ALGEBRA LINEAL: TRANSPUESTA
In this note we give some basic properties of the transpose of a matrix:

Definition 1. For A an m x n matriz, its transpose is the n x m matriz , AT,
where the j’th row of AT is the j’th column of A (for j =1,...,n).

EXAMPLE.

T
12 1 3 5
|3 4 =l2 4 6
5 6

Proposition 1. Equivalently the k’th column of AT, is the k’th row of A (for
k=1,..,m). Consequently (AT)T = A.

Proof. Let a,,, be the entry in A’s p’'th row and v’th column (p € {1,...,m})
and v € {1,...,n}).

If we construct the transpose by the first definition above, where the v’th row
of AT is the v’th column of A then this v’th row of AT has entries Qe = Gy 3S
p € {1,...,m}, so that the entry in A”7’s v’th row and p’th column is o, = a,, ..

With the alternate, where the p’th column of A7 is the p’th row of A then
this p’th column of AT has entries a,,, = a,, as v € {1,...,n}, so that the
entry in A7’s v’th row and g’th column is again o, , = a, . O

We will show:
Theorem 1. For A, B some m X n matrices, and C an | X m matriz, then:

1. (aA+bB)T = aAT + bBT (for any scalars a,b € R)

2. (CA)T = ATCT

3. if A is invertible, then so too is AT, and (AT)~t = (A~1)T.
Theorem 2. For A an m x n matriz, with transpose AT then:

1. ker A = (im(AT))*,

2. ker AT = im(A)*.

Here for a subspace U C R¥ we write U+ = {v € R¥ : v.u =0, Yu € U} for
the orthogonal complement of U (for example the orthogonal complement of a
plane in R? is its normal line).

Since we have seen the transpose is connected to the usual (Euclidean) in-
ner product (for x,y € R™ as column vectors, then x -y = x’y) we might
expect there is some relation of transpose matrices and Euclidean operations
such as orthogonal complements (as in theorem . Indeed, a unified way to
establish properties of the transpose is using its characterizing relation to the
inner product:

LConnor Jackman, connor.jackman@itam.mx, 10.2026



Proposition 2. Let A be an m X n matriz, with corresponding linear map
R"™ — R™, x +— Ax. Then the transpose matriz corresponds to the unique linear
map R™ — R",y +— ATy such that:

(Ax) -y =x- (ATy), vx € R",y € R™. (1)

Remark. Note that the formula may involve two different inner products.
On the left, (AX) -y, we have the inner product between two vectors in R™ while
on the right, x - (ATy), the inner product between two vectors in R™.

Proof. Let ey, ...,e, be the standard basis of R™ and Eq, ..., E,, the standard
basis of R™. The n columns of A are Aey, ..., Ae,, with entries:

a1,p

a2 v
Ae, = . , (v=1,...,n)

Am,v

and so a,, = (Ae,) - E, is the entry of A in column v and row p. In the same
way, ATE,, is the p’th column of AT, and so e, - (ATE,) = a,,,, is the entry
in the v’th row and p’th column of AT, which (as in the proof of prop. is
exactly a,, which is to say we have (4e,)-E, =e, - (ATE,) for any elements
of these bases. Now, for general vectors it follows by ‘bi-linearity’, in stages:

e for any y = y1Eq + ... + Yy By € R™ then:
(Ael/) "y = ylAez/ “Ep 4.+ ynAeu "E, =
=yie, - ATE, + ...+ yne, - ATE, =e, - ATy
so that, for any y € R™ and e, in the basis we have (4e,)-y = e, - (ATy).
e for any x = x1e; + ... + e, € R",y € R™ then:
Ax- -y =xz1Ae; - y+..+z,4e, -y =
=zie1- ATy + ... 4+ zpe, ATy =x- ATy
which is our claimed formula .

For the uniqueness we only note that the stated inner product formula deter-
mines all the entries of the matrices on each side (as we have used at the start
of this proof). O

Remark. The formula is often used as a definition of transpose, the de-
scription by swapping rows for columns being then a consequence.

Now, we will use the inner product formula to deduce our desired prop-
erties of the transpose.



Proof. (theorem (1)) The first linearity property of the transpose is a consecuence
of the linearity of inner product:

[(@aA+bB)x]-y = (aAx+bBx) -y =aAx -y +bBx-y =

=ax- ATy +bx BTy =x- (aATy + bBTy) = x - [(aAT + bBT)y]
so that, by the uniqueness in prop. |2} we have (a4 + bB)T = aAT + bBT. For
the 2nd property we have, for any x € R",z € R that
(CAx) -z = (Ax) - (CTz) = x - (ATC"2)

so that, by the uniqueness in prop. we have (CA)T = ATCT. The 3rd
property, is a consecuence of I7 = I and using that A being invertible satisfies
AA™Y =T = A1 A. Taking the transpose of this last equation we have (with

property 2):
(A—1>TAT — IT —J = AT(A—l)T

so that AT is invertible with (AT)~! = (4~1)T. O
Proof. (theorem [2)) Tt is useful to recall that given some vector v € R™ then
v=0 <= v-x=0,Vx € R" (this is usually called ‘non-degeneracy’ of the

inner product).
With this then, for the first item, we have:

x€kerAd < Ax=0 <= Ax-y=0,Yy €¢ R™
— x-ATy =0,Vy € R" = x ¢ (im(AT))*.
The 2nd item follows from the first, applied to A” and using that (A7)7 = A:
TN\T _
ker AT 2 (im((AT)T)E YL (im(a)) L O

Remark. We have seen for example how the properties in theorem |4 can be
useful to justify efficient computations to extract e.g. a system of formulas for
the im(A) as a level set (by reducing AT to FER form).

EXERCISE.

e Deduce from theoremthat rank(A) = rank(A") (remember rank-nullity
theorem). Here you may use that for any subspace U C R¥ then dim U +
dimU+ = k.



