:

dv = −uydx+ (ux − cuy)dy.

(II1) For f(y) a function:

ξ = {dy = pdx}, ξ̃ = {(p+ f(y))dy ± dx = 0}, g = ⟨∂x⟩.

(II2) For f(y) a function:

ξ = {dy = pdx}, ξ̃ = {dy = f(y)pdx}, g = ⟨u(x)∂x − pu′(x)∂p⟩.

In the symmetry algebra, u(x) is any smooth function of x and u′ its derivative.
(III1) For functions a(y), b(y), f(p):

ξ = {dy =
p+ a(y)

p+ b(y)
dx}, ξ̃ = {dy =

f(p) + a(y)

f(p) + b(y)
dx}, g = ⟨∂x⟩.

(III2) For a function f(p):

ξ = {dy = pdx}, ξ̃ = {dy = f(p)dx}, g = ⟨∂x, ∂y, x∂x + y∂y⟩.

(IV) For a function f(y, p):

ξ = {dy = pdx}, ξ̃ = {dy = f(y, p)dx}, g = ⟨∂x⟩.

Remark 1. These normal forms are determined up to re-labelings of the contact structures, and the open
set containing m ∈ M is identified in each case with an appropriate open set U ⊂ R3 (namely one where

ξ, ξ̃ are transverse contact distributions in these coordinates). For example in case I1, a neighborhood of
m ∈ M is identified with an open subset U ⊂ {p ̸= 0} ⊂ R3, or for I2, with U an open subset of the origin
x = y = p = 0. In the functionally dependent families II - IV, the functions are not arbitrary but subject
to certain restrictions in order to define transverse contact structures on some open set. Explicitly, for
II1 we may take a neighborhood U of the origin in R3, for II2: we can take U some neighborhood of
x = y = 0, p = 1 for f(y) ̸= 0, 1 for y near 0. For types III we may take U as a neighborhood of the
origin, where we have a(y) ̸= b(y) for y near zero and f(p) ̸= p having no fixed points for p near zero
and f ′(p) ̸= 0 for p near zero. For type IV, we may take some neighborhood of x = y = 0, p = 1 where
we have f(y, p) ̸= p and fp(y, p) ̸= 0 around y = 0, p = 1.
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Remark 2 (On the transversal condition to the axis.). For (M, ξ, ξ̃) admitting a non-trivial (non-

vanishing) infinitesimal symmetry Y , the locus where Y ∈ ξ ∩ ξ̃ is tangent to this ‘axis’, ξ ∩ ξ̃, is of
codimension at least one (and in general of codimension two, locally given by an isolated integral curve

of this axis) being the intersection of the hypersurfaces {Y ∈ ξ} ∩ {Y ∈ ξ̃} (as Y ̸= 0 these are locally
hypersurfaces as follows from (1)). It is possible, in certain cases, that the hypersurfaces {Y ∈ ξ} and

{Y ∈ ξ̃} coincide, for example: ξ = {dy = pdx}, ξ̃ = {dy = ±pdx + dp} and Y = ∂x. Here we will be
focused on normal forms around ‘regular’ points: where such a symmetry field is transverse to this axis
ξ ∩ ξ̃. It would be natural in further work to examine further local normal forms around such ‘singular’
points, for example: where a pair admits a symmetry tangent to ξ ∩ ξ̃ at said point, or around a point at
which a symmetry field vanishes.

Remark 3. We would also like to note that our choice of coordinates in which we present the local
normal forms above is somewhat arbitrary: only determined up to arbitrary diffeomorphisms. The forms
presented in the above theorem 1.1 are merely those which appeared to us to have the ‘simplest’ defining
formulas.

The items in theorem 1.1 can be distinguished by considering certain local invariants associated to a
pair (M, ξ, ξ̃) in order to be certain the items I–IV can be realized by truly distinct pairs (not equivalent
under any local diffeomorphism). These local invariants can be determined using Cartan’s equivalence
method, as carried out in [11]. See table 1 below, for a summary of these conditions (our labelling into
the types I – IV being motivated by the different types of invariants involved in this table), as well as
remark 9 below for some of their simpler distinguishing properties.

The paper is structured as follows: in §2 we will define some basic invariants of a pair (M, ξ, ξ̃) of
transverse contact structures, and in §4 carry out the relevant computations to establish the normal forms
stated in the main theorem 1.1, introducing the additional invariants which may be used to distinguish
them along the way. In §3 we will give a pair of examples in which the normal forms of items I1
(with c = −1) and I2 (with c = 2) are realized: relating to Anosov flows and integrable contact flows
respectively.

2. Invariants

We define some basic invariants of a pair of transverse contact structures. First:

Definition 3. For (M, ξ, ξ̃) we call the line field

A = ξ ∩ ξ̃

on M the axis of the pair of transverse contact structures.

Remark 4. We regard A → M as a line bundle over M , with dual line bundle A∗ → M , and in particular
a line bundle of quadratic forms on A we denote: (A∗)2 = A∗ ⊗A∗ → M .

Recall that the integral curves of a Legendrian foliation of a given contact structure (a foliation by
curves tangent to the given contact structure) inherit a projective structure: see figure 1 below, or eg
§4.2.1 of [2], where:

Definition 4. A projective structure on an n-dimensional manifold N is an atlas, φa : Ua → Va ⊂ RPn,
whose transition functions are by projective transformations.

Since the integral curves of the axis are a Legendrian foliation with respect to two contact structures,
they inherit a pair of (in general distinct) projective structures. Let us recall (see for example [14]):
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Definition 5. For f : RP1 → RP1 a local diffeomeorphism at x ∈ RP1, its Schwartzian derivative Sx(f)
at x ∈ RP1 is the quadratic form on Tx(RP1) given via the cross-ratio expansion:

[f(x), f(x1); f(x2), f(x3)] = [x, x1;x2, x3] + ε2Sx(f)(v) +O(ε3),

where v ∈ Tx(RP1) is extended to a vector field around x with flow φt and xj = φjε(x). Its formula in
an affine chart: (1 : p) 7→ (1 : f(p)) is:

S(f) =

((
f ′′

f ′

)′

− 1

2

(
f ′′

f ′

)2
)
(dp)2.

Note that S(f) ≡ 0 exactly when f is a projective transformation (in an affine chart: f(p) = ap+b
cp+d ).

A

ξm
ξ̃m

π(m)

M

π

M/A

Figure 1. Locally, integral curves A of a Legendrian foliation on (M, ξ) are canonically
identified with RP1 (up to projective transformations). For Σ ∼=loc M/A, a local slice,
send m ∈ A to π∗(ξm) ∈ P(Tπ(m)Σ) (by the contact condition, a local diffeomorphism).

Proposition 2.1. A pair of transverse contact structures, ξ, ξ̃, with axis A determines a section:

S : M → (A∗)2

given, at each point m ∈ M , as the Schwartzian derivative at m between the induced projective structures
on the integral curve of the axis through m. We call this section the Schwartzian invariant of (M, ξ, ξ̃).

Proof. Explicitly, this invariant is defined as follows: let Am be the integral curve of A through m,
and consider the maps δm, δ̃m : Am → P(TmM/Am) sending a ∈ Am to φ−t,∗ξa (resp. φ−t,∗ξ̃a) where

a = φt(m) for φt the flow of some vector field X spanning A. By the contact condition on ξ, ξ̃ these maps

are local diffeomorphisms. Then pull back by δm the Schwartzian derivative of δ̃m ◦δ−1
m : P(TmM/Am) →

P(TmM/Am) at δm(m) to have a quadratic form Sm on Am = TmAm. □

Corollary 2.2. The Schwartzian invariant vanishes, S ≡ 0, iff the integral curves of the axes inherit a
common projective structure from the pair of contact distributions. In local coordinates (x, y, p) for which

ξ = {dy = pdx}, ξ̃ = {dy = f(x, y, p)dx}, we have:

S =

(
∂p

(
fpp
fp

)
− 1

2

(
fpp
fp

)2
)
(dp)2.

The vanishing of S being equivalent to f(x, y, p) having the form: f = a(x,y)p+b(x,y)
c(x,y)p+d(x,y) .

To define further invariants, we will make some orientation conventions. Recall that a contact structure
ξ on the 3-manifold M induces an orientation on M given locally by α ∧ dα for some (local) choice of
contact 1-form with ξ = kerα. Since dimM = 3 (or more generally for a contact structure on M with
dimM = 4k− 1) this (local) orientation is independent of arbitrary scalings of α, and so defines a global
orientation on M induced by ξ.
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Definition 6. We call a pair (M, ξ, ξ̃) commonly (positively) oriented (resp. oppositely (negatively)
oriented) when the orientations induced by the contact distributions coincide (resp. are opposite). We
denote such pairs by:

(M, ξ, ξ̃)+, (M, ξ, ξ̃)−

for common orientations (‘+’) and opposite orientations (‘−’).

Note that an isolated contact structure (M, ξ) can only have a sign relative to some choice of orientation

on M . The case of an oppositely oriented pair, (M, ξ, ξ̃)−, usually called a bi-contact structure, is the
relevant case for projective Anosov flows, where the integral curves of the axis are the integral curves of
the projective Anosov flow. Following [12] §2:

Definition 7. We call a pair (α, α̃) of contact forms kerα = ξ, ker α̃ = ξ̃ for (M, ξ, ξ̃)± balanced when:

α ∧ dα = ±α̃ ∧ dα̃.

Supposing the axis has been oriented by A = span+{X}, we take the normalized vector field X : M → A
spanning the axis through:

iX(α ∧ dα) = α ∧ α̃

for α, α̃ a choice of balanced contact forms. The corresponding one form along the axis we denote as,
ds : M → A∗, with ds(X) = 1. For a function f : M → R, we denote its derivative along the axis by:

f ′ := Xf : M → R.
As well, we have an induced function, which we call the generating invariant:

I : M → R, I :=
α ∧ dα̃+ α̃ ∧ dα

α ∧ dα

where α, α̃ are balanced contact forms such that iX(α ∧ dα) = α ∧ α̃.

Remark 5. The conditions of being balanced as well as iX(α∧ dα) = α∧ α̃ determine the contact forms
α, α̃ up to simultaneous scalings: α, α̃ → λα, λα̃ for some function λ ̸= 0. The 1-form ds along the axis,
and function I, are independent of such simultaneous scalings (only their sign depending upon choice of
axis orientation).

Remark 6. The combination α ∧ dα̃ + α̃ ∧ dα used here to define the generating invariant I, plays a
main role already in [6], and [4] (see eq. (2.2) of ch. 2).

Remark 7. For any 1-form β with β|A = ds, and balanced contact forms α, α̃, we have:

α ∧ dα = α ∧ α̃ ∧ β,

since a dual frame to α, α̃, β with β|A = ds is of the form X1, X2, X for X the normalized vector field
along the axis. Consequently:

f ′ =
α ∧ α̃ ∧ df

α ∧ dα
.

In local coordinates, we have the following explicit formulas:

Proposition 2.3 (explicit formulas). For (M, ξ, ξ̃) given in local coordinates by ξ = {dy = pdx}, ξ̃ =
{dy = f(x, y, p)dx}, (and axis oriented by span+{∂p}) we have:

ds =
|fp|1/2

|p− f |
dp, X =

|p− f |
|fp|1/2

∂p,

I = |fp|−1/2

(
1 + fp +

1

2
(p− f)

fpp
fp

)
p− f

|p− f |
.
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In the special case S ≡ 0, with f = a(x,y)p+b(x,y)
c(x,y)p+d(x,y) , then: I = ± a+d√

|ad−bc|
.

Proof. The contact forms

(2) α = dy − pdx, α̃ = |fp|−1/2

(
p− f

|p− f |

)
(dy − fdx)

are balanced contact 1-forms for ξ = {dy = pdx}, ξ̃ = {dy = fdx}. The stated formulas follow then by
differentiating (2) and using definition 7. □

Remark 8. One can also verify (for example in local coordinates of the last proposition 2.3) that the
Schwartzian invariant of proposition 2.1 is given by:

(3) S = 2I ′(ds)2.

In particular, for any integral curve, γ(t), with γ̇ = X of the normalized vector field X along the axis,
we have:

1

2

∫ b

a

S(γ̇) dt = I(γ(b))− I(γ(a)).

For example in case one has S > 0 everywhere, the integral curves of the axis admit no periodic orbits
(if M is compact however, there are always zeroes of S, eg at any critical point of I).

Remark 9. Already these basic invariants can be used to distinguish between several of the types presented
in theorem 1.1. For example, I1 with c = −k2 < 0 are all oppositely oriented and have I = k − 1

k = cst.,

whereas I1 with c = k2 > 0 are commonly oriented pairs with I = k + 1
k = cst. > 2. In type I2 we have

only commonly oriented pairs with I2 = c2 ≤ 4. Types I, II all have S ≡ 0, so that the types III, IV with
S ̸= 0 are then distinct from I, II. Distinguishing between the remaining subtypes will be a main focus of
§4, by using some finer invariants of such pairs (see table 1).

We also note that types II-IV may be realized by both commonly (‘+’) or oppositely (‘−’) oriented

pairs. Namely type II1 according to the sign ± in ξ̃ = {(p+ f(y))dy ± dx = 0}, type II2 according to the
sign of f(y), types III according to the sign of f ′(p), and type IV according to the sign of fp.

3. Two examples

Before beginning the computations of §4 to establish the normal forms of theorem 1.1, we mention a
pair of examples.

3.1. Anosov flows. The most well-known instances of pairs of transverse contact structures are the bi-
contact structures: when the pairs induce opposite orientations ((M, ξ, ξ̃)− in the notation here), being of
grand interest due to their relations to projective Anosov flows. In particular, for orientable Anosov flows
(those whose invariant stable and unstable foliations are orientable) it has been established (theorem 1.1
of [9] and lemma 2.4, and §3.2 of [12]) :

Theorem. Let X be a smooth orientable Anosov vector field on a compact 3-manifold M . Then there
exist a pair of transverse and oppositely oriented C1 contact distributions:

ξ = kerα, ξ̃ = ker α̃

with X ∈ ξ ∩ ξ̃, and balanced C1 contact forms α, α̃ so that ker{α + α̃}, ker{α − α̃} are integrable
distributions on M (namely the foliations by weak stable/unstable manifolds of the Anosov flow).

From which, in relation to theorem 1.1, we find:
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Corollary. Let M be a compact 3-manifold, and X a smooth orientable Anosov vector field on M . Then
there exists a pair of oppositely oriented transverse contact structures (M, ξ, ξ̃)− on M with X ∈ ξ ∩ ξ̃
such that, around any point m ∈ M , the pair has the local form of item I1 with c = −1 of theorem 1.1:

ξ = {dy = pdx}, ξ̃ = {dy = −pdx}.
where the coordinates x, y are C1 and p a C1 coordinate along integral curves of X.

Proof. Since the balanced C1 contact forms of the previous theorem have α+ α̃, α− α̃ defining integrable
distributions, we have I ≡ 0, which corresponds to type I1 with c = −1. Because of the low regularity
in this case, we should take some care to keep track of the regularity of the coordinates, so we recall the
construction from proposition 4.7. We first choose locally some C1 functions x, y so that α+α̃ = adx, α−
α̃ = bdy, for some (in general C0) non-vanishing functions a, b. Then we have in this neighborhood: (α, α̃)

proportional to (dy− pdx, dy+ pdx) for p = −a/b. Since X and its flow φt are smooth, and ξ, ξ̃ are C1,
the map: φt(m) 7→ φ−t,∗ξφt(m) ∈ P(TmM/Xm) is C1 (and locally invertible). Consequently, for each m

in this neighborhood, R ∋ t 7→ p(φt(m)) ∈ R is also C1 and locally invertible around t = 0. □

In other words, Anosov flows can be (globally) supported by the ‘simplest’ types of bi-contact structures

(a bi-contact structure is said to be supporting a vector field X if X ∈ A = ξ ∩ ξ̃). However, we note that
in general none of these local symmetries need extend to give any global symmetries of such a pair.

Remark 10. Because of the low (C1) regularity of the coordinates in the last corollary, rather than a
symmetry algebra it is more appropriate here to state the local symmetry group, namely the transforma-
tions:

(x, y, p) 7→ (F (x), G(y),
G′(y)

F ′(x)
p).

Even in cases with higher regularity (if this regularity is high enough, such flows are known to be topo-
logically equivalent to ‘algebraic Anosov flows’: quotients of geodesic flow on the hyperbolic plane, or
suspension of a hyperbolic linear diffeomorphism of a torus, see [7], [8]), we find the last corollary rather
surprising, since the local symmetry groups are infinite dimensional (depending upon two arbitrary in-
vertible functions of a single variable) rather than the naive expectation of say a mere 3-dimensional
symmetry algebra (sl2(R)).

There are many bi-contact structures supporting a given projective Anosov flow. It would be interesting
to examine to what extent more general projective Anosov flows might be globally supported by other
such ‘locally symmetric’ items of theorem 1.1.

For instance, one might examine to what extent those projective Anosov flows which are not Anosov
might fail to be globally supported by item I1. For example, an oppositely oriented pair (M, ξ, ξ̃)− with
I = cst. (ie type I1 with c < 0) has associated to it a pair of invariant foliations containing the axis (see
proposition 4.3 below). It is known (see example 2.2.9 of [4]) that there exist projective Anosov flows
which are not contained in any invariant (rank 2) foliations. Thus, such projective Anosov flows cannot
be given globally as an intersection of a pair of oppositely oriented contact structures with generating in
variant, I, constant.

3.2. Integrable contact vector fields. On the other hand, we recall a definition of contact integrabil-
ity1 :

Definition 8 ([10]). For a 3-dimensional contact manifold (M, ξ), a vector field Y transverse to ξ and
whose flow preserves ξ (a Reeb field of ξ) is said to be contact integrable if there exists a Legendrian
foliation G (TG ⊂ ξ) of (M, ξ) preserved by Y .

1A definition can also be given for general contact vector fields: [10]. Here we consider, for simplicity, the Reeb case.
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Remark 11. The Legendrian foliation G being preserved by Y is equivalent to the distribution TG⊕⟨Y ⟩ =
TF being integrable (such a foliation F is called a co-Legendrian foliation of (M, ξ)).

In particular, since any symmetry field Y of (M, ξ, ξ̃) will preserve the Legendrian foliation by the axes

A = ξ∩ ξ̃, any such symmetry field, transverse to ξ say, is contact integrable in the above sense. One can
expect such a symmetry field to then have associated integrals by any invariants (eg I of definition 7) of

the pair (M, ξ, ξ̃). Conversely:

Proposition 3.1. Suppose Y is a contact integrable Reeb field of (M, ξ), and the associated co-Legendrian
foliation is given by:

TF = TG ⊕ ⟨Y ⟩ = ker γ

for γ some closed 1-form on M . Then there exists a commonly oriented contact structure ξ̃ on M
transverse to ξ, also preserved by Y , and so that (M, ξ, ξ̃)+ is at any point of m ∈ M locally given by
item I2 of theorem 1.1 with c = 2:

ξ = {dy = pdx}, ξ̃ = {dy + dx

p+ 2
= 0}.

Proof. Let α be a contact form for ξ having Y as its Reeb field (iY α ≡ 1, iY dα ≡ 0), and note that
γ ∧ dα ≡ 0. Taking α̃ = α + γ we find: α̃ ∧ dα̃ = α ∧ dα, so we have balanced contact forms α, α̃, for
the pair (M, ξ, ξ̃)+ where ξ̃ = ker α̃. This pair has I ≡ 2, so by proposition 4.7, is locally equivalent
around any point to item I2 of theorem 1.1 with c = 2. Moreover: LY α̃ = d(iY α) = 0, so that Y is an

infinitesimal symmetry of this pair ξ, ξ̃. □

Remark 12. The condition that γ be closed in the last proposition is rather restrictive. For example,
the holonomy of F must be trivial. It would be natural then to explore weakening this condition in future
work.

A contact integrable vector field Y might as well preserve some other pairs (M, ξ′, ξ̃′) different from
those of the previous proposition. It would be interesting to examine which items of theorem 1.1 may
arise in some more specific examples of integrable contact vector fields (in particular those items with
non-trivial invariants corresponding to non-trivial integrals of the system).

4. Computations

Here we will determine the normal forms of theorem 1.1 (see §4.3 for a summary). In this section, we
will not concern ourselves with the regularity of the contact structures (everything will be assumed as
differentiable as necessary). For many of the proofs, one may be able to get by with less regularity (as
we have seen above for the Anosov flows example §3.1). First, we have:

Proposition 4.1. Suppose (M, ξ, ξ̃) admits an infinitesimal symmetry transverse to the axis at m ∈ M .

Then there are local coordinates in which: ξ = {dy = pdx}, ξ̃ = {dy = f(y, p)dx}.

Proof. If a pair (M, ξ, ξ̃) admits a symmetry field Y transverse to its axis ξ ∩ ξ̃, we can consider the

various cases according to whether at m ∈ M : (i) Ym is transverse to both ξ, ξ̃ (the ‘generic’ type of

point), or (ii) Ym ∈ ξ̃m, or (iii) Ym ∈ ξm. Clearly, up to re-labelling of the pairs it is enough to consider
the cases (i) and (ii): both having, at m ∈ M , that Ym is transverse to ξm.

We may always take local Darboux coordinates (x, y, p) in which ξ = {dy = pdx} and the axis is recti-

fied as ⟨∂p⟩ so that its pair is given by ξ̃ = {dy = f(x, y, p)dx}. Note that any contact transformation of ξ
preserving this axis ⟨∂p⟩ projects to a transformation of the xy-plane, and conversely any transformation
of the xy-plane lifts (its ‘contact lift’) to a contact transformation of ξ = {dy = pdx} (view (x, y, p) as
coordinatizing the contact elements of the xy-plane with standard contact structure dy = pdx, explicitly
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(x, y) 7→ (F (x, y), G(x, y)) lifts to (x, y, p) 7→ (F (x, y), G(x, y),
Gx+Gyp
Fx+Fyp

)). Such contact transformations

are generated by the contact lifts of vector fields u∂x + v∂y on the xy-plane:

u(x, y)∂x + v(x, y)∂y + w∂p, w = vx + pvy − p(ux + puy)

for such a vector field to also preserve dy = f(x, y, p)dx we have the further condition:

(4) 0 = f(vy − fuy)− (vfy + wfp) + vx − (fu)x.

Suppose then that such a pair ξ, ξ̃, admits an infinitesimal symmetry transverse to the axis. Then, since
this infinitesimal symmetry is transverse to the axis, ⟨∂p⟩, it projects to a non-singular vector field on
the xy-plane. We then consider a change of coordinates on the xy-plane (x, y) 7→ (s, t) rectifying this
symmetry field to say ∂s in these new coordinates. Without loss of generality, we may always assume
at a given point that we have chosen our transversal curve to the symmetry field (the t-axis) to be
transverse to the pair of contact structures at this point (analytically: we may apply transformations
(s, t) 7→ (s + f(t), g(t)) = (S, T ) with, still, the symmetry field ∂s 7→ ∂S). Under a contact lift of such
a change of coordinates, (x, y, p) 7→ (s, t, σ) with the t-axis transverse to the contact structures at the
correspondent point to m ∈ M , we then have the form dt = σds, dt = F (s, t, σ)ds where for cases (i), (ii)
we have that m corresponds some point with σ ̸= 0 (for case (iii) some point with σ = 0). In any case,
we have a symmetry field ∂s of the pair dt = σds, dt = Fds and equation (4) reads Fs ≡ 0, ie F (t, σ) is
independent of s as claimed. □

This simple computation establishes our general normal form of a pair admitting a symmetry (item
IV of theorem 1.1) and includes all the other items as certain sub-cases. However it is not clear from
this last proposition 4.1 whether such a pair might admit more infinitesimal symmetries. The main
thrust of theorem 1.1, and the following computations in this section, is to give a finer description of
distinct subcases of proposition 4.1, and in particular their explicit characterizations in terms of relevant
invariants of the pair. For this finer description, we will often use (following directly from definition 7):

Proposition 4.2. Let α, α̃ be balanced contact forms for (M, ξ, ξ̃)± and β a 1-form on M with β|A = ds.
Then such contact forms satisfy:

(5) dα = h̃α ∧ α̃+ α̃ ∧ β + gβ ∧ α, dα̃ = hα ∧ α̃+ (I − g)α̃ ∧ β ± β ∧ α

for some functions h, h̃, g on M (and where I : M → R is the generating invariant from definition 7). Note
that α, α̃ are determined up to simultaneous scalings: α, α̃ 7→ λα, λα̃, and β up to shifts β 7→ β+b1α+b2α̃.

Proposition 4.3. Let α, α̃ be balanced contact forms for (M, ξ, ξ̃)±. Then the kernel of α+ρα̃ determines
an integrable distribution containing the axis when the function ρ satisfies:

(6) ρ′ = 1 + Iρ± ρ2.

Proposition 4.4. If Y is an infinitesimal symmetry of (M, ξ, ξ̃) transverse to the axis, then A ⊕ Y is

an integrable distribution (recall A = ξ ∩ ξ̃ is the axis of the pair).

The normal forms in theorem 1.1 are then obtained essentially by applying Cartan’s equivalence
method to find certain co-frames α, α̃, β as in (5) associated to the pair (M, ξ, ξ̃), whose coefficents h, h̃, g
allow us to constrain possible symmetries, and determine appropriate solutions ρ to (6) which allow us
to integrate the structure equations (5) to find directly the local normal forms stated above.

Remark 13. In ‘counting’ the symmetries we recall (see, eg, Lecture 6 of [5]) that if there is a given
co-frame (or e-structure) ωj on some manifold M (so ω1, ..., ωn are a basis for T ∗M) then a symmetry
φ : M → M preserving this co-frame, φ∗ωj = ωj, is determined by where it sends a single point (by
appropriate application of the Frobenius theorem to the graph in M ×M of such a symmetry). Possible
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symmetries are thus parametrized by where they send a single point. In particular, the symmetry group
of the co-frame has dimension at most dimM . The coefficients Ijkl : M → R of the structure equations:

dωj = Ijklω
k ∧ ωl of this co-frame, and their successive derivatives dIjkl = Ijkl;mωm, ...etc... may obstruct

such symmetries, by constraining the image of a point to their common level sets. In case one has that the
rank, r, of the differentials spanned by these invariants and their successive derivatives is constant around
some point m ∈ M , then the (local) symmetries of the co-frame around m have dimension: dimM − r.

Remark 14. We also recall that a Ricatti equation: f ′ = 1 + 2bf ± f2, has to any pair of solutions,
f1, f2, its general solution, f , given through: f−f1

f−f2
= ceλ for c′ = 0 constant and λ′ = ±(f1 − f2). In the

case of constant coefficients b′ = 0, each solution f , has an associated solution, f∗, through: f∗±b = b2∓1
f±b

(and the general solution can be given explicitly if need be).

To consider some more particular forms of proposition 4.1, we will seperately consider the cases when
S ≡ 0 and S ̸= 0 (see prop. 2.1).

4.1. Vanishing Schwartzian. We first determine local normal forms when the induced projective struc-
tures on the integral curves of the axis coincide (S ≡ 0). As we have already noted above (corollary 2.2),
such pairs already have a rather specific form, in fact:

Proposition 4.5. Suppose (M, ξ, ξ̃)± has S ≡ 0. Then there are local coordinates (x, y, p) with: ξ =

{dy = pdx}, ξ̃ = {dy ± b2

p+bI dx = 0}, for some functions b(x, y), I(x, y).

Proof. For common orientations, (M, ξ, ξ̃)+, choose some (local) non constant (ρ′ ̸= 0) solution ρ to (6).
Since α + ρα̃ is integrable, we may take locally some function so that dx ∼ α + ρα̃, or by re-scaling the
balanced contact forms by an appropriate integrating factor have:

dx = α+ ρα̃.

Now, from I ′ ≡ 0 (eq. (3)), we have another solution ρ∗ = −C+ C2−1
ρ+C to (6), for C = I/2, and so α+ρ∗α̃

is integrable, and we may take:

dy = µ(−(ρ+ C)α+ (Cρ+ 1)α̃)

for some integrating factor µ (in fact differentiating these equations and using (5), one finds dµ∧dx∧dy =
0, so that µ(x, y)). Solving for the contact forms we find:

µρ′α = µ(Cρ+ 1)dx− ρdy, µρ′α̃ = µ(ρ+ C)dx+ dy

which can be re-arranged in the stated normal form (since µ(x, y), C(x, y) there is some integrating factor
M(x, y) such that locally M(dy+µCdx) = dY is exact, then we may take p = µM(I+ 1

ρ ), and b = −µM).

The oppositely oriented case can be handled analogously using ρ∗ = C + C2+1
ρ−C = Cρ+1

ρ−C . □

To study in more detail the pairs with S ≡ 0, we will introduce some more special co-frames than (5):

Definition 9. For (M, ξ, ξ̃)± with S ≡ 0, we have to each (local) non-constant solution ρ of (6), the
induced (local) co-frames:

α, α̃, β = dρ/ρ′ dx, η, dρ

where α, α̃ are balanced contact forms scaled so that α+ ρα̃ = dx is (locally) exact. We take

η := (ρ± C)α∓ (Cρ+ 1)α̃

for C = I/2 as an integrable one-form associated to the additional solution ρ∗ = ∓Cρ+1
ρ±C of (6). Given

ρ, such balanced 1-forms (α, α̃), as well as the pair (dx, η), are determined up to simultaneous scalings
by functions λ(x) depending only on x.
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For such induced co-frames we compute:

Proposition 4.6 (structure equations). For (M, ξ, ξ̃)± with S ≡ 0, let ρ be some local non-constant
solution to (6) with corresponding induced co-frames from definition 9. Then these co-frames satisfy:

(7) dα = −ρhα ∧ α̃+ α̃ ∧ β ∓ ρβ ∧ α, dα̃ = hα ∧ α̃+ (I ± ρ)α̃ ∧ β ± β ∧ α, dβ = − ρ

ρ′
dI ∧ β.

(8) dη =

(
hdx+

ρ

ρ′
dI

)
∧ η − ρ2 ∓ 1

2ρ′
dI ∧ dx

Proof. The structure equations (7) are a direct computation from (5) using that α+ ρα̃ is closed, while
(8) follows by direct differentiation of η from definition 9 (and using (7)). □

In the special case that the generating invariant I (definition 7) is constant:

Proposition 4.7. Suppose (M, ξ, ξ̃)± has generating invariant I constant. Then in some local coordinates
we have:

ξ = {dy = pdx}, ξ̃ = {dy ± dx

p+ I
= 0}.

Proof. First, observe that if we have ξ = {dy = pdx}, ξ̃ = {dy = ap+b
cp+ddx} with a, b, c, d constants, then one

can take a linear change of the xy coordinates in order to have the stated form {dy = pdx}, {dy± dx
p+I = 0}

for I ≡ cst.. So, to establish the stated local normal form, it suffices to show that when I ≡ cst. we can
write locally ξ = {dy = pdx}, ξ̃ = {dy = ap+b

cp+ddx}, with a, b, c, d constants.

For oppositely oriented pairs (M, ξ, ξ̃)−, the associated Ricatti equation (6) is hyperbolic: having two
real roots k,−1/k of k2 − Ik − 1 = 0 (so I = k − 1

k ). Taking some balanced contact forms so that

locally we have dx = α + kα̃, dy = µ(α − 1
k α̃) for µ some integrating factor, we find the desired form

{dy = pdx}, {dy = −k2pdx} for p = −µ/k2. Similarly one can treat the case (M, ξ, ξ̃)+ with I2 > 4,
arriving to dy = pdx, dy = k2pdx where I = k + 1

k .

When the associated Ricatti equation is elliptic or parabolic (namely, for (M, ξ, ξ̃)+ with I2 ≤ 4) we
do not have a pair of constant solutions to (6) at our disposal, and will need to make some more detailed
computations in order to establish the stated normal form. We note that the character (hyperbolic or
elliptic) of the Ricatti equation is related to the contact circles and contact hyperbolas of [6], [15].

Let us take then locally a non-constant solution ρ to (6) with induced local co-frame (definition 9)
dx, η, dρ with structure equation eq. (8) reading (for I = cst.) as:

dη = hdx ∧ η.

Note that if h ≡ 0, then we may take locally dx = α+ρα̃, dy = η = (ρ+C)α−(Cρ+1)α̃ where C = I/2 is

constant, and solving for the contact forms we arrive to the desired form of α ∼ dy−pdx, α̃ ∼ dy = ap+b
cp+ddx

with a, b, c, d constants. Thus, for this (M, ξ, ξ̃)+ case with I2 ≤ 4, we are reduced to showing that there
exists locally some non-constant solution of (6) with associated structure equation (8) having h ≡ 0 in
order to establish our stated normal form. The existence of such a solution will follow from:

Lemma 4.8. For I ≡ cst. and (M, ξ, ξ̃)+, let ρ be some local non-constant solution to (6), with induced
local co-frame dx, η, dρ and structure equation dη = hdx ∧ η, where h = −µx/µ, for µη = dy. Then, for
a general solution of (6)

ρ̃ =
ρ+ c(1 + Cρ)

1− c(ρ+ C)
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where c(x, y) is an arbitrary function with c′ ≡ 0, and C = I/2 is constant, having induced local co-frame

dx̃, η̃, dρ̃

we have its structure equation dη̃ = h̃dx̃ ∧ η̃ where:

h̃ =
Mx + hM + µ(C2 − 1)(cM)y

M2(1 + c(1− C2))

where M(x, y) satisfies:

My +

(
cM

µ

)
x

= 0.

Proof. We have: α+ρ̃α̃ = dx−cη
1−c(ρ+C) , so that θ+ρ̃θ̃ = dx̃ for (θ, θ̃) = Λ(α, α̃), and Λ = M(1−c(ρ+C)), and

M(x, y) satisfying: My+
(

cM
µ

)
x
= 0 where µη = dy. Then, directly differentiating η̃

M = c(1−C2)dx+η,

we find the stated expression for h̃. □

From the Lemma, our result follows, since given ρ with its resulting h(x, y) and µ(x, y) through µx =

−hµ, we may takeM(x, y), c(x, y) solutions of the system of quasi-linear 1st order PDE’s: My = −
(

cM
µ

)
x

and cy = Mh+Mx

µM(1−C2) +
c
M

(
cM
µ

)
x
, which are in Cauchy-Kovalevskaya form, so admit (local) solutions (if

C = 1, one can take M = µ and c(x, y) solving cx = −µy). The resulting solution ρ̃ = ρ+c(1+Cρ)
1−c(ρ+C) then

has induced local co-frame with h̃ = 0 so that dx̃ = α+ ρ̃α̃, dỹ = η̃ as desired. □

Otherwise, when I is not constant, we have an additional invariant:

Definition 10. For (M, ξ, ξ̃) with S ≡ 0 and dI ̸= 0, there is an induced function:

J : M → RP1, J = (j1 : j2)

by writing dI = j1α+ j2α̃, for some balanced contact forms. When j1 ̸= 0, we set: J = j2/j1.

For this case, S ≡ 0, dI ̸= 0, we have then always j1 ̸= 0 or j2 ̸= 0 and will without loss of generality
consider that j1 ̸= 0, up to a re-labeling of the pairs of contact structures. Then, we find the more refined
form of proposition 4.5:

Proposition 4.9. For (M, ξ, ξ̃)± with S ≡ 0 and dI ̸= 0 then

(1) in case J ′ ̸= 0, there are local coordinates (x, I, J) in which:

ξ = {dI = BJdx}, ξ̃ = {dI ± Bdx

I + J
= 0}

for some function B(I, x) > 0. The pair admits exactly one symmetry iff B is separable:
∂I∂x logB ≡ 0 (ie, its invariant G, defined below, (9), vanishes).

(2) in case J ′ ≡ 0 there are local coordinates (x, I, p) in which:

ξ = {dI = pdx}, ξ̃ = {±J2dI = pdx}
where J(I) is a root of 1 + IJ ± J2 = 0.

Proof. We will consider the commonly oriented case (M, ξ, ξ̃)+ (the oppositely oriented case is handled
in the same way), and scale our balanced contact forms so that dI = α + Jα̃. Then J is a solution to
(6): J ′ = 1 + IJ + J2. In case J ′ ̸= 0, we then have a definite co-frame on M :

dI, η, dJ
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where we take η = (J+ I
2 )(α+J∗α̃) as the integrable distribution associated to the solution: J∗ = −CJ+1

J+C

for C = I/2 of (6). Since we have in this case a co-frame on M and at least two non-trivial invariants
(I, J), we have by remark 13 that such pairs admit at most a one-dimensional local symmetry group. The
structure equations (8), with x = I and ρ = J are then:

dη = HdI ∧ η

where the coefficient H, having H ′ = 0, is another invariant, as well as its derivatives along this frame:

(9) dH = FdI +Gη

being further invariants. If G ̸= 0, then H, I, J form local coordinates in invariants and such a pair
admits no infinitesimal symmetries. In any case, since η is integrable, we may always choose locally some
function I∗ with

dI∗ = µη,

by taking some integrating factor µ(I, I∗) satisfying ∂Iµ = −Hµ (use dη = HdI ∧ η and H ′ = 0). The
contact distributions in these coordinates (I∗, I, J) are then given by:

dI∗ + µ(C +
1

J
)dI = 0, µ(C + J)dI = dI∗, C = I/2.

Which we may put it in the stated normal form of the 1st item by taking another integrating factor
M(dI∗ + µCdI) = −dx and setting B = Mµ. Note that if the pair is to admit exactly one symmetry
(see remark 13), we must have G = 0, so that dH = FdI and H(I) is a function only of I, and then as
well our integrating factor µ(I) (solving ∂Iµ = −H(I)µ) can be taken as a function only of I and the
coefficient B above is separable (we may take B(I) = µ(I)).

Otherwise, when J ′ = 1 + IJ ± J2 ≡ 0, then J(I) is a function of I. In the oppositely oriented case,
we then have two integrable distributions dI = α + Jα̃ and dx = µ(Jα − α̃), whereas in the commonly
oriented case, necessarily I2 > 4 in order to have J ′ ≡ 0 and dI ̸= 0, and we have the two integrable
distributions dI = α+Jα and dx = µ(Jα+ α̃). Solving for the contact distributions in either case yields
the stated normal forms of the 2nd item when J ′ ≡ 0. □

Proposition 4.10 (Explicit formulas). In local coordinates ξ = {dy = pdx}, ξ̃ = {dy = f(x, y, p)dx},
these invariants can be given more explicitly as follows. First recall proposition 2.3 where we have given
X, I explicitly in such coordinates, as well as a pair of balanced contact forms, α, α̃ in eq. (2). Set:

(10) D :=
∂x + f∂y
f − p

, D̃ :=
|fp|1/2

|p− f |
(∂x + p∂y).

When S ≡ 0 and dI ̸= 0, the invariant J is given by:

J =
D̃ · I
D · I

with J ′ = X · J = 1 + IJ ± J2. When J ′ ̸= 0, set

X1 :=
J ′D − (D · J)X

J ′D · I
, X2 :=

J ′D̃ − (D̃ · J)X
J ′D · I

and the invariant H is given by:

H = −(D · I)α̃([X1, X2]) +
J

J ′ .
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Setting XjH = Hj, the invariants F,G (the condition to admit –exactly one– symmetry being G ≡ 0) are
given by:

J ′F =

(
IJ

2
+ 1

)
H1 ±

(
J ± I

2

)
H2, ±J ′G = JH1 −H2.

Proof. The frame D, D̃, X is dual to the balanced co-frame α, α̃, ds in (2), so that (j1 : j2) = (D·I : D̃ ·I),
and when J ′ ̸= 0, then X1, X2, X are dual to the co-frame θ, θ̃, dJ/J ′ with dI = θ + Jθ̃, and we obtain
the stated equations from (7), (8), (9) for this co-frame. □

4.1.1. Associated path geometries. A general pair (M, ξ, ξ̃)± with S ≡ 0 and dI ̸= 0, J ′ ̸= 0 has associated
to it a pair of path geometries (see eg ch. 1, §6 of [1], or [3]), where:

Definition 11. The geometric structure of a 2nd order ODE or a path geometry is a 3-manifold M with
a pair of line fields L1, L2 on M spanning a contact distribution ξ = L1 ⊕ L2 on M .

Namely, to a pair (M, ξ, ξ̃)± with S ≡ 0 and dI ̸= 0, J ′ ̸= 0, we associate its induced pair of path
geometries:

ξ = A⊕ L, ξ̃ = A⊕ L̃

for L = ξ ∩ (ker dJ), L̃ = ξ̃ ∩ (ker dJ). The projections of integral curves of L, L̃ under M → M/A each
locally form a pair of 2-parameter families of curves in M/A. In the coordinates of proposition 4.9, these
curves are given as graphs ((x, I(x)) or (x(I), I) respectively) of solutions to the 2nd order ode’s:

(11)
d2I

dx2
=

(
Bx +BI

dI
dx

B

)
dI

dx
,

d2x

dI2
= ∓ 1

B
−

(
BI +Bx

dx
dI

B

)
dx

dI

for a function B(I, x) > 0.

Remark 15. Path geometries (M, ξ = L1 ⊕ L2) have two basic (generating) invariants, say I1, I2. Let
us recall here their following properties. The projections of integral curves of L1 under M → M/L2

are unparametrized geodesics of some affine connection ∇2 on M/L2 iff I2 ≡ 0 (likewise projections of
integral curves of L2 under M → M/L1 are unparametrized geodesics of some affine connection ∇1 on
M/L1 iff I1 ≡ 0). The condition I2 ≡ 0 on M/L2 is simple to state in local coordinates (x, y) on M/L2:
it is equivalent to this family of curves (the projections of integral curves of L1) being given locally by
the graphs (x, y(x)) of solutions to a 2nd order ode which is at most cubic in the 1st derivative, ie of the
form: y′′ = α(x, y) + β(x, y)y′ + γ(x, y)(y′)2 + δ(x, y)(y′)3. Moreover, a relevant fundamental theorem of
path geometry is that a path geometry has both I1 ≡ 0 and I2 ≡ 0 iff it is locally flat: there are some local
coordinates (x, y) on M/L2 such that the projections of integral curves of L1 under M → M/L2 are given
by straight lines in the xy-plane. See for example eq. (5) of [3] for an explicit formula for the condition
I1 ≡ 0 in terms of the 2nd order ODE y′′ = ω(x, y, y′) in local coordinates (x, y) on M/L2.

Since both 2nd order ODE’s of (11) are at most quadratic in the 1st derivative, their solutions are
unparametrized geodesics of some affine connection. One may check, using for example eq. (5) of [3]) that

the pair (M, ξ, ξ̃) with S ≡ 0, dI ̸= 0, J ′ ̸= 0 admits a symmetry (B(I, x) of proposition 4.9 is separable:
having ∂I∂x logB ≡ 0) exactly when the 2nd order ODE’s of (11) are each flat (each equivalent to y′′ = 0
under some change of coordinates). Curiously, there is no system of coordinates in which the general
solution to both 2nd order ODE’s (11) are simultaneously rectified to straight lines.

4.2. Non-zero Schwartzian. Now we consider when the induced projective structures on the axis are
distinct (S ̸= 0). In this case, we have two invariants:

I, I ′ ̸= 0
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and will consider separately when these invariants are dependent dI∧dI ′ ≡ 0 and independent dI∧dI ′ ̸= 0.
First, for the dependent case, we have the general normal form:

Proposition 4.11. For (M, ξ, ξ̃) with S ̸= 0 and I ′(I) a function of I, there are local coordinates in

which: ξ = {dy = pec(x,y)dx}, ξ̃ = {dy = f(p)ec(x,y)dx}, for some functions c(x, y) and f(p).

Proof. The derivation is essentially the same as that in proposition 4.5. We consider two solutions
ρ(I), ρ̃(I) to the Ricatti equation (6):

I ′(I)
dρ

dI
= 1 + Iρ± ρ2

and scale some balanced contact forms to have dx = α+ ρα̃ and dy = µ(α+ ρ̃α̃). The contact forms α, α̃
satisfy the structure equations (7) with dβ = 0, for β = dI/I ′, whose coefficient h has, by differentiating
(7) and using dβ = 0 that: h′ = 0, so that h(x, y). The integrating factor µ for α+ ρ̃α̃ then satisfies:

dµ

µ
+ hdx± (ρ̃− ρ)β ≡ 0 mod dy

and so has the form µ = eφ(I)+c(x,y) for φ(I) = ∓
∫ ρ̃(I)−ρ(I)

I′(I) dI (and cx = −h). Solving for the contact

distributions we have α ∼ dy − ρ̃
ρe

φecdx, α̃ ∼ dy − eφecdx, and the stated form above by setting

p = ρ̃(I)
ρ(I)e

φ(I), eφ(I) = f(p). □

In case there are symmetries:

Proposition 4.12. If a pair (M, ξ, ξ̃) with S ̸= 0 and I ′(I) ̸= 0 a function of I admits an infinitesimal
symmetry then either

(1) there are local coordinates (x, y, p) in which:

ξ = {dy = pdx}, ξ̃ = {dy = f(p)dx},
(2) or, there are local coordinates (x, y, p) in which:

ξ = {dy =
p+ a(y)

p+ b(y)
dx}, ξ̃ = {dy =

f(p) + a(y)

f(p) + b(y)
dx}.

Proof. We prolong in this case to consider the principal R× sub-bundle of the co-frame bundle on M

R× → B → M

consisting of co-frames α, α̃, β = dI/I ′ on M , where the R× action is by simultaneous re-scalings α, α̃ 7→
λα, λα̃ on the balanced contact forms α, α̃. We first claim that we have on B a canonical co-frame
induced by the pair (M, ξ, ξ̃) with I ′(I) ̸= 0. Let Θ, Θ̃, β be the tautological 1-forms on B: Θb(v) =

α(π∗v), Θ̃b(v) = α̃(π∗v), and β = π∗β for b = (α, α̃, β) ∈ B and π : B → M . Then:

Lemma 4.13. There is a unique connection 1-form ν on B for which the co-frame Θ, Θ̃, β, ν satisfies
the structure equations:

(12) dΘ = ν ∧Θ+ Θ̃ ∧ β, dΘ̃ = ν ∧ Θ̃ + IΘ̃ ∧ β ± β ∧Θ, dβ = 0, dν = ΛΘ ∧ Θ̃,

the coefficient Λ : B → R being another invariant of (M, ξ, ξ̃).

Proof. Indeed, for any choice of balanced contact forms with trivialization B ∼= M ×R ∋ (m,λ) through

Θ = λα, Θ̃ = λα̃, we take:

ν =
dλ

λ
+ hα− h̃α̃+ gβ,

where α, α̃, β satisfy (5). □
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Now, having a canonical co-frame on the 4-dimensional B with (at-least) one non-trivial invariant I,
such a pair can admit at most a 3 dimensional symmetry algebra: only when Λ(I) is dependent on I. It
follows directly by differentiating (12) that:

dΛ = Λ1Θ+ Λ2Θ̃ + IΛβ − 2Λν

so that Λ is dependent on I ( I ′(I)β = dI ) iff Λ ≡ 0. In case Λ ≡ 0, we may take a co-frame as in
proposition 4.11, and directly compute that Λ ≡ 0 is equivalent to ∂x∂yc ≡ 0, ie c(x, y) = a(x) + b(y) is
separable, and the normal form of proposition 4.11 takes the form stated in item 1 above.

Otherwise, when Λ ̸= 0, we have two independent and non-trivial invariants, I,Λ, and (at most) a
2-dimensional symmetry algebra. As it turns out:

Lemma 4.14. A pair (M, ξ, ξ̃) with I ′(I) ̸= 0 and Λ ̸= 0 admits at most a 1-dimensional symmetry
algebra.

Proof. To realize a 2-dimensional symmetry algebra the additional invariants Λ1,Λ2 would need to be
functionally dependent on I,Λ. One computes directly that:

dΛ1 = Λ11Θ+ Λ12Θ̃ + (IΛ1 ∓ Λ2)β − 3Λ1ν, dΛ2 = Λ21Θ+ Λ22Θ̃ + (Λ1 + 2IΛ2)β − 3Λ2ν

where Λ21 −Λ12 = 2Λ2. In particular, if dΛ1, dΛ2 ∈ ⟨dI, dΛ⟩ (and Λ ̸= 0) then we find the contradiction:

2Λ3 = Λ(Λ21 − Λ12) = 3(Λ1Λ2 − Λ1Λ2) = 0.

□

When Λ ̸= 0, we may pass back down to M , where we have the co-frame:

θ = |Λ|1/2Θ, θ̃ = |Λ|1/2Θ̃, β = dI/I ′

whose structure equations we compute as:

(13) dθ = −n

2
θ ∧ θ̃ + θ̃ ∧ β +

I

2
β ∧ θ, dθ̃ =

m

2
θ ∧ θ̃ +

I

2
θ̃ ∧ β ± β ∧ θ, dβ = 0

for the invariants

m = Λ1/|Λ|3/2, n = Λ2/|Λ|3/2

on M , having

dm = m1θ +m2θ̃ −
(
Im

2
± n

)
β, dn = n1θ + n2θ̃ +

(
m+

In

2

)
β,

n1 = m2 + 2.

In general I,m, n : M → R are independent, and such a pair with Λ ̸= 0 admits no infinitesimal symme-
tries. Such a pair admits an infinitesimal symmetry only when the differentials ⟨dm, dn, dm1, dm2, dI⟩
have rank two:

(14) 0 ≡

∣∣∣∣∣∣m1 m2

n1 n2

∣∣∣∣∣∣ , 0 ≡

∣∣∣∣∣∣m1 m2

n21 n22

∣∣∣∣∣∣ , 0 ≡

∣∣∣∣∣∣m1 m2

m21 m22

∣∣∣∣∣∣ , 0 ≡

∣∣∣∣∣∣m1 m2

m11 m12

∣∣∣∣∣∣ .
Supposing the condition (14) holds, we now proceed to determine the normal form of item 2, by seeking
appropriate solutions of our Ricatti equation (6). Note that for any function f : M → R, writing

df = f1θ + f2θ̃ + f ′β, then by differentiating and using (13), one obtains the relations:

(15) (f2)
′ − (f ′)2 = f1 +

I

2
f2, (f ′)1 − (f1)

′ =
I

2
f1 ± f2, f21 − f12 =

nf1 −mf2
2
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for its higher derivatives. From (14), we set:

ρ = m2/m1 = n2/n1, ℓ = n/m,

and check from (15) that ρ, ℓ are solutions to (6) and, for dρ = ρ1θ + ρρ1θ̃ + ρ′β, we have:

ℓ = ρ+ 2
ρ1
m

.

Note that we cannot have ρ1 ≡ 0 (ie ℓ ≡ ρ) since differentiating n = ρm, and using n1 = m2 + 2 one
would then have:

m2 = ρm1 = n1 = m2 + 2,

which is impossible, so that ρ1 ̸≡ 0, and ℓ ̸≡ ρ are distinct solutions to (6). Then, using (13) – (15), one
computes:

d

(
θ + ρθ̃

ρ1

)
= 0, d

(
m(θ + ℓθ̃)

)
= dy ∧

(
m(θ + ℓθ̃)

)
so that for the integrable distributions θ + ρθ̃, θ + ℓθ̃ we have integrating factors:

ρ1dy = θ + ρθ̃,
ey

m
dx = θ + ℓθ̃,

and the contact forms are given through:

(16) m(ℓ− ρ)θ = ℓmρ1dy − ρeydx, m(ρ− ℓ)θ̃ = mρ1dy − eydx.

To give them the more explicit form of item 2 above, we note, from (14), that all the invariants depend
only on y, I, and for a function f(y, I) we have:

∂yf = ρ1f1.

In particular, we compute that (ρ1ℓ1m
2)′ ≡ 0, so that:

m2∂yℓ = ρ1ℓ1m
2 = c(y)

is some function of y. Now, since ρ, ℓ are solutions to (6), they have the form:

ℓ− r1
ℓ− r2

= a(y)eλ,
ρ− r1
ρ− r2

= b(y)eλ

where rj(I) are any pair of solutions to (6) depending only on I (and λ(I) = ±
∫

r1−r2
I′ dI). Computing

then the partials ∂yℓ = c(y)/m2, ∂yρ = (ρ1)
2 and substituting into (16) we arrive to the contact 1-forms:

dY = γ(y)dy =
r1(I)− a(Y )eλ(I)r2(I)

r1(I)− b(Y )eλ(I)r2(I)
dx, dY =

1− eλ(I)a(Y )

1− eλ(I)b(Y )
dx

for some function γ(y), which is in the stated form of item 2 above (set P = r1
eλr2

and f(P ) = e−λ). □

Remark 16 (associated path geometry). Similarly to our observations in section 4.1.1, we have for a

pair (M, ξ, ξ̃) with S ̸= 0 and I ′(I) ̸= 0 an associated pair of path geometries on M/A by projecting

integral curves of ξ ∩ ker(dI), ξ̃ ∩ ker(dI) under M → M/A. In the coordinates of proposition 4.11 we
see such integral curves project always to the same 2-parameter family of curves in M/A, given in these
coordinates as graphs, (x, y(x)), of solutions to the 2nd order ode:

d2y

dx2
=

(
cx + cy

dy

dx

)
dy

dx
.

They are unparametrized geodesics of some affine connection on M/A, and we check (again with eq. (5)
from [3]) that such a pair admits the maximal 3-dimensional symmetry algebra (∂x∂yc ≡ 0) iff this 2nd
order ODE is flat (locally equivalent to Y ′′ = 0).
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Next, we consider the general case when we have two independent invariants: dI ∧ dI ′ ̸= 0. In this
case we have further invariants:

Definition 12. For (M, ξ, ξ̃) with S ̸= 0 and dI ∧ dI ′ ̸= 0, there is an induced function:

K : M → RP1, K = (k1 : k2)

by writing dI ′ = k1α+k2α̃+
I′′

I′ dI for some balanced contact forms. When say k1 ̸= 0, we set K := k2/k1.
Moreover, we have then a co-frame α, α̃, β = dI/I ′ determined on M , where the balanced contact forms
are determined by the scaling condition:

dI ′ = α+Kα̃+ I ′′β, (β = dI/I ′).

The structure equations of this co-frame are given in (17) below.

So, in this situation we have a co-frame induced on M , as well as (at least) two non-trivial independent
invariants: I, I ′. There can be at most one non-trivial infinitesimal symmetry of such a pair. Its normal
form, by proposition 4.1, is then given by item IV of theorem 1.1, and to finish, we determine the
conditions on its additional invariants for when this is the case:

Proposition 4.15. A pair (M, ξ, ξ̃)± with S ̸= 0 and dI ∧ dI ′ ̸= 0 admits an infinitesimal symmetry iff:

K ′ = 1 + IK ±K2,

KK1 = K2, KH1 = H2

where Fj := XjF, F ′ = XF are the derivatives along the frame X1, X2, X dual to the co-frame α, α̃, β
of definition 12, and the invariant H is given by the structure equations of this co-frame (17) below.

Proof. From (5), and β = dI/I ′, we have for the co-frame of definition 12 the structure equations:

(17) dα = H̃α ∧ α̃+ α̃ ∧ β +Gβ ∧ α, dα̃ = Hα ∧ α̃+ (I −G)α̃ ∧ β ± β ∧ α

dβ = −dI ′

I ′
∧ β =

−Kα̃ ∧ β + β ∧ α

I ′

whose coefficients, upon differentiating dI ′ = α+Kα̃+ I ′′β, satisfy the relations:

H̃ = −KH −K1, G = L1 ∓K − I ′′

I ′
,

KL1 − L2 = 1 +KI ±K2 −K ′

for: dI ′′ = L1α+L2α̃+I ′′′β and dK = K1α+K2α̃+K ′β. The coefficient H in these structure equations
is an additional invariant, and we can consider as generating invariants:

H, I

from which all further invariants are determined from successive derivatives of H, I along the frame.
Assuming such a pair admits an infinitesimal symmetry, say the vector field Y , it must preserve all

these invariants (which must all be dependent upon I, I ′). For X1, X2, X the dual frame to α, α̃, β, then
to preserve I, I ′ we have the condition Y ∼ KX1 −X2. The distribution spanned by the axis A and Y
is an integrable distribution (since any symmetry Y preserves the axis) and this integrable distribution
is given by the kernel of α+Kα̃, ie K must be a solution to (6). To determine the complete conditions,
note for a general function F with dF = F1α+ F2α̃+ F ′β, we have

F21 − F12 + F2H = F1(KH +K1),

(F ′)2 − (F2)
′ + F1 +

(
I ±K +

I ′′

I ′
− L1

)
F2 = K

F ′

I ′
,
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(F1)
′ − (F ′)1 +

(
L1 ∓K − I ′′

I ′

)
F1 ± F2 +

F ′

I ′
= 0.

For this pair to admit a symmetry, we must ensure that all invariants (and their successive derivatives)
satisfy KF1 = F2 (ie Y F = 0). For such a function, the previous formulas for its higher derivatives
simplify to:

(18) F21 − F12 = F1K1, (F ′)2 = K(F ′)1

Using that K satisfies (6). Now, we claim that if additionally KK1 = K2, then for any function F
satisfying Y F = 0, the same will hold for its higher derivatives. Indeed, by the second of (18) we have
that F ′ satisfies Y (F ′) = 0. Differentiating KF1 = F2 by X1, and using the first of (18), we find:

K1F1 +KF11 = F21 = F12 + F1K1 ⇒ KF11 = F12

and so F1 satisfies as well Y F1 = 0. Now we find that so too does Y F2 = 0, since:

F22 = K2F1 +KF12 = KK1F1 +KF12 = K(K1F1 + F12) = KF21

from F21 = (KF1)1 = K1F1 +KF11 = K1F1 +F12. Since all the invariants are generated from H, I (and
I already satisfies Y I = 0), imposing as well that Y H = 0, ie KH1 = H2, along with K satisfying (6)
and KK1 = K2, then all invariants, F (derived from H, I), satisfy Y F = 0. In particular, all invariants
are then functionally dependent upon I, I ′ as needed, and such a pair (see remark 13) admits exactly one
infinitesimal symmetry. □

Writing the appropriate structure equations in terms of their dual frames, similarly to proposition
4.10), we find the following formulas for these invariants:

Proposition 4.16 (Explicit formulas). In local coordinates with ξ = {dy = pdx}, ξ̃ = {dy = f(x, y, p)dx},
we have given above explicit formulas for I,X (proposition 2.3) in these coordinates, balanced contact

forms, α, α̃ eq. (2), and dual vector fields D, D̃, eq. (10). In case I ′ ̸= 0 and dI ∧ dI ′ ≡ 0, set

Y = D − D · I
I ′

X, Ỹ = D̃ − D̃ · I
I ′

X

h = −α̃([Y, Ỹ ]), h̃ = −α([Y, Ỹ ]), λ =

√
|Y h̃+ Ỹ h|.

The invariant Λ from the proof of proposition 4.12 being a non-zero multiple of λ. Such a pair admits a
3-dimensional symmetry algebra (item 1 of proposition 4.12) iff λ ≡ 0. When λ ̸= 0, we have additional
invariants m,n given by:

m = −2λα̃([Y1, Y2]), n = 2λα([Y1, Y2])

for Y1 = Y/λ, Y2 = Ỹ /λ. The conditions to admit (exactly one) symmetry being given above (14) (with
fj = Yjf). In case I ′ ̸= 0 and dI ∧ dI ′ ̸= 0, set:

X1 =
I ′D − (D · I)X
I ′D · I ′ − I ′′D · I

, X2 =
I ′D̃ − (D̃ · I)X
I ′D · I ′ − I ′′D · I

.

The invariants K,H are then:

K =
I ′D̃ · I ′ − I ′′D̃ · I
I ′D · I ′ − I ′′D · I

, H = −(D · I ′ − I ′′

I ′
D · I)α̃([X1, X2]).

The conditions to admit (exactly one) symmetry being given above in proposition 4.15 (with Fj = XjF ).
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I1 S ≡ 0, dI ≡ 0 (M,D, D̃)+, I
2 = cst. > 4, or (M,D, D̃)−, I = cst.

I2 S ≡ 0, dI ≡ 0 (M,D, D̃)+, I
2 = cst. ≤ 4.

II1 S ≡ 0, dI ̸= 0 J ′ ̸= 0, G ≡ 0.

II2 S ≡ 0, dI ̸= 0 J ′ ≡ 0

III1 S ̸= 0, dI ∧ dI ′ ≡ 0 Λ ̸= 0, m1

m2
= n1

n2
= m11

m12
= m21

m22
= n21

n22

III2 S ̸= 0, dI ∧ dI ′ ≡ 0 Λ ≡ 0

IV S ̸= 0, dI ∧ dI ′ ̸= 0 K ′ = 1 + IK ±K2,K2 = KK1, H2 = KH1.

Table 1. The characterization of the normal forms listed in theorem 1.1 in terms of
their invariants (see corollary 2.2, definitions 7, 10, 12 and propositions 2.3, 4.10 and
4.16 above).

4.3. proof of theorem 1.1. The proof of the main theorem 1.1 follows upon gathering the results of §4
as follows (see table 1 for a summary):

Proof. (theorem 1.1) If a pair (M, ξ, ξ̃) admits an infinitesimal symmetry (transverse to its axis), then by

proposition 4.1, it has the general local normal form of item IV. A typical pair (M, ξ, ξ̃)± has S ̸= 0 and
dI ∧ dI ′ ̸= 0, and so by proposition 4.15, it admits (exactly one) infinitesimal symmetry iff its invariants
K,H satisfy the conditions stated in the last row of table 1. In case a pair with S ̸= 0 has dI ∧ dI ′ ≡ 0,
then by the proof of proposition 4.12, it admits a symmetry iff either its invariant Λ ≡ 0, and it has local
normal form of III2 (admitting exactly a three dimensional infinitesimal symmetry algebra), or Λ ̸= 0,
and its additional invariants m,n satisfy (14) (the conditions stated in the 5th row of table 1) having the

local normal form of III1 and admitting exactly one infinitesimal symmetry. In case the pair (M, ξ, ξ̃) has
S ≡ 0 and I ≡ cst. its normal form is given by proposition 4.7, which can be split into type I1: consisting
of (M, ξ, ξ̃)+ with I2 > 4 and (M, ξ, ξ̃)− with I = cst. (the types with hyperbolic Ricatti equation (6)),

or the type I2: (M, ξ, ξ̃)+ with I2 ≤ 4 (the types with an elliptic or parabolic Ricatti equation (6)). In
case we have S ≡ 0 and dI ̸= 0, then by proposition 4.9, such a pair admits a symmetry iff either its
invariant J has J ′ ≡ 0 and we have the normal form of II2, or when J ′ ̸= 0 then its additional invariant
G must vanish identically, and we have the normal form of type II1 (admitting exactly one infinitesimal
symmetry). One may determine the symmetry algebras stated in theorem 1.1 from (4). □
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