ALGEBRA LINEAL, PARTE 2: ESPACIOS VECTORIALE

We continue following the relevant sections from our main references:
e ch. 3, 4 of Mota, Rumbos Algebm lineal en R™,
e ch. 3, 4 of Vargas, Wachtel Algebm lineal I

As opposed to the previous part, where we have made ourselves familiar with
some basic computational aspects of manipulating systems of equations and
matrices, here we will present more formally some basic underlying structure
and general principles in vector spaces.
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1 Vector spaces

The model example of a vector space is R™ (an n-dimensional real vector space).
Recall: this is the set of all ordered lists of n real numbers (x1,x2, ..., x,) € R®
with each z; € R areal number. As is customary in linear algebra we will, unless
mentioned otherwise, consider elements of R™ as column vectors, denoting them
with either an over arrow or boldface to remind we have a vector:

Tn

From your courses in analytic geometry, the cases n = 2 and n = 3 are
familiar (Cartesian coordinates for the Euclidean plane as R?, or the Euclidean
space as R3). While each of these spaces have certain differences, they have
enough shared features that it is worthwhile to ‘axiomatize’ these common fea-
tures so that we have a common ground of properties which hold regardless of
what particular n is under consideration.

Geometrically, these first properties consist in the operations of scaling and
translating:

D op

a) Re-scaling a figure. b) Translating a figure.

Algebraically, for given n and x,y € R", a € R, we scale and translate by:

ary r1+ %
axs T2 + Y2

ax:=| . |, x+y:= ) (1)
QTn Tn + Yn

And the essential properties of these operations are axiomatized in the fol-
lowing general definition of an ‘abstract vector space’:



Definition 1. A set V is equipped with the structure of a real vector space when
it has two well defined operations:

VxV =V, (ww)—u+v, RxV =V, (av)—av
called vector addition and scalar mutliplication resp., which satisfy:
1. u+v=v+u YavevV,
. (utv)+w=u+(v+w), VYuv,weV,
. 30€V, such thatv+0=v, VveV,

2
3
4. YW eV,3—-v eV such that v+ (—v) = 0.
5. lv=v, VeV,

6. (ab)v =a(bv), Va,be R, veV,
(a+b)v=av+bv, Va,beR, veV,

8 alu+v)=au+av, VaeR, u,veV

EXAMPLES.

e R" with vector addition and scalar multiplication defined by is a real
vector space (exercise: check!)

e Let V = F(R,R) be the set of functions from R — R. Then, given
a € Rand f,g € V (that is two functions f,g : R — R) we can define
f+g,af €V by:

(f+9)(@) = f(z) +g(x), (af)(z):=al(f(x)).
With these operations, F(R,R), is a real vector space (exercise: check!).

e Consider the same set F(R,R) from the previous example but with

(f +9)(x) := f(g(2)), (af)(z):=a(f(z)).

With these operations we do not have a vector space structure (exercise:
which of the ‘axioms’ in definition [I| above fail?).

e Consider the same set F(R,R) from the previous example but with
(f +9)(x) = f(x)g(x), (af)(z):=a(f(z)).

With these operations we do not have a vector space structure (exercise:
which of the ‘axioms’ in definition [I| above fail?).

As some ‘comforting’ consequences of the vector space axioms, for example:



Proposition 1. In a vector space V', there is a unique element 0 € V' (called
the zero vector) satisfying item 3 of deﬁnition

Proof. Suppose 0,0’ € V satisfy item 3 of the definition. Then:
020+020+020
so that in fact 0 = 0’ and the zero vector is unique. O
Proposition 2. In a vector space V, for any v € V then:
Ov =0.
Proof. Let v € V. Since we already know 0 € R has 0 + 0 = 0 then:
0v + 0v = (0+ 0)v = Ov

By item 4 in the definition, there exists some u = —(0v) € V such that Ov4u =
0. Now adding u to both sides of Ov + 0v = Ov we have:

OviOV—FO:OV—l—((Ov)—Fu)i(Ov—i—Ov)—Fu:Ov—i—u:O.

EXERCISES.
Show, from the vector space axioms, the following properties:

e For u,v,w € V such that u+ v =u+ w, then v=w.

e For any a € R then a0 = 0.

e ForveV,aeR, thenav=0 <= a=0o0r v=0.

e For v € V, there is a unique —v € V satisfying item 4 of definition
e For v € V then (—1)v = —v.

o v=—-Vv < v=0.

e If a real vector space V has more than one element, then it has infinitely
many elements.

Remark. Foru,v € V, its common to use the more concise notation:
u—v:=u+(-v).

Remark. A real vector space structure allows us to form simple linear equa-
tions, such as:
a1V] +agve + ... +apvp =1u

in which we have been asking questions such as: given the vectors vi,..., Vg, U,
for which values of the coefficients ay, ...,ar, € R does the equation hold true?

Remark. We defined above (def. a real vector space structure on a set V.
Likewise, one can replace the scalars R by some other number system to have
analogous structures (for example the structure of a complex vector space).



2 Subspaces

A given real vector space V may contain important subsets: distinguished by
their compatibility with V’s vector space structure. For example:

e aline (through the origin) in the Cartesian plane R?
e a plane (through the origin) in the Cartesian space R3.

These spaces are interesting because they are themselves vector spaces, when
equipped with the restriction of V’s operations. Formally:

Definition 2. A (non-empty) subset U C V of a vector space V is called a
subspace of V' when V'’s operations of vector addition and scalar multiplication
restricted to elements of U induce a real vector space structure on U.

EXAMPLES.

e An affine line in R? which does not pass through the origin is not a
subspace of R2. The difference between considering (vector) subspaces
vs. affine subspaces amounts algebraically to the difference between con-
sidering homogeneous systems of linear equations vs. general (not nec-
essarly homogeneous) systems of linear equations. Geometrically, affine
spaces (vector spaces without any ‘distinguished point’ as the origin) are
more natural, but algebraically (formulas) it is simpler to consider vector
spaces, where we have a distinguished origin and may work (most often)
with the simpler homogeneous equations.

The set of solutions to any homogeneous system of linear equations form
a vector subspace (which may be the ‘trivial’ subspace: {0} C V, there is
another ‘trivial’ subspace of any vector space V...which is just V C V).

Any subspace always contains, at least the zero vector.

e The union of the z and y axes in R? is not a subspace (what about their
intersection?).

The union of the zz and yz planes in R? is not a subspace. Their inter-
section (the z-axis) is a subspace.

As a convenient characterization of subspaces:

Proposition 3. A (non-empty) subset U C V is a subspace of V iff U is closed
under V'’s vector addition and scalar multiplication. That is, when for any
u,u’ € U and a € R we have:

1. u+vu eU,
2. aueU.



Proof. ( = ) If U is a subspace of V then, in order to inherit well-defined
addition and scaling operations from the restriction of V’s, we must have, at
least, that U be closed under addition and scaling.

( < ) Conversely, when U is closed under addition and scaling, these
restrictions satisfy items 1,2,5,6,7,8 of a real vector space structure (def.
since those of V' do (exercise). To see 3 and 4 we can note that for u € U then
Ou =0 € U since U is closed under scaling. Still this element has u+ 0 = u for
any u € U so that 3 holds. Likewise (—1)u = —u € U since U is closed under
scaling, and still u + (—u) = 0 so that 4 holds. O

EXERCISES.

o Is Z2 = {(m,n) : m,n € Z} C R? a subspace? Which items in def. [1] fail?

e Let Uy, Us C V be two subspaces of a vector space V.

Show their intersection U; N Us is always a subspace.

Is their union U; U Us always a subspace? Sometimes a subspace?

o Let F(R,R) be the set of functions from R — R with the vector space
structure defined above (of pointwise addition and scaling).

Is P3 = {x — p(z) s.t. p(z) is some polynomial of degree at most 3}
a subspace of F(R,R)?

Is P{ = {z — p(z) st. p(z) is some polynomial of degree 3} a
subspace of F(R,R)?

Is Fo = {z — f(z) s.t. f(0) =0} a subspace of F(R,R)?

IsU ={z+— f(z) s.t. f(0)=2f(1)} a subspace of F(R,R)?

Is 74 = {z — f(x) s.t. f(z) > 0} a subspace of F(R,R)?

Is Per = {x — f(z) s.t. f(x+1) = f(x)} a subspace of F(R,R)?

e Show the only subspaces of R? are those from the following list:

(a) the ‘trivial’ subspace {0},

b) a line through the origin,

(
(c) a plane through the origin,
(d) the ‘trivial’ subspace R3.



3 generating subspaces (span)

A common way to define a subspace is by giving some system of vectors ‘gen-
erating’ the subspace:

e To specify a line through the origin of R?, we can give some generating
vector, v, directing said line: all points in the line are multiples of said
generator ({tv:t e R}).

For example the line {y = 2} C R? is generated by the vector (})

e To specify a plane through the origin in R?, we can give a pair of gener-
ating vectors, u, v, in said plane: all points in the plane are some sum of
multiples of said vectors ({su+tv :s,t € R}).

1 0
For example the 2y plane {z = 0} C R? is generated by [0 |, |1
0 0

e Question: are generator(s) of a given line(plane) unique?

e Comment: specifying a subspace with some generators is not the only
option. For instance we might specify a plane in R3 as some level set, or
with some normal vector.

More formally:

Definition 3. Let X C V be some subset of a vector space V. The subspace,
span{ X}, of V generated by X (orspanned by the elements of X ) is the smallest
subspace of V' containing X :

span{ X} = ﬂ U

{U:UDX, and U is a subset of V'}

Remark. Any intersection of subspaces is a subspace (exercise: prove it!) so
that span{X} as defined above is always a subspace (with V'O span{X} D X ).

EXAMPLES.
For u,v € R3 then for X = {u, v} we may have:

e if u =v =0 then span{u, v} = span{0} = {0}.

e if u# 0, but v = au is a multiple of u, then span{u, v} = span{u} is the
line through the origin directed by u.

e if u # 0, v # 0 are not multiples of eachother, then span{u,v} is the
plane through the origin directed by u, v.

We will primarily be interested in subspaces generated by a finite number of
vectors. Calling:



Definition 4. Given some vectors vi,va,...,vi € V in a vector space V a linear
combination of said vectors is a vector of the form:

a1Vy + asvo + ... + apvg
for some scalars ay,asg, ...,ar € R.
Then subspaces generated by a finite number of vectors are, explicitly:

Proposition 4. For a vector space V' and given vectors vi,va,...,vi € V then:
span{vy,va, ..., Vi } = {a1vi + aava + ... + ap vy : a1, ag,...,ar € R}
18 the subspace consisting of all possible linear combinations of said vectors.

Proof. We must show that U, = {a1v1 +aava+ ...+ apvg : a1, as,...,a; € R} is
(1) a subspace of V' containing the v; and (2) any subspace U of V' containing
v; € U contains U, (ie U D U,).

For (1), by taking a; = 1 and all others zero we see that v; € U,. To see
U. is a subspace we check that U, is closed under addition and scaling. Indeed,
let a1vi + asva + ... + ap vy € U, be some vector in U, and a € R some scalar.
Thenf

ala1vy + agve + ... + apvg) = aa1vy + aasve + ... + aap vy € U,

since a@; = aa; € R. Likewise if byvy + bava + ... + by vy, € U, is some other
vector in U, then we have

a1vi + ...+ apve + bivi + oo+ bpvi = (a1 +b1)vi + ..o+ (ak + b)) v € Us
since a} =a;+b; € R. Soindeed (prop.|3) U, is a subspace containing the v;’s.
For (2), if U C V is some subspace containing all v; € U, then since U is
closed under scaling and addition we must have also a;v; € U (for any a; € R)

and as well any sum a1vy +...+ax vy € U. That is, we must have all the general
elements of U, in U, ie U, C U. O

3.1 linear systems revisited
We have studied before linear systems in the following explicit form:
b1 = a1171 + a12w2 + ... + A1, Ty,

by = az171 + a22%2 + ... + A2pTn,

b = @121 + Qoo + ... + QnTn

2Here we’ll use the distributive/associative laws for k elements, which follow from the
vector space axioms and induction.



(a system of m equations in n variables). We can write the system more com-
pactly in vector/matrix notation as:

b ==za; +z0as + ... + 8, = AX (2)
where
by aj1 T1
bo aj1 T2
b= , a5 = . eR™, x= e R
b, Qjm Tn

and A is the m x n matrix with columns a;, j=1,...,n.
This linear system makes sense in any vector space and we can re-phrase
it with our new language in the following ways:

e given n+1 vectors ap, as, ..., a,,b € V, what are the scalars x1, xo, ..., z,, €
R so that holds?

e given n + 1 vectors ap,as,...,a,, b € V, the consistency of the system
amounts to asking: when is

b € span{aj,ag, ...,a,}?

e given n + 1 vectors aj, as, ...,a,,b € V, consider the (linear) map:
A:R" >V, x+— x187 + 2285 + ... + T2, = AX.

The consistency of the system amounts to asking: when is b € im(A4)?
Recall the image of a map A is im(4) = {Ax : x € R"}. The solution
space is the pre-image A='{b} = {x € R" : Ax = b}.

3.2 some examples

e Here are three vectors in R3:

2 1 2
V1 = 1 , Vo = 2 , V3 = 2
-1 2 2

Do these vectors generate all of R3?

This question is the same as one we have already considered: whether a
certain linear system is always consistent. In particular we can settle it
by reducing an appropriate matrix to echelon form.

Namely, we are asking whether for any b € R? there always exist some
r1, 22,23 € R so that:

b =21V + zavy + 23v3 = Ax



for A the matrix with columns vi,vs,v3. So we form the augmented
matrix and reduce (exercise: perform the Gauss-Jordan elimination!):

2 1 2|b 1 00 2(ba — b3)
1 2 2|by |~ 0 1 0|—bi+2(3b2—b3)
-1 2 2|b3 0 0 1| by— 2(5by— 3b3)
Since the matrix has full rank, it has no inconsistencies, and thus there
by
are always solutions (for any b = | by | we have z; = %(bz —b3), xo =
bs
—by + $(3by — b3), 23 = by — 1(5by — 3b3), or to summarize:

span{vi, vy, v3} = R3.
e Same, for the following three vectors in R3:
1 -1
u; = 1 , U = 2 , U3 = 1
2

-1 3

we ask: do these vectors generate all of R3?

To settle it, we form the augmented matrix and reduce:

2 1 —1|b 1 0 —1| 1265 —by)
1 2 1 |by |~l01 1 £(2bs — by)
-1 2 3 |b3 0 0 O |4by —5by+ 3b3)

the system has sub-maximal rank (two) and thus there are possible in-
consistencies. More precisely whenever 4b; — 5by + 3b3 # 0 there are no
solutions, ie such b are mot generated by these three vectors and these
three vectors do not generate R3. In fact the only vectors that are gener-
ated by this triple are precisely those lying in the plane thru the origin:
4by — bbs + 3bz = 0, or summarizing:

b
span{uy,ug,uz} = {b = [ by | € R®:4b; — 5by + 3b3 = 0} C R3.
b3

4 Dbases (dependence/independence), dimension

There are many sets of vectors which can generate the same subspace, for in-
stance:

e span{v} = span{v,2v} = span{v, 2v, 3v} = span{2v}

e span{u, v} = span{u, 2v} = span{u, 2v,3v} = span{u,u + v, v}

10



Given some subspace, it is natural to ask for a set of generating vectors which
is ‘most efficient’ in the sense that the length of the list of generating vectors
is minimal. The length of such a list is, when finite, unique and captures the
dimension of the subspace.

In order to minimize the length of a list of generating vectors, we may
produce an algorithm based on the following observation: for a set of vectors
generating a given subspace, in order to potentially shorten the set of generators,
we note that if any vector in the list is a linear combination of the remaining
vectors in the list, then we may throw it out without effecting the span:

Proposition 5. span{vy,va,..., v} = span{vy, va, ..., vk, u} whenever
u=c1vy + cova + ... + ¢V € span{vi, va, ..., Vi }.

Proof. Tts clear that we always have span{vy, va, ..., v} C span{vy, va,...,vi, u}
since any linear combination of the v;’s is also a linear combination of the
v;’s and u (put the coefficient of u as zero). Conversely, supposing that
u = vy + vy + ... + vy € span{vi,Vva,..., v} then a general element
W = a1V + asva + ... + ap vy + au € span{vy, va, ..., Vi, u}, by re-arranging we
have w = (a1 + ac1)vy + ... + (ar + ack) vy € span{vy,va,...,vi} so that also
span{vi, va, ..., vk} D span{vy, va, ..., Vg, u}. O

Note that the condition u € span{vy,...,,vx} can be written more symmet-
rically as:
O=cvi+..4+cvp—u

and a more democratic definition (without given preference to any ‘distin-
guished’ vector in the list) is formalized by:

Definition 5. A list of vectors vi,va, ..., vy are called dependent if there exists
scalars c1,ca, ..., cr € R not all zero such that

c1v1 +cave + ...+ vy = 0.
Definition 6. Likewise we call a list of vectors vy, Vva, ..., vy independent when
civit+covo+ ...+ cpvi =0 — ¢ =co=...=c; = 0.

Remark. To test whether a given list of vectors (in R™ say) are dependent, we
form the matrixz, A, with columns vy, ..., vy and ask whether the linear equation
Ax = 0 has any non-zero solutions, in other words, after reducing A to FER
form whether there are any free variables.

Remark. If vy,..., vy are dependent then, by definition, there are some scalars
c1,...,cr € R not all zero so that 0 = c1vy + ... + ¢ vi. If say c; # 0 then this
last equation can be re-arranged as:

V; =aivi + agvo + ... + Gj;-1Vji—1 + Qj41Vit1 + ...+ ArVi
where a; = —¢;/¢;j. In other words v; € span{vi,...,Vj_1,Vjt1,..., Vi } and so

in particular our list of generators can be shortened (by throwing out v;).

11



So to test whether a given list of vectors generating a subspace can be short-
ened we ask whether there exist dependent vectors in the list (in case there are,
the list can be shortened by throwing at least one vector out and then with
the shortened list, we repeat and ask the question again). The length of an
initial finite list will then always be shortened until the subspace is spanned by
some list of independent vectors, and the algorithm terminates. The following
proposition says that the length of this list of independent vectors is minimal:

Proposition 6. If vy, vs,..., vy are independent, then
span{vi,va,...,vq} = span{ui, ug, ..., u;}
implies | > d.

Proof. Suppose that [ < d. We ‘replace from the left’ to obtain a contradiction.
Set U = span{vy,vs,...,vq} and consider the list vi,uy,...,u;. This list still
spans U. However it is not an independent list since the u’s already span U,
so e.g. vy = aijuj + ... + aqyu;. Moreover, these ai,...,a; cannot all be zero
since by assumption the v’s are independent (so, at least, vi # 0). Thus in
particular we can solve for some u;, to be in the span of the remaining u’s and
v1, and remove this u;, without effecting the span to have U spanned by v
and {ui,...,u;}\{u;,}. Now we repeat and consider the list with v, vy and
{uy,...,w;}\{u;, } which still spans U. Again, this list cannot be independent,
since e.g. vo =c1vy +aju; + ... + Qji—1U5,—1 + @5 415,41 + ... + aug. Again
the a;’s cannot all vanish, since the v’s are independent, so that some u;, is
a linear combination of the v, vy and the remaining u’s. Removing this uj,
we have a spanning set of U with vi,ve and {uy,...,w}\{u;,,u;,}. Since we
have assumed, for sake of contradiction, that | < d, we repeat this process of
replacing u’s by v’s [-times until we have U = span{vy, ..., v;} where | < d. But
then U 3 vi41 = ¢1v1 + ... + ¢v; contradicting independence of the v’s. O

Due to the last property, we can define:

Definition 7. Let V' be a vector space which is generated by some finite number
of vectors, V.= span{vi,...,vi}. The dimension of V is the minimal length of
a generating list of vectors:

dim V := min{k : span{vy,...,vp} =V}
A basis of V' is a list of generating vectors of this minimal length.

Remark. That is, if dimV = d, then vi,...,vq is a basis for V when V =
span{vi, ..., vq}. Such a list is necessarily independent so that equivalently a
basis for V is a list of independent vectors generating (spanning) V.

LOOSE ENDS: REMAINING EXAMPLES/EXERCISES.
e The standard basis of R" is ey, e, ...,e, were e; is the vector with all

zeroes except for a 1 in the j’th component.

12



o If vy,...,v4 is a basis for V' then any v € V has a unique representation

4.1

as v = x1vy + ... + x4vq in this basis (the coordinates associated to said
basis).

/
<2) , (Z,) € R? are dependent iff ab’ = a'b.

Let U, U’ C V be two subspaces of the vector space V.

—IfU CcU’" and dimU = dim U’ then U = U".

— Show span{U UU’} = {u+u’ : u € U,u’ € U'}. This subspace is
commonly denoted U + U’ := span{U U U'}.

— Show dim U + dim U’ = dim(U + U’) + dim(U N U").

— We call U, U’ complementary subspaces when U+U’ =V and UNU' =
{0} (common notation is U & U’ = V). Show that if U, U’ are
complementary then dimU + dim U’ = dim V.

some examples

Here are three vectors in R*:

NN DN

Are they independent? dependent?

Lets first note that (without doing any computations) we already know
these vectors cannot generate R* (or be a basis for R*) since there are only
three of them (at most they generate a 3-dimensional subspace).

To examine if these vectors are independent or dependent we are asking
if there exists some z1, 23,22 € R (not all zero) such that x1vy + xove +
r3vsy = 0, that is, in matrix notation, if the homogeneous system:

2 1 -1\ /.
1 2 1 !
12 3 ||*)=0
1 2 2 3

has only the trivial solution (z1 = zo2 = x3 = 0, ie independent) or has
some non-trivial solutions (dependent). This question we can answer by
reducing the matrix to FER form:

2 1 -1 100
1 2 1 01 0
-1 2 3710 01
1 2 2 00 0

13



and, having full rank, there are no free variables which is to say that there
is a unique solution, namely, the trivial solution is the only one and these
three vectors are independent.

Here are four vectors in R*:

NN N
= O = Ot

Are they independent? dependent? Do they span R*? Are they a basis
for R*?

We can first note that many of these questions are related, for example,
if 4 vectors are span R* then they are automatically independent and
consequently a basis, or similarly 4 independent vectors in R* are always
a basis.
So we will check whether these 4 vectors are independent (or dependent).
As before this is equivalent to asking whether the homogeneous system
21v1 + ... + x4v4 = 0 has only the trivial solution (or has some free
variables and non-trivial solutions). So we reduce:
2 -1 -1
1
-1
1

NN
—_ Y =
= O e Ot
OO O =
OO = O
O O = N

1
0
0
and we have free variables, so these vectors are dependent (consequently,
they cannot span R*, nor can they be a basis...in fact the number of pivots

—rank— here tells us there are exactly two independent vectors here so that
these vectors generate a 2-dimensional plane inside R*).

14
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