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Introduction

Elie Cartan's method of equivalence was a natural outgrowth of the pro-
gram outlined by Felix Klein in 1872 in his famous lecture to the faculty at
Erlangen. In this lecture entitled "Vergleichende Betrachtungen über neuere
geometrische Forschungen" (A Comparative Review of Recent Research in
Geometry), (see [Kl. 1921]) Klein developed the thesis that geometry was
the study of invariants of group actions on geometric objects. It seems in-
credible to me that two nineteenth-century public lectures like Klein's, and
Riemann's "Über die Hypothesen, welche der Geometrie zu Grunde liegen"
(On the hypothesis upon which geometry is founded) (see [R. 1953]), could
have such an effect on mathematics. Perhaps there is a lesson in history here
that needs to be appreciated by modern mathematicians.

Lie, who was a good friend of Klein, rose to the challenge of finding a gen-
eral method to uncover such invariants. Unfortunately, Lie's approach had
some serious defects. The first problem arose because the determination of
invariants always involved solving a system of first-order partial differential
equations. Such an approach worked if special tricks could be applied, and
many low-dimensional problems were solved using Lie's method. However,
it was clear that solving systems of first-order partial differential equations
was not an efficient way to solve problems with higher complexity. The sec-
ond problem was that efficient determination of the infinitesimal generators,
which defined the system of partial differential equations, normally required
an explicit parameterization of the group involved. This may not seem like
a problem, but an explicit parameterization of the orthogonal group in even
five variables is not an easy task. A more dramatic example is an exceptional
simple group like G2 where standard algebraic tricks are not applicable.

Élie Cartan's approach was motivated by his work on infinite pseudogroups,
which also fit into the Erlangen program, since Klein also envisioned invari-
ants of structures under collections of diffeomorphisms like the set of all
volume preserving or contact transformations. In 1908, in what has to be
one of the most remarkable papers in mathematics, "Les sous-groupes des
groupes continus de transformation," Élie Cartan formulated and described
a procedure to find the invariants of geometric objects under pseudogroups
defined by first-order partial differential equations. He did this in just 25
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vi INTRODUCTION

pages out of a 137-page paper.1 The impact of part of these twenty-five
pages on Klein's program was eloquently described by J. Dieudonne:

Finally, it is fitting to mention the most unexpected extension of Klein's ideas in
differential geometry. He had envisaged groups of isometries of Riemannian spaces
as a possible field of study of his program, but in general a Riemannian space does not
admit any isometries except for the identity transformation. By an extremely original
generalization, É. Cartan was able to show that here as well the idea of "operation" still
plays a fundamental role; but it is necessary to replace the group with a more complex
object, called the "principal fiber space"; one can roughly represent it as a family of
isomorphic groups, parameterized by the different points under consideration; the
action of each of these groups attaches objects of an "infinitesimal nature" (tangent
vectors, tensors, differential forms) at the same point; and it is in "pulling up to the
principal fiber" that É. Cartan was able to inaugurate a new era in the study (local
and global) of Riemannian spaces and their generalizations.2

The procedure was used with great success by Cartan and his students. In
particular the names of Hachtroudi, Debever, Vranceanu, Svec, and Chern
figure prominently as practitioners of the method in the 1930s, 1940s, and
1950s. Then there was a hiatus of twelve years until the 1960s when Singer,
Sternberg, Guillemin, Kuranishi, Kodaira, and Spencer led a program to
make Cartan's method rigorous and to answer basic questions about the ap-
plications of the method. Although many papers were written during these
years and many basic results were established, such as the Kuranishi prolonga-
tion theorem, the development of the theory of prolongation of Lie algebras,
and foundations of the theory of pseudogroups, no new significant geomet-
ric equivalence problems were solved. The reason, I believe, was that the
method left too much apparent freedom in the way part of the constructions
were done. In particular, the process of Lie algebra compatible absorption
of torsion and the process of reduction of structure group were not laid out
in any systematic way. In fact, reading most of the examples worked out by
Cartan made you feel that special tricks and brilliant observations were part
of the method. After thinking about this method for another twenty years
and talking periodically with S.S. Chern and my students, especially Robert
Bryant, I realized that mixing Cartan's original method with the concept of
principal components in Cartan's theory of Répère Mobile led to an algo-
rithmic way to execute Cartan's method. Although it is not explicitly stated,
it is clear to me Cartan also must have been aware of this technique. This
was first described in lectures I gave in Houghton, Michigan, in 1982 (see [G.
1983]) and has resulted in a flurry of new geometric equivalence problems be-
ing solved. In particular I mention the works of Bryant, Shadwick, Kamran,
Olver, Wilkens, Grissom, D. Thompson, G. Thompson, and myself.

One may wonder why anyone would need twenty years to understand a
paper. However, I was not alone in experiencing difficulty with parts of the
theory of Répère Mobile and the method of equivalence, as the following two
citations testify.

1A translation of this section of his transhistoric work is provided in the appendix.
2 From Jean Dieudonnés introduction to The Erlangen Program by Felix Klein, translation

by my Research Experience for Undergraduates assistant Adam Falk.
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The first is by Hermann Weyl [W. 1938] in his review of Cartan's book [C.
1951].

Nevertheless, I must admit that I found the book, like most of Cartan's papers, hard
reading. Does the reason lie only in the great French geometric tradition on which
Cartan draws, and the style and contents of which he more or less takes for granted as
a common ground for all geometers, while we, born and educated in other countries,
do not share it?

The second occurs in the middle of Singer and Steinberg's paper [Si-S.
1965].

We now resume some of the principal formulae in coordinate notation with the idea
of providing a partial guide to some of the writings of É. Cartan on the infinite groups
and on the equivalence problem. We must confess that we find most of these papers
extremely rough going and we can not follow all the arguments in detail.

Over the years, I have had the good fortune to be able to discuss the method
of equivalence with many experts, in particular I would like to cite Chern,
Kobayashi, švec, Hermann, Vranceanu, Libermann, Kuranishi, Guillemin,
Bryant, Shadwick, and Wilkens. They have all influenced my understanding
of the method of equivalence.

The purpose of this work and the lecture series on which it is based is to
describe the algorithm, showing, in particular, how it is applied to several
pedagogical examples, and to a problem in control theory called state estima-
tion of plants under feedback. To keep the prerequisites to a minimum, we
have focused on problems in real geometry and ignored important examples
from complex geometry (see [Ch. 1954] and [Ch. 1957]).
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Equivalence Problems

The goal of the method of equivalence is to find necessary and sufficient
conditions in order that "geometric objects" be "equivalent." The word equiv-
alent here usually ends up meaning that the geometric objects are mapped
onto each other by a class of diffeomorphisms characterized as the set of
solutions of a system of differential equations. The necessary and sufficient
conditions are found in the form of differential invariants of the geometric
object under the class of diffeomorphisms. In this set of lectures we will
restrict ourselves to classes of diffeomorphisms which can be described as
solutions of a first-order system of differential equations or equivalently by
conditions on their Jacobians. We will see that such problems are generally
reducible to the following question.

THE EQUIVALENCE PROBLEM OF ÉLIE CARTAN. Let

be a coframe on an open set V c R", and let a>^ = '(«[/, • • • , o^) be a
coframe on U c R", and let G be a prescribed linear group in Gl(n,R], then
find necessary and sufficient conditions that there exists a diffeomorphismO
U —> V such that for each u^V

where yvv(u) e G.
(In the future we will always drop the base point notation and write (1) as

<D*QF = yyuvu.)
Note that the conditions on O are expressed in terms of the Jacobian of O

and hence correspond to first-order differential equations.
To get a feeling for the ubiquity of this problem let us look at some exam-

ples. Each of these examples will be treated further in these lectures and are
chosen since each is among the simplest illustrating special points.

Example 1. Invariants of Riemannian metrics under isometrics. In this case
the class of diffeomorphisms is the full set of internal symmetries of the
metric and the subject is the local theory of Riemannian geometry.

Thus we are given (U,da2) and (V,d'L2} Riemannian metrics on open sets
in R" and want necessary and sufficient conditions that there exists a diffeo-
morphism O : U —> V such that

i
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2 LECTURE 1

If we locally diagonalize the metrics

then the problem is identical to finding necessary and sufficient conditions
that there exists a diffeomorphism such that

where O(n,R) is the orthogonal group.
We can express this formulation in a table.

OBJECTS EQUIVALENCES
Riemannian metrics isometrics

or
basis of 1-forms diffeomorphisms which relative

adapted to the problem to the given basis have Jacobians
in 0(«,R).

Example 2. Invariants of a Riemannian metric under conformal transfor-
mations. In this case the class of diffeomorphisms is larger than the internal
symmetries of the metric and the subject is the local theory of conformal
geometry (see [C. 1923]).

Thus we are given metrics as in Example 1, but we want diffeomorphisms
such that

In terms of the coframe of Example 1,

We express this formulation in a table:

OBJECTS EQUIVALENCES
Riemannian metrics conformal transformations

or
basis of 1-forms diffeomorphisms which relative

adapted to the problem to the given basis have Jacobians
in CO(n,R).

Example 3. Invariants of a first-order ordinary differential equation under
diffeomorphisms of the form O(x,y) = (<f>(x),if/(y)).)). In this case, the class
of diffeomorphisms is a subset of the internal symmetries of the ordinary
differential equation. This is called Web geometry in the plane (see [C. 1908],
pp. 78-83).

Given (U, x,y))and (F, X, 7) open sets with coordinates in R2 and ordinary
differential equations,

where



and hence will satisfy

and

As a result

and we see that as long as F ^ 0, it necessarily follows that

EQUIVALENCE PROBLEMS 3

and

the usual symmetries of the ordinary differential equations are the diffeomor-
phisms which map integral curves into integral curves, that is, satisfy

In the given problem we also have the condition on the Jacobian of the
diffeomorphism that

This is an overdetermined problem in that the conditions on the Jacobian of
<D are specified on

which form a linearly dependent set of 1-forms. If we note the relation

and if we change the forms on V by defining

then we have a constant coefficient relation

If we make the analogous choice of coframe on U, then an equivalence 3>
will satisfy



which recovers the full conditions on the Jacobian.
We express the results in a table.

OBJECTS EQUIVALENCES
first-order ordinary diffeomorphisms which preserve

differential equations integral curves of the form
3>(x,y} = (<j>(x),v(y))

or
basis of 1-forms diffeomorphisms which relative

adapted to the problem to the given basis have Jacobians
in the group of scalar matrices

Example 4. Invariants of a second-order ordinary differential equation un-
der diffeomorphisms of the form <b(x,y) = (x, <t>(y}). In this case the class of
diffeomorphisms is a subset of the internal symmetries of the ordinary differ-
ential equations. This is called the geometry of time-fixed Newton's equations
(see[C. 1937]).

Given (U,x,y,y') and (V,X, Y, Y'} open sets with standard jet coordinates
on the 1-jets of mappings of the line into the line (see [G. 1983]) and second-
order ordinary differential equations

As before, this is an overdetermined problem on generators

dX, dY, dY-Y'dX,,,,,,dY'-FdX

the usual symmetries of the second-order ordinary differential equations are
the diffeomorphisms which map integral curves into integral curves, that is,

Exercise. Why is the zero in the upper right corner?
We also have the conditions on the Jacobians of the diffeomorphisms

Conversely, given a diffeomorphism satisfying this last condition,

4 LECTURE 1

and an equivalence satisfies
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and we can proceed similarly, but there is a twist. The relation

would seem to suggest modifying the forms to make one of them Y'dX,
but dX is obviously invariant under the admissible diffeomorphisms, and we
would not like to lose this fact, hence define

in order to get a constant coefficient relation

Now applying the same sort of argument as in Example 3, we find that the
original problem is identical to finding diffeomorphisms that satisfy the Ja-
cobian condition

Here, of course, the lowercase omegas are defined analogously to the upper-
case omegas.

Exercise. Verify the Jacobian condition.
It is this sort of special observation that caused the difficulty in under-

standing Cartan's examples well enough to solve new problems. We will see
in Lecture 5 that there is a general algorithmic technique for reducing an
overdetermined problem to a determined equivalence problem, and that this
algorithm predicts the above change of frame.

We express these results in a table.

OBJECTS EQUIVALENCES
second-order ordinary diffeomorphisms which preserve
differential equations integral curves of the form

<D(.x,y) = (.x,0(y))
or

basis of 1-forms diffeomorphisms which relative
adapted to the problem to the given basis have Jacobians

in a given two parameter
non-Abelian group.

Example 5. Invariants of third-order ordinary differential equations under
contact transformations. In this case the class of diffeomorphisms is the full
set of internal symmetries. This is called the contact geometry of a third-
order ordinary differential equation (see [Ch. 1940]). Given  (U,x,y,y',y"))
and (V,X, Y, Y', Y"} open sets with standard jet coordinates on the 2-jets



LECTURE 1

of mappings of the line into the line and third-order ordinary differential
equations

the symmetries of these third-order ordinary differential equations are, as
usual, the diffeomorphisms of the plane which preserve integral curves. If we
define

then the problem is identical to finding diffeomorphisms satisfying

Exercise. The fact that we are restricted to contact transformations is
reflected in the presence of the zero in the last row of the matrix. Show why
this is true, and how it would differ if we considered point transformations.

We express these results in a table.

OBJECTS
third-order ordinary

differential equations

EQUIVALENCES
contact transformations

or
basis of 1-forms

adapted to the problem
diffeomorphisms which, relative

to the given basis, have Jacobians
in a given nine parameter

non-Abelian group

Example 6. Invariants of particle or field Lagrangians under their "natu-
ral symmetries" In this case we have to figure out how to characterize the
class of diffeomorphisms we want to call "natural symmetries." This is called
the geometry of the integral, and was classically written as the geometry of
SfLdAA(see[C. 1930])..

A first-order Lagrangian is a function on the 1-jets

Given

and

open sets with standard jet coordinates on the 1-jets of mappings of the ra-
space into n-space (see [G-S. 1985]), and two Lagrangians

6



EQUIVALENCE PROBLEMS 7

we want to characterize those diffeomorphisms O : U —> V that satisfy

for all 1-graphs jl1(a)* of maps a : Rm —»• R".
By using a cutoff function argument, this implies

where

The characterization of the contact ideal J (see [P-R-S. 1979]) then implies

In the case m = 1, the case of particle Lagrangians, this condition becomes

Unfortunately, this last condition does not define an equivalence relation,
because diffeomorphisms O need not carry 1-graphs to 1-graphs, but it fol-
lows that transitivity is equivalent to the diffeomorphism being a contact
transformation; that is, given

then an equivalence O satisfies

Exercise. Use the identity diffeomorphism, and an arbitrary diffeomor-
phism to see how to verify this claim for particle Lagrangians. (The case of
field Lagrangians requires technical results about the contact ideal.)

To state these conditions in terms of the Jacobian acting on a basis of 1-
forms we take the Lagrangian m-forms *P and ^ and factor them arbitrarily
as monomials, that is, write them

As such, the {Q'v} and {co^} are defined up to an action of S7(ra,R), the
special linear group. This of course assumes the Lagrangians are nowhere
zero.

The conditions now only involve
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and their lowercase analogues. Hence this is an underdetermined problem,
and we extend the forms to a coframe arbitrarily. In order to be specific take

Now collecting our conditions, we see that the "natural equivalences" sat-
isfy the conditions

with D G Sl(n,R], Al e GL(«,R), A2 e GL(mn,R), and b{,b2,B arbitrary
matrices of the appropriate sizes.

We express these results in a table.

OBJECTS EQUIVALENCES
first-order Lagrangians contact transformations which

preserve the associated
integral functional

or
basis of 1-forms diffeomorphisms which relative

adapted to the problem to the given basis have Jacobians
in a specified group.

Example 1. Invariants of underdetermined systems of ordinary differential
equations under diffeomorphisms of the form

This is called the geometry of control systems under feedback.
Given (F, X, U) and (U,x, u] open sets with coordinates in Rm x R" and

an underdetermined system of ordinary differential equations

the above problem is an overdetermined problem. When we discuss the
overdetermined algorithm in Lecture 5, we will see that the choice of coframe

where A is a nonsingular matrix satisfying A$F = '(1,0, ••• ,0), and simi-
larly tfo is a nonsingular matrix satisfying a$f = '(1,0, ••• ,0), leads to the
characterization of diffeomorphisms in our original problem in the form



EQUIVALENCE PROBLEMS

where the matrix A has the form

We can express this formulation in a table.

OBJECTS EQUIVALENCES
control systems feedback transformations

or
basis of 1-forms difFeomorphisms which, relative

adapted to the problem to the given basis, have Jacobians
in a given group.

This example will be one of the main focuses of this book and in particular
will be the topics of Lectures 8 and 9.

This should give enough examples of diverse sorts to indicate that the
equivalence problem is one of utmost importance in mathematics. Now my
job is to describe how to solve such problems and your job is to find and
solve new problems.

9
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Lifting of Equivalence
Problems to G-Spaces

Given £V = r (Q^, • • • , fly) and cou = l(ca\jt••• ,con
v))coframes on openn

sets U and F, and a connected linear group G c GL(n, R), we want to study
the existence of diffeomorphisms O : U —> V satisfying O*Qj/ = yvuu>u-

The first idea is to build the group action into the question in a natural
way. This is achieved by lifting the problem to the associated spaces U x G,
and V x G with the natural left actions, that is,

In general, a space on which G acts on the left is called a (/-space. Those
familiar with fiber bundles should replace our product (/-spaces by principal
left (/-bundles.

Let Tly : V x G —>• V and T\u : U x G —*• U be the natural projection
and define new column vectors of 1-forms on V x G and U x G by

The following simple result is the key to the usefulness of the lifting pro-
cedure.

PROPOSITION. There exists a diffeomorphism O : U —>• V satisfying

if and only if there exists a diffeomorphismm O1 : U x G —>• V x G such that
o!*n = co.

Although the proof is easy, it will set the stage to look at it, especially
since this diffeomorphism O1 covers O, i.e., the diagram with the natural
projections

LECTURE 2

11



12 LECTURE 2

commutes. Further, O1 is unique and automatically satisfies O1 (u, CS} =
C*»(w,5).

Proof. Let O1 : £7 x G —> F x G be defined by

with O(M,5") e F and T(u,S) e G. The condition <PrQ = w means

or

or

Since the QK contains a basis for the differentials on V and the &>£/ contains a
basis for the differentials on U, the partial derivatives of O with respect to the
group variables must vanish and, under the assumption that G is connected,
O(M,5") = O(w). In particular this implies

and completes the equivalence. Note that this last equation implies

and hence the map O1 has the form

As such, given an equivalence O : U —> V we define O1 by (1), which works
since

It now follows from the explicit representation of the diffeomorphism O1

that

so that the natural equivariance that might be desired is automatic.
Note that, in the example of Riemannian geometry, the method tells us to

lift the problem to the space U x O(n,R). The construction of the lifts and
the yvu are the ingredients of the bundle of orthonormal frames, the natural
arena for the modern treatment of this geometry.

Similarly, the example of conformal geometry constructs the natural arena
for its modern treatment, but in this case there is more to come.
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In practice it is often true that some problems are underdetermined in
the sense that conditions on the diffeomorphisms do not involve the whole
coframe. We will call such a problem underdetermined and note that it can
always be replaced by a determined problem as we did in Examples 5 and 6.
We simply extend the partial coframe to a coframe and extend the conditions
on the extra forms to be as general as possible.

Example 8. Invariants of a Pfaffian equation or, equivalently, a total differ-
ential equation. In this case, the class of all diffeomorphisms is the full set of
internal symmetries.

Thus we are given two Pfaffian equations

We arbitrarily extend ft1 and col to coframes, say {Q'F}, and {&>[/}, and
extend the condition that a diffeomorphism O preserve the equations

to

In the last lecture we saw two examples of filling out coframes arbitrarily to
capture information on partial frames. To understand the statement "extend
the conditions on the extra forms to be as general as possible," let us look
again at the third-order ordinary differential equation.

Here we extended

by

and noted that a contact transformation could only pull back f*dX to a
linear combination of dx, dy, and dy'. Thus, this is part of the solution
of the exercise in the first lecture to explain the zero in the last row of the
Jacobian of an equivalence for this problem.

Thus in this case the group is

on a neighborhood F, on a neighborhood U.
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Maurer-Cartan Forms and the dSS~l Yoga.

We now need to take an excursion into Lie theory, in particular the theory
of Maurer-Cartan forms. Thus let G be a Lie group and let RC denote right
multiplication by C e G. If we choose a basis {w'|e} of 77, the cotangent
space at the identity e, then we may define global differential forms by

Since

these are a basis for the right invariant 1-forms on the group, and are called
a set of Maurer-Cartan forms.

Matters being so, a set of right invariant Maurer-Cartan forms {&>'} define
functions CL via the equations

where we assume Cjk = -Cj -. The right translational invariance immediately
implies that

and hence choosing C = A~l, we see that the functions Cl-k are in fact
constants. This fact is known as the first fundamental theorem of Lie. These
constants are called the structure constants of G relative to the choice of
Maurer-Cartan forms.

Exercise. Verify the above functional relations (2) on C'-k.
There is a basis-free approach to the information contained in the Maurer-

Cartan forms, which explains why they are naturally packaged in a matrix in
the case of linear groups. This is the theory of the Te-valued Maurer-Cartan
form.

Let 7 be the image of the identity homomorphism of the tangent space at
the identity, under the isomorphism Horn (7^, Te] K, Te® 77, and define

This m(S] is called the right invariant Te-valued Maurer-Cartan form.
Exercise. Verify that 1 ® R*cw (SC) = w(S).
Now assume that G c G/(«,R), that is, G is a linear group. Then

and since Gl(n, R) is an open submanifold of the vector space of all matrices
M(n,R),
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under the canonical isomorphism sending the equivalence class of curves
[e + tA] defining a tangent vector in TeGL(n, R) onto the matrix A.

We now compute w(S]) for S e G/(«,R), where we view

The standard projections on the (i, j) entry

give a global coordinate system. We will write ft,•;(£) = 5"/7.
Let Eik be the matrix with 1 in the (/, k] entry and zeros in the rest, then,

since

we see that {£&} is a dual basis to {dnj/}.
As such

Exercise. Verify this representation of w(e).
Let us note

and hence

If we introduce the shorthand notation

we have shown R*cd(SC) = dS C.
This implies that

and hence dSS~l is a M(«,R)-valued right invariant Maurer-Cartan form.
AlS = e

If we are given a Lie subgroup j : G —> Gl(n, R) we find a set of Maurer-
Cartan forms by finding a maximal independent set of entries of \®j*w (S).

The exterior derivative

and by right invanance
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gives the Maurer-Cartan equations.
The Maurer-Cartan forms encode the data of the Lie algebra of the group

and hence the local structure of the group. They are also one of the key
tools needed to describe global properties of the group. For example, let
j : H —> G be a Lie subgroup of a connected Lie group G, and let dim H = m
and dim G = r; then we may choose a basis of 71/ G

with

and use this basis to define a set of Maurer-Cartan forms adapted to the
subgroup H. Since

is a completely mtegrable system.
If we let A e //, then j oRA-{ = RA-i oj. Thus, H is an integral manifold

of maximal dimension of {wm+l,• •• ,ojr} through e. Since this differential
system is right invariant, each right coset of H is also an integral manifold.
Finally, since there is a connected component of a right coset through each
point of G and it is a maximal integral manifold by right invariance, we see
by the uniqueness part of the Frobenius theorem that these are the maximal
connected integral manifolds.

The following theorem is an example of the power of these ideas.
THEOREM. Let f i : M —>• G for i = 1,2 be two immersions of a connected

manifold M into a Lie group G, then necessary and sufficient conditions that
there exists an element S e G, such that

are that a set of Maurer-Cartan forms {co1} satisfy

Proof. Let j : A —> G x G define the diagonal subgroup

Letting

we see

and hence that
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be the left and right projections, we see that

is a differential system of rank r which lies in the kernel of j* at e. Hence
this is the differential system constructed from the diagonal subgroup A.

By hypothesis the map h : M —> G x G denned by

satisfies

and hence h : M —> G x G is an integral manifold of the differential system
whose maximal integral manifolds are the connected components of the right
cosets of A. As such, there exists (A, B] e G x G such that

Equivalently

and hence defining S = A~1B, we have RS ° fi = fi, as required.
The following is an important special case.
COROLLARY. Let G be a connected Lie group; then a diffeomorphism f :

G —> G is a right translation by an element C e G if and only if a set of
Maurer-Cartan forms &>/ satisfies

Proof. Let f(e] = C and let f\=fF and fi — RC in the last theorem; the
result then follows.

This corollary characterizes which diffeomorphisms are right translations.
Now I want to discuss one final result from Lie theory, known as the local

converse to the Third Lie Theorem.
THEOREM. Let Cl

jk, 1 < i,j,k < n, be constants satisfying

then there exist linearly independent 1-forms col, • • • ,ojn in a neighborhood of
the origin in R"sssatisfying
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This result is the key to establishing the existence of many interesting exam-
ples of Pfaffian systems, as well as being the first step in the form-theoretical
approach to the construction of Lie groups which will be taken up in Lectures
6 and 7. As such, I want to share my viewpoint on this theorem.

Note first that the indicial horror listed as the second set of conditions in
the theorem simply consists of the necessary conditions needed to solve

given by d(do)i})=0...
Next, I note that if there is a particular solution {co'Q} that is linearly in-

dependent, then the most general solution, dropping the condition of linear
independence, is {/*WQ}, where / : R" —> R" is an arbitrary differentiate
map.

The fact that the {/*WQ} are solutions is immediate; the fact that every
other solution could be represented in this way is a consequence of the tech-
nique of the graph, which will be discussed in Lecture 6.

An obvious solution, ignoring the linear independence, is wi = 0. Since
there is such a rich potential set of solutions, a reasonable idea is to try to
construct a homotopy through solutions from this trivial solution, to a linearly
independent set. I will now sketch the proof following Cartan's original ideas
(see[C. 1951]or[F. 1963]). Let ( a 1 , - - - , an,t) be coordinates on R" xR, then
in order that 1-forms

be such a homotopy, we need

a system of ordinary differential equations with parameters a — (a1, • • • , an}.
The claim is that

satisfies the theorem.
Since h'r(0, i) = tS'r it follows that ft)1 A • • • A con ^ 0, in a neighborhood of

the origin in R".
Next we show that the 2-forms

are identically zero on R" x R , and hence that the desired properties hold
for t = 1. The idea in verifying this identity is to show that

with the initial conditions 0'(<2,0) = 0; hence by uniqueness of solutions to
ordinary differential equations we have 6l(a, t) = 0.



The Structure Equations

Returning to the lifted equivalence problem, we will analyze the lifted
differential forms

with the understanding that every construction will be repeated for the analo-
gous forms on V x G. In practice, in fact, we usually want to find the invariants
of a geometric structure under given equivalences, and these can be determined
without introducing the analogous forms on V x G. The reason for wording
the equivalence problem as I have is that it encompasses both problems and
makes it easier to see the ideas.

On U x G we can differentiate the lifted forms to find

The matrix dSS~l is, of course, the Maurer-Cartan matrix of right invariant
forms on G, hence

where TIP is a basis for the Maurer-Cartan forms and the al
jp are constants.

Exercise. Why are the coefficients a'jp constant?
It is helpful in reading Cartan to know that the infinitesimal generators

of the linear action V x G —> V obtained from the basis {ep} dual to the
basis {UP} are given by vector fields {Xp},,,where in the usual vector space
coordinates x'

The second Lie theorem then asserts

Recalling that the forms cou are basic, that is, both coefficients and differ-
entials can be expressed in terms of coordinates on U alone, we can write the
exterior derivatives in the group-fiber representation

19

LECTURE 3



20 LECTURE 3

Note that the coefficients of the term which is quadratic in the {w1} has G
dependence since three actions of the factor S had to be absorbed into those
coefficients.

In practice it is time-consuming to write the exterior derivatives in the
above form. Therefore the gameplan is to find a way to utilize the infor-
mation in this group theoretical decomposition, but to do it with minimal
computation.

Thus let us write the exterior derivatives in the following form,

where no assumption is made on the A^.
If we now subtract the group-fiber representation (3) from the above rep-

resentation we find

Part of the information in this last equation can be extracted by the use of
the ubiquitous Cartan's lemma.

CARTAN'S LEMMA. Let {co1} be an independent set of \-forms, and let {n'}
be an arbitrary set of \-forms of the same finite cardinality; then

holds if and only if

where C,; is a symmetric matrix.

Exercise. Prove Cartan 's lemma.
A consequence of Cartan's lemma applied to our last equation is that

We will often have congruences mod (wl, • • • ,con) and will shorten this
expression by saying "mod base." Thus

Now if we have any constant coefficient relation on the matrix of Maurer-
Cartan forms, say

we see

The 1-forms ^6/Aj, where bj ranges over a set of defining relations, are
called principal components of order 1.
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The idea is to locate principal components of order 1, and if possible use
this observation to modify the matrix Aj to satisfy the defining relations on
the Maurer-Cartan form matrix. Since the denning relations on the Maurer-
Cartan matrix are in fact the denning relations on the Lie algebra of G, we
have described an algorithmic construction of a representation of the exterior
derivatives of co in the form

where the matrix (TTJ) = (Z)*2//?71^) mod base is now a Lie algebra valued
differential form. The terms involving the coefficients fjk are called torsion
terms, and the coefficients themselves are called the torsion coefficients.

These equations do not define the torsion coefficients nor the 1-forms TIP
uniquely. The next idea is to use this ambiguity to try to simplify, even elim-
inate if possible, the torsion coefficients by modifying TTJ by multiples ofa>k

in such a way that it is still Lie algebra valued. This process is called Lie
algebra valued compatible absorption. It will then still be true that the nl- are
Maurer-Cartan forms mod base.

To understand the ambiguity, let us look at two representations of the
exterior derivatives, the original group-fiber representation (3)

and another representation

where a priori nothing is assumed about WP or P^. Subtracting these repre-
sentations gives

and Cartan's lemma now implies

where b]k = bl
kj.

Let the dimension of G = r, then the number of linearly independent
elements among the {^ajp

nP}}.equals r, and hence there exist 1-forms

which are linearly independent. As a consequence the matrix
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is invertible and can be applied to both sides of the equations

This implies that nP = WP mod base, or

Thus the indeterminancy is of the form

and any change of this type is Lie algebra compatible. Now let us substitute
the boxed equation back into (4) for the difference of the representations of
the exterior derivatives and see what conditions are forced on the gammas.
When we do this we find

In order to extract the conditions on the coefficents, it is necessary to skew-
symmetrize them in (i, j), which yields

Now notice that the terms

are the image of the variables vp
k under a linear operator L with constant

coefficients aljp. This means that the torsion is well defined in a tensor space
modulo the image of the operator L. We will identify the structure of the
domain and range shortly.

Let us now turn to a simple example of the use of Lie algebra compatible
absorption.

Example 3. Web geometry (continued}. We saw that this problem was
equivalent to a determined equivalence problem which on the base spaces
looked like

and which on the G-spaces, with G the group of 2 x 2 scalar matrices, looked
like
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Now, as we have already stated, we will perform the calculations only over
U x G. We start with an arbitrary representation of the the exterior deriva-
tives,

Here we have written the matrix we called (Aj) in terms of 1-forms a, ft, y, d.
Since the Maurer-Cartan matrix for the two-dimensional scalar group has
the form

we immediately see three relations and hence have determined that

are principal components. The torsion terms created by the principal compo-
nents are semibasic forms of top degree and hence are multiples of col A co2.
This means there are functions a and b defined on U x G which satisfy

Now we want to modify a by multiples of w1 and o>2 in such a way that
we eliminate as much of the torsion as possible. Since

this is a case in which all the torsion can be absorbed. Although it is traditional
to let the same symbol represent the modified forms, let us temporarily break
with that tradition for clarity. Thus let

The exterior derivative equations now have the form

and these equations uniquely determine the 1-form (p. The 1-forms col, co2,
and (p are now an invariant coframe on U x G.

Exercise. Verify that (p is uniquely determined.
Let us see what we can deduce about the exterior derivative of (p. Since
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and dy is a 2-form, the above equations imply that there is a function c
denned on U x G satisfying

In exactly the same manner, a function C can be denned on V x G. These
new functions have the property that the lift O1 of any equivalence satisfies

We will call such functions invariants.
Exercise. Verify this last equation.
Note that this whole analysis has been performed without knowing the ex-

plicit formula for any of the forms involved. This is what will be called an
abstract computation. Once the abstract construction of invariants has been
completed, there are two possibilities for the next move. First, it may be
possible to prove theorems based on the structure equations

Second, it is usually desirable to have an explicit formula for the invariants
in terms of the data of the problem and hence, if it is not too difficult, these
need to be found.

Let me give an example of a theorem based on the abstract computation.
THEOREM. The invariant c vanishes if and only if

Proof. If c = 0, then d<p = 0 and by the Poincare lemma (Sophomore
version) we have

where g is a function on U x G. In addition since (p is a nonzero Maurer-
Cartan form mod base, we know gu ^ 0. Thus if we set

g(x,y, u) = constant,

this determines a submanifold on which (p = 0 and satisfies the induced
structure equations

Explicitly,

is equivalent to



as desired.
The explicit computations of formulas for invariants in terms of the data of

the problem are called the parametric calculations. This part of the problem
can be obtained from the abstract solution by use of a symbolic manipulation
program like MAPLE, SMP, MACSYMA, MATHEMATICA, REDUCE, or
SCRATCHPAD. In our case that would be pointless, since the calculations
are so easy. The parametric representation of the lifted forms is

and

Thus we see

In order to compute the invariant c we need the exterior derivative of (p.
This is easiest if we note

because then

The exterior derivatives are easily calculated:
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hence (7) implies

or

Now denning an admissible transformation by h(x,y) = (X(x),Y(y}), we
have

which means
is equivalent to
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This result is the key to establishing the existence of many interesting exam-
ples of Pfaffian systems, as well as being the first step in the form-theoretical
approach to the construction of Lie groups which will be taken up in Lectures
6 and 7. As such, I want to share my viewpoint on this theorem.

Note first that the indicial horror listed as the second set of conditions in
the theorem simply consists of the necessary conditions needed to solve

given by d(do)i} = 0.
Next, I note that if there is a particular solution {co'Q} that is linearly in-

dependent, then the most general solution, dropping the condition of linear
independence, is {/*WQ}, where / : R" —> R" is an arbitrary differentiate
map.

The fact that the {/*WQ} are solutions is immediate; the fact that every
other solution could be represented in this way is a consequence of the tech-
nique of the graph, which will be discussed in Lecture 6.

An obvious solution, ignoring the linear independence, is wi = 0. Since
there is such a rich potential set of solutions, a reasonable idea is to try to
construct a homotopy through solutions from this trivial solution, to a linearly
independent set. I will now sketch the proof following Cartan's original ideas
(see[C. 1951]or[F. 1963]). Let ( a 1 , - - - , an,t) be coordinates on R" xR, then
in order that 1-forms

be such a homotopy, we need

a system of ordinary differential equations with parameters a — (a1, • • • , an}.
The claim is that

satisfies the theorem.
Since h'r(0, i) = tS'r it follows that ft)1 A • • • A con ^ 0, in a neighborhood of

the origin in R".
Next we show that the 2-forms

are identically zero on R" x R , and hence that the desired properties hold
for t = 1. The idea in verifying this identity is to show that

with the initial conditions 0'(<2,0) = 0; hence by uniqueness of solutions to
ordinary differential equations we have 6l(a, t) = 0.
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There is a general algebraic result called the fundamental theorem ofpseudo-
Riemannian geometry, or in our context the SO(p, q) absorption theorem, that
answers the question of Lie algebra compatible absorption for this group.

This will be proved with a sequence of results each of which is a useful
weapon for your algebraic arsenal.

LEMMA (S^-lemma). A three-index tensor C'.k that is symmetric in one pair
of indices and skew-symmetric in another pair of indices is identically zero.

(The usual proof is by an uninspired sequence of six identities. The fol-
lowing proof, which is the reason for the name of the lemma, was shown to
me by J. Wolf.)

Proof If C'k is not identically zero, let /, m, and n be fixed indices with
Cmn ^ 0. Let 83 be the symmetric group on three letters and define a homo-
morphism

with kernel K and image 22 = {±1}, where for a e S$

The order of K is 3 and there is a unique subgroup of 83 or order 3, the even
permutations. The permutation

is even, but

shows that sign(cr) = — 1, which contradicts a e K.
LEMMA ( SB-CART AN LEMMA). Let co be an n-vector of linearly independent

\-forms, then the exterior system

for £ an n x n matrix of 1 -forms, has £ = 0 as the unique solution.
Proof. Applying Cartan's lemma to the first set of equations and directly

using the second set of equations implies that the coefficients of £ = X) <Ajka)k

satisfy the SB-lemma, and hence are zero.
THEOREM (SO(p, q) ABSORPTION THEOREM). Let co = l(col, ••• , con] be lin-

early independent \-forms, and let Q be a nonsingular symmetric matrix, then
given

there is a unique solution H to the system of exterior equations
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Proof. Let £ = QU and let rj = Qy/, then the exterior system becomes

This is a system of ^n2(n — 1) inhomogeneous equations for \n2(n — 1)
unknowns and by the Ss-Cartan lemma, the homogeneous system has £ = 0
as the unique solution. As a result, the inhomogeneous system also has a
unique solution. To find this solution explicitly let

since the final two terms are symmetric in (k, /) and sum out to zero. The
whole expression is now skew and the Ss-Cartan lemma gives

which satisfies the above system and proves existence.
As an application of these ideas, let us return to Example 1.
Example 1. Riemannian geometry (continued}. On U x G where G =

O(n,R), we write

Since SO(n,R) = SO(n,Q], we have Q = / and the relations on the Maurer-
Cartan form matrix become,

and we want to absorb the torsion terms y A to into d A co while preserving
the Lie algebra structure of 6.

This means we want to solve as many of the exterior equations

as possible, subject to the Lie algebra conditions,

As such A + 'A are the principal components.
Now define 6 = j(A - 'A) and \i/ = ^(A + 'A) so that A = S + y. Now this

gives

then



THE STRUCTURE EQUATIONS 29

This is just the special case of the SO(p, q] absorption lemma, where Q = I.
As such there is a unique solution n to these exterior equations.

Now define

to produce the structure equations

(8)

Since the construction of (f> was unique, the 1-forms co and (p are a G-
invariant coframe on U x G. The Lie algebra valued matrix of 1-forms 3> on
U x G is, of course, the Levi-Civita connection form. Further differentiation
of (8) immediately leads to the Riemann-Christoffel curvature matrix. We
will return to this example in Lecture 6.



This page intentionally left blank 



Reduction of the Structure Group

We have now seen two examples in which Lie algebra compatible absorp-
tion could be used to eliminate all the torsion terms. Unfortunately, this is
not usually the case. To understand the next step in the algorithm we need
to look further at the process of Lie algebra compatible absorption.

Let us introduce an n-dimensional vector space V with a basis {ei}, which
we will use to identify with R" thought of as column vectors, and its dual
space V* with the dual basis {/•>}, which we will use to identify with R"
thought of as row vectors. We also need the basis {eQ} for Te(G), which is
dual to the basis [TIP] of T£(G}. Since we will be interested in the natural
actions of G on these spaces, we will view Te(G) as the Lie algebra of G and
write

where under these identifications,

Matters being so, we view the linear map discussed in terms of components
in the middle of Lecture 3 in the following way. Define

by

Associated to any linear map is its kernel-cokernel exact sequence

Here of course

The space ̂  is called the first Lie algebra prolongation, and the space
n^ is subscripted since it depends on the Lie algebra structure of G and the

31
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representation p : G —> Aut(F). The space Tig is often denoted by hQ(Q] or
/z°'2(£) since it can be viewed as a Spencer cohomology construction.

Now let us define a map

by

If we follow this map by the natural projection

we obtain a mapping

This mapping TU is called the intrinsic torsion.
Now if

and

and there were an equivalence

then the pullback equations from V x G become

Using the argument leading to (5) in Lecture 3, this implies

and

As a result the diagram
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commutes and the structure map is preserved under equivalences.
To simplify the discussion, let us suppress the components by defining the

vector-valued forms

Thus in this notation the most general Lie algebra compatible absorption of
(3) is defined by

and this induces

Now we try to solve as many of the equations

as possible. Here and in the future we will identify the linear map L with
the matrix of L. If the rank of the linear map L is s, then there exist 5
linearly independent rows of the corresponding linear equations, and we solve
the system with the right-hand side of these s linear equations arbitrarily
prescribed. Let us index such a set as follows:

If we fix such a set of components, let us consider the remaining ambiguity
in our coframes. Using these choices, we define a vector space projection

Now given H e V ® A2 V*, we abbreviate this map by

and use this projection to decompose

by
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and write the corresponding decomposition y = y0 + y\> By the previous
remarks there is a v' such that L(i/') = yo- If we restrict to Lie algebra
compatible absorptions

preserving the normalization, i.e., L(JC) = yo>then

or K = v' + v with v e kerL. As such,

and making the initial Lie algebra compatible absorption,

we have the remaining possible normalized Lie algebra compatible absorption
in the form w = n' + va) with

which means that the torsion coefficients are now well defined.
This last sequence of arguments was to show that the torsion coefficients

can be made well defined. This is not the only way to do this since there
are many ways to solve s of the equations L(^) = y and hence to define the
projection P. In practice we want to choose P as G-equivariant as possible.
This difficulty does not arise in simple problems, but cannot be ignored, as
we shall see in the examples of the Lagrangian field theories, and conformal
geometry.

The first structure equations are the equations

where the coefficients f-k have been made unique by Lie algebra compatible
absorption, and as a result the ambiguity of n is given by

Note that the first structure equations depend on the choice of projection P.

As a result the induced changes on the torsion coefficients become
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A natural algebraic question arises:

"when is Q ® V* -^ V ® A2 V* surjective?"

because then all the torsion can be absorbed. This is a property of the Lie sub-
algebra Q C Horn (V, V] and was solved in the irreducible case by H. Weyl
[W. 1922] and E. Cartan [C. 1922] and considered in the reducible case by
Kobayashi and Nagano [K-N. 1965], Robert Bryant pointed out that the
paper [K-N. 1965] is not quite correct and supplied the proper statement
and proof which can be found in Addendum 1 at the end of this lecture.

Now we need to build the group action into the analysis. In Lecture 2 we
discussed the inclusion Te(G) C M(n,R), where we viewed G c G7(«,R) as
the identity inclusion, i.e., G equals its image in Gl(n, R). We generalize this
viewpoint to fit representation theory and let

be the representation defining G c (?/(«, R). This induces

and results in

Associated to p is the dual or contragredient representation

characterized by

and given explicitly in terms of matrices

If we let p(S) = (sj) and p(S)~l = (aj), then the natural G-action on F®A2F*
is given by

This action is explicitly given on the components hl-k of a tensor by

There is also the group action on itself by inner automorphisms

Int: G —> Diff(G), where Int (S)T = STS~l.
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This induces a group representation called the adjoint representation

If we recall

and let [a(t)] be an equivalence class of curves denning a tangent vector in
TeG, then

Dually there is the coadjoint representation

a representation we will need in Lecture 10.
There is also a natural (/-action on § <8> F*, given by

and a natural (/-action

which proves that the linear map L is actually a mapping of G-modules

and as a result

then

If we let

If {ea} is the basis of TeG - $ dual to {TIP} then
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As a result the sequence

is an exact sequence of G-modules.
Since the quotient projection is a (7-module mapping, we see

and hence deduce that the image of a fiber of U x G over U is an orbit of
the action of G on II5.

Now we come to an important definition.

An equivalence problem is of first-order constant type
if TU(U x G) is a single orbit of G on Hg.

If an equivalence problem is not of first-order constant type, then there are
two possibilities. First, there could be a finite number of orbits, in which
case the method can be applied one orbit at a time. Second, it may happen
that the orbits are not finite in number. Cartan actually indicates how this
case might be handled, but the added complexity in exposition and subtlety
prohibits the consideration of this difficulty in any generality.

Now we assume that the equivalence problem is of first-order constant type.
If we choose a fixed vector, usually a particular normal form in the image of
the structure map, say

then there will be an isotropy group of this vector,

Since iv(U x G) is an orbit, and there is only one orbit, it follows that
TV(U x G) is the orbit of TQ. Now since G acts transitively on rv(U x G) it
can be identified with the homogeneous space G/GTo. The structure map

has constant rank, hence TM '(TO) is a manifold. The point iu(u,e] is on the
orbit, hence for each u there is a C(u) e G such that

Therefore

is a manifold which submerses onto U. A To-modified coframe is a section of
T^(TO). The Implicit Function Theorem implies that there is a local section,
r(M) = (n,A/(M)), where
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which satisfies

Utilizing this map flu : U —> G we can construct a t§-modified coframe
by taking the coframe flu^u-

Note if there is an equivalence O1 with ®I(UQ,SQ) = (VQ,TQ) then

With this preparation we can now state the most important and historically
worst-treated result in the subject.

THEOREM (REDUCTION OF THE STRUCTURE GROUP). A mapping

induces a G-equivalence if and only //<!> induces a GlQ-equivalence between
iQ-modified coframes given by

Proof. Given a solution O of the original equivalence problem, we have

and if we define                                                             we   must   show
Let the lifted equivalence of <E> be O1, then we have

hence ftu7yu(ftv ° ^))~1 is contained in GTo, but then the inverse
(/?K o®)yyuPyl is contained in GTo, as desired.

Conversely, given a solution for the equivalence problem

then

Since (pv oO)-1 and fty are in G, avu is in GTo, and GTo is a subgroup of G

as required.
This is great theoretically, since the smaller the group the easier the problem

is likely to be.
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There is an important class of problems, which was pointed out by Robert
Bryant, that are not of the first-order constant type, but are still amenable to
group reductions. This will be discussed in Addendum 2 at the end of the
lecture.

A practical point we now need to address is the method to choose IQ. Since
working on a quotient space is annoying, it is natural to ask if we can study
the G-action on II5 by lifting calculations to V <s> A.2V*.

As such, let us choose a vector-space splitting

If we let H e V <g> A2F* and [H] its equivalence class in n^, we may define
a vector-space splitting by

where H\ was the complement to the projection P on ImL defined in the
first part of this lecture. This is equivalent to making the choice of P defined
earlier.

The splitting described above cannot usually be chosen to be a G-module
splitting, but should be chosen to be a G-module splitting if possible. Natural
combinations of the equations L(i/) = y, such as contractions, are preferred,
if they exist, since then the associated splitting will be a G-module splitting.

The secret to choosing TO e n^ in a canonical way is to find a normal form
for the orbit TV(U x G) in Tig. The classical approach, that is, before the
1980s and excluding Cartan, was to work on the group level. This required
actually parameterizing the group G or knowing deep special properties about
G. The most efficient approach is to work at the Lie algebra level.

The group action on the structure tensor can be uncovered by computing
the relations

modulo subspaces in the base, and using linear combinations if necessary to
solve for the torsion terms

This is the information needed to deduce the (7-action on the structure
tensor and to choose an appropriate normalization. In his theory of Repere
Mobile, Cartan called such a normalization the first-order normalization.

It is a fact that the more representation theory you know the easier it is to
solve complicated equivalence problems. If you know how to decompose

into irreducibles then you can focus on relatively simple actions.
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Although this representation theory may seem hard to apply, often irre-
ducible subspaces can be spotted from df-k mod base. Irreducible components
of the structure tensor are often produced by introducing block matrix decom-
positions ofG or by looking at the structure equations modulo known invariant
subspaces.

Infinitesimal group actions.

A representation p : G —> Aut F induces a linear map

where / is the identity transformation on F, denned on an equivalence class
of curves [a(t)] with a(0) = e denning a tangent vector by the formula

Using the identifications

this mapping is defined by

Since this holds for all curves a. passing through the identity we have

At first sight this formula seems unnatural, but if we recall

we see that the action />* above is really /?* ® 1.
Now let VQ e V and consider the vector valued function on G given by

Then

hence

Thus the infinitesimal group action is expressed in the boxed equation, and
standard Lie theory tells us this is sufficient to reconstruct the local group
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action as long as G is simply connected (see [Wa. 1971]). Let us look at the
standard Lie algebra actions.

The contragredient representation. Here p^(S) = 1S~1 and

which at t = 0 gives

which at / = 0 gives

The similarity representation.

which at t = 0 gives

The tensor product of two representations. Given 0 : G —»• Aut V and y :
G -* Aut W, then 0 ® y f : (7 ->• Aut(F ® W) is denned by

Thus we look at the action
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Translational action. This is not a vector representation but arises as part
of a vector representation, e.g.,

leads to

Hence let

then

which at t = 0 gives

Determinantal action. This is the representation

Then

Example. To see these ideas in an applications, let us assume a block
decomposition of the structure equations in the following form

where A is a matrix and b is a vector, then
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Hence, since there are no relations on n\, n-i and 0\, we deduce the action of
G on A is by

and the action of G on b is by left multiplication by Q and by a translation,
but the nature of the translation depends on the nature of A. If A is invertible
then it is an arbitrary translation in the subspace in which b lies. In this case
we could normalize A = I and b = 0.

There is one additional Lie algebra representation we will need later; this
is the representation induced by the coadjoint action.

Coadjoint action. The coadjoint representation

induces a Lie algebra map

This action is important in identifying the Lie group that preserves the struc-
ture equations produced at the end of the method. This will be taken up in
the last lecture.

Let X = [a(t)] be a right invariant vector field, hence a(i) is a 1-parameter
group of left translations which we denote by exp tX. Then given w a right
invariant Maurer-Cartan form,

where Lx is the Lie derivative. Using the Cartan formula, relating the Lie
derivative, exterior derivative and interior product we see

since XJw = constant.
Now if we choose {Xp} e Q dual to a basis {WP} of right invariant Maurer-

Cartan forms and use the structure equations of G, we see

and therefore,

Addendum 1. The question

"when is $ <8> K* -^ V ® A2 V* surjective?"
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has the following solution.
Case I. If Q acts irreducibly on V then either Q contains a sub-algebra h

which is the sub-algebra preserving a nondegenerate symmetric bilinear form
{ , } on V or else dim V=2 and there exists a constant A > 0 so that, in a
basis, we have

(note that, as A varies over (0, oo), these algebras are all inequivalent).
Case II. If Q acts reducibly on F, then £ preserves a subspace of dimen-

sion 1 (exactly) and, choosing bases appropriately, the possibilities are (for
dim V = n + r):

dim F = 2, A ^ 0.
In Case II, it is easy to see that the four cases exhaust the possibilities as
follows: If W C V is fixed by Q and dim W = p > 0 and dim V = p + q > p,
then we may choose bases so that

If we had torsion equations of the form

then p > 1 implies that the yfk cannot be absorbed since Q is a sub-algebra
of



Since
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If p = 1, then y?k = 0 of course, so we need to worry about yfy and yjjy. But
y*p can be absorbed for arbitrary yfg if and only if the lower right q x q block
is everything. Thus Q must contain the algebra

This will suffice to absorb all of the da)a torsion. Now, if q > 1, then there
will be nontrivial y'a^ terms. Thus, Q cannot be in

acts irreducibly on

it follows that Q contains

This algebra is enough to absorb all the torsion, and the subcases (i) and
(ii) are the only algebras between this one and gl(V, W}. The case q = 1 is
exceptional, for then y'ag vanishes identically and we may then take b = 0
which leads to subcases (iii) and (iv).

Addendum 2. In spite of Cartan's indications on how to proceed, the general
case of equivalence problems resulting in an infinite number of orbits may not
even be approachable. There is, however, a situation, which occurs naturally,
where group reduction is applicable.

Let G C GL(n,R) be a Lie group, then a subgroup H C G is said to be of
stabilizer type if there exists an element v e n^ so that H = {g e G\gv = v}.
Note that any subgroup conjugate to one of stabilizer type is also of stabilizer
type since, if H = {g e G\gv = v}, then affa~l = {g e G\g(av] = av}. If
H c G is of stabilizer type, we may let W// = {v e RglHv = v}. Then W//

o

is clearly a nontrivial vector subspace of II^. We let WH — {v e WH\gv =
o

v =$• g e H}. Then WH is easily seen to be an open dense subset of W//.
o o

Note that if v e WH and gv e WH then gHg~l = H, so g e N(H)
(equal to the normalizer of H in G). Thus

o

It easily follows that if we define a map /z : G x WH —>• n$ by
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then the fibers of this map are the orbits of N(H) under the action (g,v)n =
o

(gn, n~lv) where n e N(H). If we let E// = n(G x WH], then £// consists
exactly of those elements of 11̂  whose stabilizers are conjugate to H. Thus,

o
I// is a smooth submanifold diffeomorphic to (G x WH)/N(H). In fact, we
have a fibration

A submanifold S C WH will be said to be a section if, for all u e S,
o

Gu n S = v and 5 is transverse to Gv in JF// at v (it is not obvious that
o

sections exist). Note that, by definition, dim S = dim IV H- dim G + dim//.
We will say that S is maximal if it is not a proper subset of any other section

o

in WH. We will say that S is affine if S is an open subset of an affine subspace
o

and linear if S is an open subset of a linear subspace of WH- One method
o

of constructing an affine section is to take v e WH and a linear subspace

L C H^// so that £ is a complement to Tv(N(H)v). Then, if the W(//)-orbits
o

are closed in WH, an open subset of v + t will form a section.
Given a triple (G, H, S) as above, we will say that a (/-structure B C T(Mn)

admits an H-reduction of type Sifiu'-B —> n^ has image in G-S, where TU
is the intrinsic torsion function. In this case, we may define an //-structure
B' C B by letting B> = Ty1(S') (by hypothesis, iu is transverse to S}. This i
the most general case in which a smooth reduction to an //-structure can be
accomplished. Note that a necessary condition for this (but not sufficient) is
that iu(B) have its image in Z//.



LECTURE 5
The Inductive Step

The contents of the first four lectures can be visually summed up in the
flowchart shown in Fig. 1.

change group
and coframe

ENTER
G group, Wu coframe

U open set

Compute dSS-1and defining relations

Principal component decomposition

Lie algebra compatible absorption

Yes
No Compute infinitesimal action

on structure tensor

Trivial action?
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Identity structure?
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FIG. 1. Flowchart. Loop A.
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gives a faithful representation of the semi-direct product of R* and R with
connecting homomorphism given by right multiplication, i.e.,
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The inductive step is simply to keep going down Loop A with the new
group GTo and the new coframe. Let us begin with an example since the last
lecture was all theory.

Example 4. One-dimensional time-fixed Newton's equations (continued}.

If da) = A A o) then since

where * = dz - z/w dw, the principal components are given by

This could be seen without explicit parametrization by noting

The general structure of Lie algebras of semidirect products then implies

Often the nature of the problem leads to integrability conditions that force
the principal components to be zero and not just congruent to zero mod base.
In this case the special information consists of

so here AH, Ai2, A^ can be taken to be zero; and

hence da)2 is a multiple of co2 and we can take A2i and A23 to be zero.
Therefore we may assume
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with principal components of order 1

Since

we can rewrite this equation in the form

The terms e co1 A co2 and gw3/\co2 can be absorbed by replacing 6 by S - g co2

and ft by ft - ea>2. The remaining terms aco1 /\co2 and bco3 A co2 are well
denned.

We will not introduce a new name for these modified forms /? and 6. As
usual we compute

If we wedge with co3 we get

and if we wedge with co1 we get

which implies

Exercise. Show c ̂  0. (Hint: look at da>2 A co1.)
Now we can scale c to -1 and then translate a to zero to give

and

mod base.

mod base.

Thus we have found new principal components which are called principal
components of order 2. The group GO) is now reduced to {e}, and we have
new torsion terms



with det D = 1. The Maurer-Cartan matrix for S e G is
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Not all of this new torsion is nontrivial because there is an integrability con-
dition arising from the reduced equation for a)2. This results in

which implies n = 0. Thus there are two basic invariants / and m and
structure equations

Exercise. Do the parametric calculation and show

Note that we continued the procedure without having to do nearly as much
work as the first pass through Loop A to the group reduction. In particular,
note that although we reduced the group to GTo, where TO was determined
by b = -1 and A = 0, we never had to explicitly determine GTo or find the
explicit change of initial coframe. Further the new principal components were
handed to us for free. This may not seem very spectacular since we know
GTO = {e}, but this feature would have been the same even if there were
further normalizations and reductions. This makes the abstract solution of
equivalence problems' magnitudes easier than the parametric solutions. As
mentioned before, given the abstract solution it may be possible to find the
parametric solution by using a symbolic manipulation program, but now the
change of frame corresponding to the reduction must be explicitly considered.

Another advantage to the inductive nature of the procedure is that the
problem need not be completed to get interesting information. In fact, each
time around Loop A produces invariants involving information at one higher
derivative's complexity. Thus, if the interpretation of invariants loses signifi-
cance when they involve derivatives of a certain order N+1 and all invariants
have not yet been determined, the procedure can be stopped after TV times
around Loop A. Let us consider an example where once around Loop A gives
interesting information even though the full solution requires three times
around Loop A.

Example 6. Geometry of the integral (continued). The group G was seen to
be
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with trA = 0. If

We see the principal components of order 1 are a\, a2, 0:3, tr<5. The forms
dB and dco have no terms quadratic in n, hence

As such we may write

where 6 = 6- ^tr<H, hence trJ = 0.
If we write

and set

we see that we can absorb the terms with r, n, p, and q.
Since P only occurs as la)Pa) we may assume 1P = -P, and deduce trP = 0.

Thus setting

which is an example of a natural absorption, we have

and taking d2 gives

mod base.

A parametric calculation shows



This is the Cartanform or the Hilbert Invariant Integral, which is the key tool
needed to establish Hamilton's principal in the Calculus of Variations. It is
quite typical that the method of equivalence will uncover subtle invariant
forms and conservation laws without need for deep insight into the problem.

This means there is no group action left on a) and hence CD is invariant.
A parametric calculation gives

with new principal components

and find

A parametric calculation shows that A is a nonsingular multiple of
(d2l/dpadpp] and hence det A ^ 0 is the regular problem in the calculus
of variations. Let us look at the positive definite case. With this assumption
we can normalize

with the induced action

mod base.
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hence we can normalize M = I, / = 0, and W = 0. The next rounds of the
loop are quite complicated, and in fact have only been completed for m = 1
(see [B-G. 1990]) and m = 2,n = 1 (see [G-S. 1985]), and as such we will
stop here after looking at the special case of m — 1, the particle Lagrangians.

In this case the torsion (9) before normalization can be written in the
simplified form
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Overdetermined equivalence problems.

Let G, G' c Gl(n, R) be two subgroups and let a>u, QU and Qy, Sy be two
pairs of coframes on U and V, respectively. We want to find necessary and
sufficient conditions that there exists a diffeomorphism

such that

where yvu e G and avu e G'.
As before, this problem can be lifted to finding

where

satisfy

Exercise. Verify this by mimicking the argument for the determined equiv-
alence problem (see [G-S. 1986]).

The idea is to use the group actions on the lifts to Ux Gx G' to normalize the
problem and reduce to a subgroup G\ c G (or equivalently to an isomorphic
subgroup G\ c G'). Since we are dealing with coframes there are nonsingular
matrices mu and My such that

Similarly there are nonsingular matrices m and M such that

where in fact

The lift O1 is easily seen to satisfy

so we have a zeroth-order invariant.
The reduction of structure group technique suggests that we use the GxG'

action to normalize this invariant matrix of functions. In particular, the nat-
ural goal is to normalize some submatrix to constant values or, if possible, the
whole matrix to constants. This is not always possible and leads to equiv-
alence problems with invariant functions. Although Cartan even indicated
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how to deal with this twist (see Appendix), we will not, again because the
extra complexity would cloud the general ideas.

If we normalize m to WQ then we have to restrict to SQ e G and AQ e G',
satisfying

and this induces a reduction of the lift of CD to SQCOU. Now choose a fixed
coframe ofy at each point with co^ e SQCOU and define a subgroup of G by

The reduction of the structure group technique now goes through (see [G-S.
1986] for details) and the original problem is equivalent to solving

where Q^ has been chosen, component by component, exactly as wj/ has
been chosen.

Example 3. Web geometry (continued). We saw that y' = f ( x , y ) under
O(x,y) = (0(x), vOO) is an overdetermined equivalence problem with

Normalize

by setting

which gives

thus



hence v = a and u = a and thus u = v. This shows

then

Setting

and

and

The elements of G which have &> as the aty orbit satisfy

A fixed coframe in this family is given by a = 1 or

This induces
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which recaptures the reduction found by a special technique in Lecture 1.
Example 4. Time-fixed Newton's equations (continued]. We saw y" =

F(x,y,yf)))under <&(x,y) = (x,<t>(x})))is an overdetermined problem with



which again recaptures the reduction found by a special technique in Lec-
ture 1.

and

which implies u = 1

which implies a = — b. Thus

The elements of G which have &> as the ca^ orbit have

or

A fixed coframe in this family is given by

This induces

which normalizes

Now since n ̂  0 set
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The (3,1) position —y'l - m(f + a/c) + n equals n with n ̂  0 and the (2,1)
position —y'z - w(f + a/c) equals —y'z - wf- a; therefore m has the form



LECTURE 6
e-Structures

After enough iterations of Loop A, we will come to the situation where
the action of the reduction of the group on torsion is trivial. If G has been
reduced to the identity then {col, • • • , a)m} no longer involve group parame-
ters and define an invariant coframe on U. The Newton equation example
was such a case. If G has been reduced to a group with Q(V = 0, then
{col, • • • , com,nl, • • • , nr} defines an invariant coframe on U x G. This oc-
curred for both Web geometry and Riemannian geometry.

In either case, we have an equivalence problem, one on U, the other on
U x G with an invariant coframe, and hence equivalence problems with G = e.
In modern language this is the problem of finding invariants of e-structures,
where an e-structure is simply a space with a specified coframe.

Cartan called the equivalence problem with the trivial group the restricted
equivalence problem. This has a complete solution which will now be pre-
sented (see [C. 1908], [S. 1964]).

Thus assume we are given two coframings (U, co) and (V, Q) and want to
find necessary and sufficient conditions that

The structure equations have the form

If there were an equivalence, then ̂  = 0 implies

Given a coframing w, there are natural "covariant derivatives" for a function
/ : U -> R, defined by

Similarly, given Q and a function g : V —»• R, we define
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and as a result

This last argument is of course inductive for higher covariant derivatives of
the structure functions.

Now define

which we view as a lexicographically ordered set. This is a set of invariants
of the 5-jet of the ^-structure co. (Note the definition of Fs(w) differs from
Sternberg [S. 1964] in that his index s is one less than the order of the jet.)

Two natural invariants of this set may be defined. Let

where we mean the dimension of the span of the differentials which occur in
the ordered set Fs(co).

Thus ks is an integer valued function on U. The order of the e-structure
at p e U is the smallest j such that

If j is the order of the ^-structure at p, then the rank of the e-structure at p
is the dimension

Note 0 < j < n, the case j = 0 occurring when the structure tensor has
constant coefficients and p = n occurring if and only if one invariant function
is added at each jet level.

As such an ^-structure is said to be regular of rank p at p if the rank p is
constant in a neighborhood of/?. In this case there exist functions {f\, • • • ,fp]
defined in a neighborhood of p where

and any function g e Fj(co) satisfies

Note that these /i, • • • ,//> can be extended to a coordinate system about p.
We denote such a coordinate system by {x'} where x* = fa for 1 < i < p.
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As such
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Exercise. If an ^-structure is regular of order j at p, there is a neighborhood
of p such that

THEOREM (EQUIVALENCE OF ^-STRUCTURES). Let 00 and Q be regular e-
structures of the same order j and rank p. Let

be extensions of an independent set of elements of Fj(co) and Fj(Q) to co-
ordinate systems constructed from identical lexicographic choices of indices.
Define

then necessary and sufficient conditions that there exist

are that

as lexicographically ordered sets.
This theorem is nicely done in [S. 1964], the proof there and here is Car-

tan's, but our treatment is more leisurely. The difficulty is that we must
produce the map <I> from the ^-structures co and Q. Cartan had a method
to produce maps which F. Warner calls the technique of the graph (see [Wa.
1971]). As the name implies, the idea is to solve for the graph of O

denned by

We actually used a special case of this technique when we characterized
immersions in groups up to right multiplications in Lecture 2.

PROPOSITION (TECHNIQUE OF THE GRAPH). Let (U,a>}, (V,Q) be e-
structures with U connected and let nu, nv be the natural projections ofU x V
on U and V. If the differential system

is completely integrable, then there is a map O : U —> V satisfying

further, if the condition O(p) = q is added, the map is unique.
Proof. Given the hypothesis and the condition O(p) = q, we consider the

unique leaf £ through (p,q)...We claim



but Q is a basis, hence nv*X = 0 and X = 0. Since dimT(£) = n =
dimT(U) and TT^/* is injective, it is an isomorphism. Now we apply the
Inverse Function Theorem to deduce that nu\£ is a local diffeomorphism
for some open set W e £. Extending this to a global argument is a subtle
business, but important when possible. See F. Warner's book [Wa. 1971] for
some examples.

As such we may define

where the maps are defined as follows:
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is an isomorphism. In order to see that TTJ/* is injective we assume nu*(X] —
0, then, since X e T(£),

We claim fl> has the desired property. Let z e T(U) then

and since z was arbitrary

If we were given a second solution

then the graph of g

satisfies

In particular, then, the graph of g agrees with the leaf £, and the uniqueness
of the Frobenius theorem implies



Note that the general solution of the problem without the initial data
<!>(/?) = q depends on the n parameters corresponding to the specification
of the coordinates of q. A diffeomorphism <D satisfying

or

Similarly we have

or
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is called an automorphism of the e-structure.
COROLLARY. Let U be a connected open set with an e-structure co; then any

automorphism with a fixed point is the identity.
Proof. Any automorphism O is uniquely determined by initial conditions

®(p) = Q- Hence if there is a point p with O(/?) = p, the automorphism must
agree with the identity automorphism.

We can now prove the theorem on equivalence of ^-structures.
Proof. Let

and hv(q] = (Yl, • • • , YP, F/>+1, • • • , Yn), and let us fix the range of indices
1 < ot,fl, y < p; p + 1 < a, b,c < n; 1 < i,j, k < n. Then the regularity
hypothesis implies

defines a p x n matrix y?. of rank p. Relabel if necessary so that the first
p x p block is nonsingular. (Note this will change the lexicographic ordering
ofFj(a)u) and Fj(&y).)

Now

and let             &*/?• Then

Since
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Cramer's rule guarantees

and hence

From

we see

and

Hence we have new coframings

and

which must be preserved by a diffeomorphism

solving the problem.
The technique of the graph cannot be applied in the usual form even if the

system

were completely integrable, because it would produce maps O with

or

and we need

on the nose.
To guarantee this, we must modify the technique of the graph by restricting

to Z,2n-p the submanifold of U x V denned by setting

and considering the differential system



Now let us drop the nu,ny maps and show that the system coa - Qa on £2/1-/>
is completely integrable.
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On 17 x K

The hypothesis gives

Given p e U and # e V we have

and

hence on 'Lin-p we have

Now a similar argument to that given above yields

hence
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Additionally, on I<2n-p, we have dyP = dYP, coa — Qa = 0 mod{o>a - Qa}
and the previous calculation gives

which proves the integrability as needed. A unique leaf of {a>a - Qa} through
a point

in I<2n-p gives a submanifold £ of dimension equal to 2n — p - (n — p} = n.
This leaf is an integral manifold of the differential system

and the arguments given in the general technique of the graph imply there
exists O : U —»• V with

A repetition of the arguments given above yields

and as a result

as desired.
Note that the condition

is actually fairly complicated to check. Every function in Fj+\(£l] depends
only on

and every function in F/+i(«) depends only on

Thus the fact that a takes each element of the lexicographic set F7+1(Q)
onto the corresponding element of the identically constructed lexicographic
set FJ+I(CO) is a statement about functions of (Yl, • • • , YP) and ( y l , • • • ,y?};
hence this means that all the dependencies of functions on F;-+i(fl) must be
taken into identical dependencies of the corresponding functions in Fj+\(co).
The next example should help make the meaning of these conditions clear.
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An important geometric consequence of this theorem is the following.
COROLLARY. Let co be a regular e-structure at p of rank p, then the or-

bits of the automorphisms of CD locally define an (n - p}-dimensional foliation
in a neighborhood of p.

Proof. The foliation is denned by the differential system (dyl, • • • ,dyf),
and the proof of the general theorem shows that each leaf

with cl, • • • ,CP constant is the orbit of the pseudogroup of local equivalences.
In particular, we note the following corollary.
COROLLARY. Let a> be a regular e-structure with p = 0, i.e., constant torsion,

then the automorphisms are locally transitive.
Although we have solved the equivalence problem for the case where there

is an e-structure on Ux G, it is unpleasant to have the group variables involved
in the invariants. It is often possible to continue the reduction process to
produce an e-structure on U. This is possible since G may still act nontrivially
on the new reduced torsion even if Q(l) = 0.

Example 3. Web geometry (continued}. We had deduced structure equa-
tions on U x G

with col, co2, (p unique. Hence we have an e-structure on U x G. Differentia-
tion of the last equation gives

or

We have already disposed of the case c = 0, hence we assume c ^ 0 so
that the group G acts on c multiplicatively by the inverse of a square. This
means that the reduction process could be carried out one step further to
make c = ± 1. Here there appear to be two orbits, but we can consider them
together, since the case d(p = -co1 A co2 is reduced to the case dq> = co1 f\co2

by interchanging co1 and co2. The reduction

reduces the group to the identity and produces an e-structure on U. If we let

we have
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These coefficients are not arbitrary, if we let A\, A2, B\, 82 be the first covari-
ant derivatives with respect to a>\ and 0)2, differentiation of q> gives

but we also have the structure equation

hence

In particular A\ and 82 are not both zero, which means A and B cannot
both be constants. The converse to the first Lie theorem then implies that
there is no two-dimensional symmetry group of this system. This means the
rank cannot be zero and is at most two. If it is rank 2, then the equivalence
theorem for e-structures says the equivalences are unique, hence let us assume
the rank is one. Then

are all functions of a single parameter r. Hence by the straightforward ap-
plication of the theorem we would need to check that five dependencies are
preserved. It is of course possible to work harder and reduce the number
of dependencies needed. In this case we can get down to one dependency
by choosing T more subtly than the direct construction given in the theorem.
Since A\ + 82 = -1 either A\ or B2 is not zero, but let us assume A\ ^ 0.

Exercise. A\ ^ 0 implies AI / 0.
Now we have

and

If we choose a new parameter t such that t — g(t), then we have a function
F(t) defined by

Exercise. Show

As a result of the exercise the necessary and sufficient conditions are reduced
to requiring that the dependence of

is the same. This is because all the covariant derivatives of A and B can be
expressed in terms of t, F(t) and their derivatives.
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The set of differential equations admitting a one-parameter group of sym-
metries can be determined by studying its infinitesimal generators.

Let X be the infinitesimal generator of a one-parameter transformation
group of symmetries of the differential equations, then

Let {e\,e2\ be dual basis to co1, co2 and let

then (X, wl) = A l 5 (X, co2} = A2. Now

Similarly,

Next we see

and similarly ([Xi,X2],co2) = 0. As such by the Frobenius theorem we can
write

which creates the normal form X = d/dX - d/dY. Now we have seen co1 =
g(X, Y)dX and co2 = h(X, Y)dY and since

we see that Lxco1 = 0 and Lxco2 = 0 if and only if

As such,



Substitution back into the last equation gives

and hence

then using indices we see

Let

are called the Christoffel symbols of the Levi-Civita connection. (Not to
be confused with other F .̂ in this report, but giving these a different name
would be like letting e be less than zero.) Applying d to the first structure
equation, we find

The coefficients F .̂ defined by

or

Exercise. Use the structure equation dco = </> A co to verify (10). Let
C = S~l and we have

we deduce
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and setting U(X+Y) = g(X + Y}/h(X + Y) we see these equations are those
equivalent to the ones of the form dY/dX = U(X + Y).

Example 1. Riemannian geometry (continued}. At the end of Lecture 3 we
saw that there was a unique vector 1-form a) and a matrix 1-form </> on U x G.
In order to use the theorem on equivalence of ^-structures we need to analyze
0 and d(fr.

We know 0 = dSS~l + 6u(u,S] where 0u(u,S) is semibasic. Since 0 is a
form of type adjoint, that is, left translation LC on G satisfies
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and wedging with the (n - 2)-forms consisting of the wedge products of (n - 2)
omegas gives

Similarly we can wedge the defining equation of y/l.k with the (n — 1)-forms
consisting of the wedge products of (n — 1) omegas and use the skew symmetry
of the 6/ to find

This means

and hence by the 53-lemma

As such we see that the vl.k are semibasic and we may define coefficients

Exercise. Use L*c to show 0L!(u,S} = SQu(u,e)S~l.
As a result of the exercise we may define coefficients

which are the components of the Riemann-Christoffel curvature tensor.
This allows us to state the solution of the Christoffel form problem (see
[Chr. 1869]), which in its classical, folkloric form goes something like this.

THEOREM. A Riemannian metric is determined up to isometrics by prescrib-
ing the Christoffel symbols, the Riemannian curvature tensor and its derivatives
up to order n+\.

Note that the conditions of regularity, equal order, and equal rank, as well
as preservation of dependencies, are classically not stated. It is necessary to be
very careful in reading classical results on equivalence. The precise statement
is a repeat of the ^-structure theorem in this special case.
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LECTURE 7
Global Results and Involutive
Structures

Let M be a manifold with an ^-structure co. Introducing the structure func-
tions

we say that an e-structure is integrable if

i.e., the structure functions are all constant.
As we have seen, a Lie group is an example of an integrable e-structure.

We will show that under suitable restrictions the converse is also true.
The idea is to characterize the candidates for right translation. If M were

a Lie group, let Tab : M —>• M be the right translation satisfying Tab(d) = b,
i.e., Tab = Ra-\b- As we saw in Lecture 3, Tab is characterized by the solution
of the initial value problem

We want to understand the construction of Tab(x] precisely so we can try
to mimic the group construction in the case of an e-structure. Naturally we
try to use the technique of the graph.

Now

is equivalent to

or

where A is the diagonal subgroup. This means (x, Tab(x}} lies in the leaf of
A<jxG passing through (a,b}.

This gives the following procedure to try on a general integrable e-structure
co. Let nL and nR be the natural projections on M x M to M and let

71
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Then as in the technique of the graph we define an exterior differential system

which satisfies the Frobenius conditions since co is integrable and has the
diagonal A : M —* M x M given by A(x) — (x,x) as an integral manifold.

Now given a, b e M choose the leaf £ of AMXM through (a, b); furthermore,
given x G M look at the inverse image of x in £, this results in a point
(x, Tab(x}} which defines Tab(x}.

This is the idea, but to be well defined and a diffeomorphism,

must be a simply connected covering. There are various criteria to guarantee
that this will happen. One of the most important is the following.

Given an e-structure a), there is a natural Riemannian metric

We say the e-structure is complete if the manifold is metrically complete.
Under the assumption of completeness, Hopf-Rinow type analysis of the

leaf £ can be shown to evenly cover M. The added hypothesis that M is
simply connected gives the necessary conditions for this construction.

THEOREM. Let M be a connected, simply connected manifold with a com-
plete integrable e-structure. Then M is a Lie group.

Proof. Choose x0 e M and let the identity be defined by

but

Given any a e M we define

Clearlv

The associative law is equivalent to showing

Then for any x e M, Rex is obtained by taking the leaf through (jc0,;c0) and
looking at the inverse image of x, but this leaf is the diagonal A. Hence the
inverse image is (x,x) which shows



hence by the corollary to the technique of the graph in Lecture 6 on fixed
points of automorphisms we see h = identity and / = g.

Understanding when the hypotheses on the leaf £ hold is a delicate busi-
ness. For example, there are discrete arithmetic subgroups F of 57(2, R) with
compact quotients such that the first Betti number

Now 57(2, R)/F inherits an ^-structure from the Maurer-Cartan forms on
57(2, R), but if it were a Lie group, it would be simple since its Lie alge-
bra would be the same as 57(2, R). This would violate the first Whitehead
theorem that the first Betti number of a compact simple Lie group is zero.

Quasilinear systems in involution.

Now we take up the case when all the normalizations and reductions are
completed, but group parameters remain. The procedure is simple but is
based on powerful mathematics with awesome results.

The structure equations

we see

they agree at XQ. If we let

are automorphisms, and since
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are of the form of a quasilinear exterior differential system. This is a class
of exterior differential systems for which the Cartan-Kahler theorem is very
easy to apply. The Cartan-Kahler theorem is a geometric formulation and
extension of the Cauchy-Kowaleski existence theorem in partial differential
equations, and it applies when an exterior differential system is analytic and
in involution. (This is not Chevalley's simple notion of involution which
appears in the elementary Frobenius theorem.) We will now formulate Car-
tan's test for a quasilinear system to be in involution. (See [Gr-J. 1987] for
an overview or [BC3G. 1989] for the full story.)

The matrix
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is called the tableau matrix and

is called the reduced tableau matrix. Next we give an inductive definition of
the reduced Cartan characters a \ , - - - ,ap.

The induction is started by ZQ = {0}. Now choose as many independent
entries mod ZQ> • • • »£fc-i as possible by taking at most one from each row of
(nj) mod a). The number of rows with a nonzero contribution is called cr^,
and the collection of independent forms is called 5^-

For example, the reduced tableau matrix with all entries independent,

has

and

Note the Z, are not unique.
As usual we let ^(^ be the kernel of the mapping L. Then it is known that

Recall that by (9) in Lecture 4, dim^1) is the number of parameters of
indeterminancy in the forms in the reduced tableau.

Let a be defined as the sum on the right-hand side. The tableau is said to
be in involution or involutive if

This is really taking a basic theorem, called Cartan's test, and in the finest
Bourbaki tradition, making it a definition. We now state the General Equiv-
alence Theorem of Cartan.

THEOREM. Let U c R«+' be an open set. Let x = ( x a ) : U —> Rm be a sub-
mersion, and let o j l , • • • ,con be linearly independent l-forms on U satisfying
the following hypotheses:

(1) There exist functions Jf on x ( U ) Q Rm so that

(2) There exist 1 -forms n 1 , - - - ,nr onU independent fromco1,- •• , c o 1 , - - - ,con

and functions a'jp, c[-k = -c'kj on x(U] c Rm so that
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where for each XQ e x(U} the tableau al
jp(xo) is involutive for each XQ e x(U).

Moreover, the characters 0/(jco) are constant (i.e., independent ofxo);
(3) The co' are real analytic in some coordinate system x1,- • • , xm, yl, • • • , yn+r

on U. Then for any two points M I , « 2 £ U with x(u\) = x(u2) there exist open
sets FI , F2 c U with w/ e J"/ and a diffeomorphism f : V\ —> F2 satisfying

This theorem is an elementary consequence of the Cartan-Kahler theorem.
The proof is given by simply letting

and constructing a differential system on X as follows: Let n\, TI-I : X —> U
be the projections onto the first and second factors. Set

and continue to denote 7t\(xa} (= n^x01)) by JCQ. Note that only n - m of
the 6' are independent:

We consider as independence conditions the forms 7r*(Q),7r|(Q), where

By hypothesis, if I is the differential system generated by O^dO1, then / is
involutive with respect to either 7r*(Q) or 7^(0). Since there clearly exist
integral elements satisfying both independence conditions simultaneously,
we are done: an integral manifold of (/, n*} passing through (1/1,1/2) is the
graph of a solution /.

If the tableau aljp is trivial (i.e., al
jp = 0 and r = 0), then the assumption of

real analyticity is not needed. In this case, the theorem is just a generalization
of the third fundamental theorem of Lie.

If the characteristic variety of the tableau a'j is appropriately "hyperbolic"
then analyticity is also not needed. In particular, if the characteristic variety
consists of real distinct points, then analyticity is not needed.

Cartan derives necessary and sufficient conditions on functions (al
jp, c'jk, J")

defined on an open set in Rm that there exist forms co' and a submersion on
U C R«+'

satisfying the conditions of the theorem. This is the true generalization of
the third fundamental theorem of Lie (see [Si-S. 1965]).

Thus the action of local equivalences is transitive on this set of equivalence
problems. This is usually described by saying the problem admits a transitive



Since no more reduction is possible we check for involution. The reduced
Cartan characters are a\ = 2 and dim ̂  is given by the number of param-
eters of indeterminancy. The equation for dwl and Cartan's lemma show
that a and ft are determined up to three parameters, but the equation for
dco2 and Cartan's lemma show that two of these parameters must be equal;
hence dim £(') = 2 and the system is in involution.

As a result there is a transitive pseudogroup and all analytic metrics in two
dimensions are equivalent under conformal transformations. In particular,
every analytic metric can be written in the form ds2 = &((dx1}2 + (dx2)2).
(This result is also true for C°° metrics with the result due to Korn-
Lichtenstein (see [Ch. 1955]), although an estimate needs to be done more
carefully.)

Example 9. Second-order ordinary differential equations under contact trans-
formations. Choose

and absorb all the torsion giving

As a result we can write

we have principal components

hence if

where SeS0(«,R).
If we consider the case n = 2 we have the Maurer-Cartan matrix
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pseudogroup. In this case the final move is to find a single, natural, and simple
example with the given structure equations. This then is a normal form for
this class of problems.

Example 2. Conformal geometry (continued}. The group CO(n,R) has
Maurer-Cartan matrix
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and note the integrability

The equivalence problem lifts to

Note that the variable g is needed since g = 0 would give point transfor-
mations. After using the principal components and absorption the structure
equations are

Since

and

we see A ^ 0.
Computing d2a>1 modw1 we see

mod base,

hence we may normalize

which induces a principal component of order 2,

This leads to the structure equations

whose torsion terms have been absorbed into e and £.
Since no more reduction is possible we check for involution. The reduced

Cartan characters are

hence a equals
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Then dim £(*) is computed by finding the number of parameters of inde-
terminancy, which follows from multiple applications of Cartan's lemma

a gives one; ft, y give three; e, £ give three,

hence

and the system is in involution. As a result there is a transitive pseudogroup
and all analytic second-order equations y" = f(x,y,y') are equivalent under
contact transformations. In particular, we have Lie's theorem that all are
contact equivalent to y" = 0. By using the Pfaff problem the analyticity
assumption in this theorem may be avoided.

What about the case in which the tableau is involutive, but the torsion is
not constant? In this case there are pseudogroups of equivalences, but they
are not transitive. The analysis here is difficult, because the isotropy groups of
each orbit will depend on the torsion, and leads to an equivalence problem in
which the group changes from point to point. Cartan indicates the procedure
even in this case, but as we have said before, the complexity of having the
a'j functions of an independent set of components of the torsion would only
cloud the general method. Unfortunately, this case cannot be avoided since
it does arise in interesting problems.

We can summarize this section with a slightly enlarged flowchart (see
Fig. 2).
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LECTURE 8

Serendipity

We now take up a major example, that of state estimation of plants under
feedback. In standard language this is as follows.

Example 1. Invariants of underdetermined systems of ordinary differential
equations under diffeomorphisms of the form

This is the geometry of control systems under feedback. The x variables are
known as states and the u variables are known as controls.

Let (V,X, U} and (U,x,u) be open sets with coordinates in Rm x R" and
underdetermined systems of ordinary differential equations

where we assume / / 0 and F ̂  0.
This is an overdetermined problem, and we apply the overdetermined al-

gorithm from Lecture 5. Let us introduce on U c R x Rm x RP

a 1-form, an ra-vector 1-form, and a /7-vector 1-form with analogous forms
denned by capital omegas on V'. Then the feedback diffeomorphisms are
characterized by

which defines G.
In order that O preserve integral curves we must require

By introducing a second coframe on U defined by



As the 1-forms dt and dT are invariant and decouple from the rest of
the problem, it suffices to consider the conditions in terms of the remaining
components of the coframes. Note, however, it was absolutely essential to
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with analogous forms denoted by capital thetas on V, we see that we also
require

which defines G'.
If we lift to U x G x G' we have

and since

we have

Hence we may normalize all of the entries of m by choosing

and since / ^ 0,

This yields the subgroup G\ and coframe given by

where

and A has the form
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keep dt and dT until the reduction to a determined problem. Thus it suffices
to consider the lifted problem

The notation was not randomly chosen; if we change the order of the first
row and the next (m — 1) rows we find

We have already seen a group with this block decomposition in Lectures 1
and 5. This is the group that appeared in the particle Lagrangian problem.
Thus if r(ra,/7) is the G associated to a control problem for m states and p
controls and G(m) is the G associated to the Lagrangian particle problem for
curves in Rm, we have

The equivalence problem then implies there is a possible geometric isomor-
phism

Geometry of control systems          Geometry of Lagrangian
with m states and m - 1 controls        particle theories

under feedback

and this accounts for the strange title of this lecture. The existence of such
geometric isomorphisms was anticipated by Felix Klein, and made possible
by E. Cartan. The following citation is most appropriate at this time:

But the great originality of Klein is to have conceived the relation between a "geom-
etry" and its group by reversing the roles of these two entities, the group becoming
then the fundamental object, and the various spaces on which it "operates" showing
various aspects of the structure of the group: an idea whose fecundity he already
demonstrated by establishing the "isomorphism" of "geometries" of entirely different
appearance, for example, the conformal geometry of the space of three dimensions
and the hyperbolic non-euclidean geometry of four dimensions.3 In fact, this princi-
ple had a significance much greater than Klein could have imagined, as subsequent
developments were to reveal.4

A closer look at the two equivalence problems shows that there is a rank
condition hidden in the local coframes which obstructs the correspondence

3See E. Cartan, Lessons On Complex Projective Geometry, Gauthier-Villars, 1931, and J.
Dieudonne, Linear Algebra and Elementary Geometry, Annexe III, Hermann, 1968.

Introduction, by Jean Dieudonne, to The Erlangen Program by Felix Klein, translation by
my REU assistant Adam Falk.
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of some control problems with m states with Lagrangian particle problems.
We will uncover this condition after we do part of the equivalence problem.

In order to be concrete, reorder the equations so that f\ ^ 0 and choose

Now with G = T(m,p)

Let

then, using the principal components, we have

can be absorbed in a since rj[ A r]1 is the only term not visibly absorbable,
and it is zero. Similarly, all the terms

can be absorbed except

with zeros off the diagonal and first column. Then

There are integrability conditions given by

which imply there are no quadratic terms in /i and N = 0 and N = 0.
The terms
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The infinitesimal actions on Ml and M are

mod base.

If we compute parametrically

hence the rank of M is equal to the rank of the partial Jacobian. Now let us
focus in on the systems with m states and m - 1 controls which are geomet-
rically isomorphic to the Lagrangian particle problem. Thus we assume rank
M = p and pursue the case p = m - 1. Since

there are two possibilities as follows.
Case I. rank M — p

or
Case II. rank M = p - 1.
In the Lagrangian particle problem we saw that the rank of the matrix M

was always maximal rank, and hence Case II control systems do not give
rise to classical Lagrangians. They do, however, correspond to variational
problems with nonholonomic constraints as discussed in [Gr. 1983].

If the control problem actually depends on all p-controls then rank M = p.
The problem for p = m is uninteresting since a direct argument shows that

is a normaHbrm.
If rank M = p then alM contains p independent infinitesimal translations,

and we can normalize

The action on M is by infinitesimal left multiplication by an m x m ma-
trix and infinitesimal right multiplication by a p x p matrix. Hence we can
normalize

where Ip is the p x p identity. The structure equations then become



we have

and the system

This is enough information to get a dramatic result from the geometric iso-
morphism. It is clear that the 1-form rjl corresponds to Ldx, and hence it
is natural to ask what is the corresponding variational problem. Since

The generic case occurs when detC ^ 0. This corresponds to the regular
problem in the Lagrangian problem. In this case we can normalize C by the
third set of infinitesimal actions to C = Q, where Q is a diagonal matrix
with ones or minus ones on the diagonal. The first equation then has an
infinitesimal translation so that we can normalize a = 0, and since B can be
taken skew symmetric, the terms r/?C - Cft contain enough translations to
normalize B = 0.

In order to make the exposition simpler let us assume Q - I, then

Note that we see the form rjl is now invariant. Differentiating as usual gives

we know by Cartan's lemma that 1C = C and

Hence if we let

If we differentiate mod rf we find integrability conditions

These normalizations induce new principal components
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as such along integral curves of the system

time along integral curve.

The system {ju2, • • • ,jum, r]2,--- , rjm} is completely integrable and gives the
Euler-Lagrange equations for the variational problem (see [G. 1983])

Therefore the solutions are time critical among all curves and in particular
time critical among all integral curves. The function u = u(x,c) is called a
time-critical closed loop control, which is important for engineering applica-
tions.

and

Since drj1 = lju A rj it is natural to index rj = l(rj2,---...,rjm)) and jn —
' ( / / 2 , - - - ,nm] so that

and by construction also solve

necessarily solve

for u = u(x,c}. We have seen the solutions of

g = c, c, a constant vector

hence detdg/du ^ 0, and we can solve

where g = *(g2, ••• ,gm) with ga = ga(x, u) and

Now
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Now let us return to the equivalence problem, which in the alter ego of
the Lagrangian problem is joint work with R. Bryant. After the second-order
normalizations just described, we have the first-order principal components

and the new second-order principal components

After some significant algebra to arrange natural absorptions, we have struc-
ture equations

with refined congruences

The infinitesimal action on the torsion is

mod base

and hence we can translate M to zero:

This introduces new principal components ft and the refined congruence

Finally after more significant algebra we have the structure equations in
the form

where
(1) 0 is now unique, hence there is an ^-structure,
(2) (X)ab = ^Sabcn.c with Sabc totally symmetric,
(3) (CU = Babcn

c + aabt1
l + Tabc^

with

Therefore the fundamental invariants of the problem are
a — (aab) a symmetric 2-tensor
S = (Sabc} a symmetric 3-tensor
T = (T a c two 3-tensors with some symmetries.
B = (Babc)

The control theoretical interpretation of these invariants has not yet been
worked out.



LECTURE 9
Normal Forms and Generalized
Geometries

To get a better feel for the results uncovered in the last section we now
specialize to the simplest cases and indicate the type of results toward which
the program is aiming.

Let us consider the equivalence problem for two states and one control
which is joint work with W. Shadwick [G-S. 1987]. This is the case m = 2,
p = 1, and is the simplest case where p = m - 1. Since there are interesting
results in the degenerate cases, let us go over the flow of the ideas, and give
the results of the parametric calculations.

The initial coframe is

and the lifted coframe is

The first structure equation is

If we let

then

The infinitesimal action on torsion is

89
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There are several degenerate cases that appear.
Case 1. m1 =0, m2 = 0.
There is no torsion, hence we test for involution. The reduced tableau

matrix is

and the reduced Cartan characters are

and g is

The degree of ^determinancy in a\ = 1 and in a2 = 1, and by Cartan's
lemma the degree of indeterminancy in ft\, ft, y = 6. Hence dim^1) = 8,
and the system is in involution. A normal form for this class is

Case II. m1 ^ 0, m2 = 0.
Then we can normalize m1 to 1 which induces the new principal compo-

nent, y.
The reduced tableau matrix is

and

so a is a = 5. Visibly dim QW = 5 and this system is again in involution. A
normal form for this class is

Now assume m2 ^ 0, then we can normalize m2 = 1 and m1 = 0 which
induces new principal components

The normalizations force relations on the group G in the form



Case III. a = 0, c = 0.
This means rjl is invariant and holds if and only if drj1 = 0 and hence rjl

is a conservation law for the problem. The reduced tableau matrix is
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We choose an adapted coframe by choosing a coframe of the form

If we choose A\ = 1, b = 0, bj_ = 0, we get

and this gives rise to the structure equations

These new torsion terms can be calculated parametrically and are

These undergo infinitesimal fiber action

mod base.

and

with g

Visibly dim^1) = 5 and the system is in involution. A normal form for thisvisiuiy i
class is
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Case lV.a^Q,c = 0.
Then we can normalize a to one which induces a new principal component,

«2- This normalization forces relations on the group of the form

Note there is no n A rj2 torsion because of the integrability condition d2 = 0.
The torsion term g has infinitesimal fiber action

mod base,

and hence we can translate g to zero, which introduces new torsion

There is, however, an integrability condition which forces s = — 1. Notice
this class is characterized by drj1 A 7/1 =0. The structure equations are visibly
in involution and a normal form for this class is

which is the controllable Brunovski normal form. Note that c = 0 if and only
if

and hence all affine linear systems

This gives rise to structure equations

We choose an adapted coframe of the form
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are in Cases I-IV and as a result are equivalent to linear systems. In partic-
ular, no equation equivalent to affine linear can satisfy c ̂  0.

These linear normal forms were known to control theorists, but in the
setting of a control linear feedback which involves quite different methods.
It is also possible to use C°° normal forms in exterior differential systems to
get these results. The Cartan-Kahler theorem was used since it is the general
technique.

Case V. c ̂  0.
In this case we can normalize c to plus or minus one and then translate a

to zero. Thus

where

This introduces new torsion

and again there is an integrability condition d2 = 0 which forces / = n.
The infinitesimal fiber action only appears on the coefficient n and is

dn — ft = 0 mod base.

Normalizing n to zero by translation results in the principal component, ft,
and results in an e-structure. The final structure equations are

If we define generalized derivatives

we see there are integrability conditions
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The cases when all the invariants are constant are the cases when there is a
transitive Lie group of equivalences. There are two cases.

Case A. / = 0, whence / = 0.

Here is another unexpected geometric isomorphism, because those are the
structure equations of the pseudo-Riemannian metric

with Gauss curvature K. Note that the integrability condition gives Kp = 0,
and hence K is a function on ( f / 1 , ?/2)-space.

Case E. I = K = constant ^ 0, whence / = 0 and K = 0.

This is an example of a "generalized geometry" with mixed torsion. The term
K p. A rj2 is vertizontal and not quadratic in rjl A rj2, as would be the torsion
of a metric.

In the general case we have

These are the structure equations of a "generalized geometry" with mixed
torsion and mixed curvature. Again the terms / /j, A //2 and / ̂  A rj2 are
vertizontal.

This structure was known to Cartan in the alter ego of Lagrangian particle
theory in the plane. His paper [C. 1930] considers the geometric meaning
of this generalized geometry, but this needs work to put it on a modern
foundation similar to the understanding of connections.

In summary, we have four cases of systems in involution and one case of
an identity structure. We summarize this in diagram form (see Fig. 3).

There are also normal form questions that are natural to ask about Case V.
In particular, the control systems of this type that have the simplest normal
forms would be those with the maximal Lie symmetry.

As we have seen, there are only two such cases.
Restricting to e = +1 normal forms are given by the following.
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and the lifted coframes consist of 1-forms

The next case of control systems having an alter ego in Lagrangian particle
theory is the case of three states and two controls. The initial torsion invariant
M has one of two normal forms

The case e = -1 is obtained by adding h to sin and cos.
Case B. J = 0, K = 0, 7 = constant.

Case A. 7 = 0, J = 0, K = constant.

FIG. 3. Schematic of 2-state 1 -input control systems.

Case A:

Case B:
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The abstract equivalence problem has been solved in George Wilkens' dis-
sertation [Wi. 1987] and includes ferreting out some beautiful geometric
structures. His work is outlined in diagram form (see Fig. 4).

FIG. 4. Schematic of Estate, 2-input control systems (Wilkens' dissertation).

Note that two of the normal forms are bilinear, and all of the linear systems
are characterized by

hence there are examples of bilinear systems that are not equivalent to linear
systems under full nonlinear feedback.



Prolongation

The final piece of the puzzle is the procedure to follow if the normalizations
and reductions are completed, group parameters remain, but the system is
not in involution. The idea is simple: we have a coframe on U x G defined
up to a group G^), hence lift the problem to U x G x GO) and start the whole
procedure afresh.

Since there is nothing in this procedure that we have not discussed, let us
immediately look at some examples.

Example 2. Conformal geometry (continued}. The Maurer-Cartan matrix,

is characterized by the defining relation

If we have

on U x G, then the principal components of order 1 are

As such

where

The SO(p,q) lemma implies there is a unique solution II to the exterior
equations
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Exercise. Let a = [ai] and A(a) = {A^}, then show

Since the expression inside the parentheses is now skew symmetric, the 53
lemma gives

Exercise. Check that if a = (aj then this last equation becomes

Substituting this back into the subtracted equation gives

This means there is a vector a satisfying

and wedging with (n - 1) omegas gives

Subtraction gives

The group GW gives the ambiguity in the forms n and </>. Thus let

and

and all torsion is absorbed. Now we need to check for involution. The
reduced Cartan characters are
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Let </> = -j(A - 'A) + n and n = JtrA then
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Collecting these results we have

and hence

Now

if and only if

or if and only if n = 2. Since we treated that case in Lecture 7 we now
assume n > 3.

Now we prolong to U x G x GO). The group

is Abelian and in fact a faithful representation of R". The new Maurer-
Cartan matrix is

where explicitly

Since GO) was the group preserving the equations

the lifts to U x G x GO) satisfy the same equations. Therefore we will not add
notation to indicate these lifts.

Next we need to study the derivatives of <f> and n. Since

the same argument given in Lecture 6, in the Riemannian geometry example,
implies

Taking l/n trace we have the existence of a vector 1-form r where



Using the same S3 lemma argument that was used in the Riemannian geom-
etry example in Lecture 6, we find the integrability conditions

with

and by Cartan's lemma

are the only principal components of order zero for the prolonged system.
Applying d to the structure equation for dco gives

These are the obvious zero relations on the defining relations of Q(l\ As
such,

or using our notation for the Maurer-Cartan forms

gives

the exterior derivatives of the lifts of the forms from U x G to U x Gx G^.
Note that because of integrability conditions, none of the zero blocks led to
any torsion.

Next we need to find the principal components of G^1). Differentiation of
the defining equation

Now collecting this information together we have

Substituting this back into the equation for dn yields
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and make the rk unique, and G(2) = e. This produces an ^-structure on
t / x G x G d ) .

we achieve the normalization

Thus if we set

and contraction with / and / give

If there were solutions then by Cartan's lemma

where

with bkt = bik.
Next we want to solve the maximal number of equations of the form

or by Cartan's lemma

we have

The T'S are not yet unique since if

and comparing with the integrability conditions we have

Now we utilize the principal component decomposition and write
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Finally we need the form of the derivatives of the T'S. Since

and hence by Cartan's lemma

where U = A. Collecting all this information together we have the structure
equations of conformal geometry

with

Example 5. Third-order ordinary differential equations under contact trans-
formations (continued}. The details of the solution of this equivalence prob-
lem are too long to present, but by now the interest is in the overall structure
of the problem, not in calculational technique.

The problem begins with a nine-dimensional solvable group G and structure
equations

The fiber action on torsion is

mod base

and a parametric calculation gives A ^ 0 and B ^ 0. We normalize the
torsion by setting

The first-order normalizations yield a seven-dimensional group G\ with new
principal components
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This leads to the structure equations

The fiber action on torsion is

mod base,

and here we have a bifurcation in the flowchart depending on whether A-$ is
zero. A parametric calculation shows that

The fiber action on torsion is

mod base,

and we can translate AI to zero:

The third-order normalizations yield a five-dimensional group £3 with a new
principal component, y1 .

This leads to the structure equations

Not all this torsion is really there, since the integrability condition d2a>1 =0
implies B\ = 0. The fiber action on torsion is

and we can translate A\ to zero:

The second-order normalizations yield a six-dimensional group GI with a
new principal component, y2 - ft[.

This leads to the structure equations



The system is not in involution and we must prolong.
After some calculations there are three new torsion terms all of which can

be translated to zero. This reduces the group to one dimension and a final
normalization reduces the group to the identity. Thus the branch A^ = 0 took
three times around Loop A, prolonged and then twice more around Loop A.
The result is an ^-structure on a ten-dimensional space with five structure
functions upon which equivalence depends.

Case II. A^ ^ 0. The fiber action is

This means A^ is acted on by cubes and we can normalize A-$ = 1. The
fourth-order normalization yields a four-dimensional group (74 with a new
principal component a — ft2. This leads to the structure equation with three
torsion terms A$, B^ €4, and fiber action

mod base.

We compute G^ and we see

and there is no more reduction. The Cartan characters are a\ = 3, 02 = 2
and g is

and hence

Note this has the expected dependence on third derivatives.
Case I. AI = 0. The structure equations have the form

where
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mod base.



Now At, and B$ can be translated to zero:

and there is another bifurcation depending on the vanishing of C4.
Case Ha. €4 = 0. The reduction yields a two-dimensional group G$ with

principal components rj2,fil. There are two more torsion terms with coeffi-
cients AS, BS, C$, DS, E5, F$, and there is a fiber action

hence #5 can be translated to zero which reduces us to a one-dimensional
group Gg. The structure equations mod torsion now look like
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mod base,

and we see a is now uniquely defined. This gives an e-structure on the five-
dimensional space U x G$ with structure equations

The twelve functions a, • • • ,1 are the structure functions in terms of which
equivalence is formulated.

Case lib. C4 / 0. In this case we can normalize C4 to 1, which reduces us to
a one-dimensional group G(, with new principal component a. The resulting
torsion has a coefficient which can be translated to zero, which results in an
^-structure on the original four-dimensional space.

Now we take up the question of how to identify the group of automor-
phisms of an ^-structure. This involves serious representation theory, and I
will only outline the procedure assuming the Lie algebra is semisimple.

Let Q be a semisimple Lie algebra and H a maximal Abelian subalgebra.
General theory tells us that the cotangent space T£(G), when acted upon by
the coadjoint representation, splits as a direct sum of £-modules

where
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The linear functions A are called roots of § and the structure of Q can be
determined from the classification theorem of semisimple Lie algebras.

Example 10. The invariants of a generic system of three equations in five
variables. These have a coframe a> satisfying

and gives rise to an equivalence problem needing two prolongations, resulting
in an e-structure on a 14-dimensional space with structure equations [C
1910]
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then

and

Thus

FIG. 5

The largest group will occur when all the 15 torsion coefficients are constant
and in fact zero, and by our work we know that the resulting 14-dimensional
space is locally a group.

If we let {Xi} be dual to {«'}, {Yp} dual to {WP}, and {Za} dual to {xa},
then {Y\, Y4} acts diagonally and

hence {Y\, Y4} is Abelian, and in fact maximal Abelian.
Now we compute h\(a) and /U(a) for the remaining a in the ^-structure

and plot

in the plane R2.
The roots can be read off from the torsion-free part of the structure equa-

tions by sight. Consider
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After seeing the computation you see that the dual roots are just the coef-
ficients of the terms in da of the form a A w' and af\m*. After reading off
and plotting the roots we find the diagram in Fig. 5.

This is an affine dual root diagram of the split form of the exceptional
simple Lie group of dimension 14, called (?2- This is the noncompact real
form of (/2-

Finally, after ten lectures on the method of equivalence, the whole subject
can be looked at as the implementation of the flowchart in Fig. 6.

change group
and coframe

ENTER
G group, Wu coframe

U open set change group and
coframe and open set

Compute dSS-1and defining relations

Principal component decomposition

Lie algebra compatible absorption

Yes

Compute infinitesimal action
on structure tensor

Trivial action?

Yes

Identity structure?

Yes

Yes

FIG. 6. Method of equivalence for first-order determined problems.

No

No Constant
type?

Normalization
and

group reduction

No
Prolongation
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involution?

Constant
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No
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Appendix

the afo denote given functions of the x's and the Aik denote given functions
of the X's. The problem at hand is that of recognizing whether we can find
for the X's independent functions of the x's such that QI, ̂ 2, • • • , &n reduce
respectively to a>i,a)2,--- ,u>n.

The solution which will be exhibited is based on the consideration of the
bilinear covariants.1 If we calculate the n covariants of a>\, 0)2, • • • , <*>n we
can put them in the form

and similarly the covariants Q' are in the form

'See E. Cartan, Annales de I'Ecole Normale (3), 21 (1904), pp. 154-156.

109

Translation of Chapter 5, §§1-12 of E. Cartan's paper "Les sous-groupes
des groupes continus de transformations," Annales de I'Ecole Normale (3),
25 (1908), pp. 57-76.

1. Let us consider two systems of n expressions of independent linear total
differentials in n variables: one in the n variables

the other in the n variables
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If a change of variables transforms the w5's into the Q5's, it will also trans-
form the Wj's into the Q^'s, and consequently we have

If among the new coefficients h there are r-i — r\ that are independent among
themselves and also independent of the y's, denoted by yrj+i,yn+2, • • • ,yr2,
we calculate their differentials and repeat this process until we arrive at no
new independent functions.

We will have, finally, obtained thus a certain number p < n of indepen-
dent functions of the jc's, denoted by y\,y2, • • • ,», having the following two
properties:

1° The coefficients c/^ of formula (3) are functions of the y's;
2° The coefficients of the differentials dy expressed linearly in co\,

0)2, •• • ,o}n are also functions of the y's.
2. This being done, if the transformation from system (1) to system (2)

is possible, it is necessary that the same operations applied to system (2) give
rise to the same number of functions Y, and moreover that the coefficients C^
in formulas (4) and the coefficients H& oftheQ's in the expansion of the dYf

be the same functions of the Y's as the corresponding quantities c^s and h^
were functions of the y 's.

This necessary condition is also sufficient and we will see that the most
general transformation, which permits us to pass from system (1) to system
(2), depends on n — p arbitrary constants.

In fact let us suppose, to fix ideas, that the p differentials dy are linearly

Let us suppose that among the coefficients h there are r\ — r that are in-
dependent among themselves and also independent of the y's, denoted by
yr+i,yr+2,•• • >>V We calculate their differentials:

Let us suppose that among the n2(n - l)/2 coefficients ciks, r are indepen-
dent, the others being functions of these.

Let us denote them by y\,yi, • • • ,yr. We can write the differentials dyi in
the following form:



It results from the hypothesis which will be made that this system implies

and that it suffices to integrate it to have the most general solution to the
problem.

Therefore, bearing in mind the equality of the 7's and the y's,tne bilinear
covariants of the first terms Qp+\ - cop+\, • • • , Q« - con of the equations of
this system are zero if we recall (8).

This system is thus completely integrable and the general solution depends
on n - p arbitrary constants.

If we have a particular transformation from system (1) to system (2), the
most general transformation is obtained by operating on the Jt's with the most
general transformation leaving invariant the expressions a>\, 0)2, • • • ,con- This
transformation generates a group with n -p parameters of which the structure
is defined by formulas (3), with invariants y \ , y 2 , - - - ,yp-2 This structure, by a
theorem proven elsewhere,3 is also defined by the constants cp+i>p+j,p+s(i, j, s —
1,2, • • • , « - p) where the x 's are given arbitrary numerical values.

3. It may happen that we are investigating the equivalence of the two sys-
tems (1) and (2) under the added restriction that a certain number h of given
independent functions z\,Z2,- • • ,zh of the .x's transform into the same num-
ber h of given functions Z\,Z2, • • • ,Z^ of the X's. Nothing changes in the
solution, except that the given functions of the .x's must be treated as the
functions y in question in the general solution; one takes for yi,y2, • • • ,yr
the h functions z and r — h coefficients c^s which are independent among
themselves and independent of the z's, assuming that all the others may be
expressed in terms of the z's and the r — h coefficients c.

4. Let us now consider the following general problem:
Given on the one hand a system ofn expressions of linearly independent to-

tal differentials a>\, 0)2, ••• ,Wn in x\, x-i, • • • , xn, and m independent functions
y\,y2, • • • ,ym of the n variables x; on the other hand, a system ofn expressions

2See E. Cartan, Annales de I'Ecole Normale (3), 21 (1904), p. 186.
3See E. Cartan, loc cit, p. 201.
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independent in the co\, 0)2, • • • ,Wn, and let us consider the system
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of linearly independent total differentials £l\, QI, • • • , &n in X\,Xi,- • • ,Xn,
and m independent functions Y\,Yi,-- ,Ym of these n variables X; determine
if there exists a change of variables transforming respectively the functions
y\, • • • ,ym into the functions Y \ , - - - ,Ym, also such that by this change of vari-
ables QI, Q2> • • • ,&n reduce to (o\, 0)2, • • • ,o)n by a linear substitution belong-
ing to a given linear group with r parameters T, the coefficients of the finite
equations of this group possibly depending on y\,y2, • • • ,ym-

In short, we must have relations of the form

The coefficients A/;, functions of the x's and the w's, are covariants of the
system under consideration.

Imagine that we operate on the w's with a substitution from the group
F; the hij will undergo among themselves a linear substitution generating a

The original problem may be replaced by the following one:
To determine for X\, Xi, • • • , X n ' , U \ , - - - ,Ur a system ofn + r independent

functions of x\,xi, •• • ,xn',u\,-- • ,ur such that the functions Y_become equal
to the corresponding functions y and such that the expressions Q become equal
to the corresponding functions W.

That given, we are led back to the study of the invariants of the system
formed by the m functions y and the n expressions co.

5. Let us form the differentials d y \ , d y 2 , - - - ,dym and express them in
terms of cEff,0)2,• •• ,co^, thus

Let us similarly suppose

the a's being given functions of the y \ , y 2 , - - - ,yn and the r quantities
M I , U2, • • • ,ur which, for each change of variables solving the problem, will be
certain functions of x\, Xi, • • • ,xn\ furthermore, the functions a are such that,
if one regards the M'S as parameters and the y's as constants, the formulas
(9) define the linear group F (on n variables a)i,co2,--- , w«).

We can formulate the problem in another way. Let us regard the M'S as r
new auxiliary variables, and let us suppose
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group P (dual to the group F). That is to say, if we designate by A?, the
function of x\,X2, • • • ,xn to which /z/7 reduces when we give to the w's the
values corresponding to the identity transformation of F, the /z/7 reduce to
the h®j by the transformations of the group F'. The two systems of quantities
h®j and /z,; are homologous under the group F'. That done, we can find a
particular transformation of F' such that the system hfj becomes a particular
homologous system; for example, if among the /z's, considered as functions of
the w's, there exist r—r1 independent ones, one can give to these r—r' functions
fixed numerical values, the others becoming functions of the x's which will
be expressible in terms of y \,y2, • • • ,ym and of m' — m among themselves,
which we designate by ym+i,- • • ,ym'- These m' - m new functions are the
invariants of the system.

In sum, we have just found as invariant elements the integersr' and m'
and the functions by which the coefficients A// are expressed in terms of
y\, • • • >ym, once r — r' of them have been reduced to fixed numerical values.

That done, we can always restrict ourselves to choosing the expressions a>
on one hand, the expressions Q, on the other, in a manner such that the r — r'
coefficients h,j can be considered to take the given numerical values given
in advance (if necessary, this is realized by replacing the expressions CD by
others which result from a particular linear substitution of the group F, which
changes none of the conditions of the problem).

Given that, the most general linear transformation of F under which the
co 's become the Q 's corresponds to the most general transformation of the
group F' which leaves the system hfj invariant. This transformation obviously
generates a subgroup of F' with r' parameters. The A// being functions of
y\,• • • ,ym',u\,• • • ,ur (since they are obtained from the hfj by the general
transformation of the group F'), this subgroup is defined by r - r' relations
between u{,u2,••• ,ur,y\,--- ,ym>.

We are thus led back to the original problem, except that we have now
m1 > m functions y and, instead of the group F, one of its subgroups with r1

parameters, the coefficients of the finite equations of this subgroup depending
onyi,y2,--- ,ym.

We will approach this new problem as we did the previous one until neither
of the integers m and r undergo modification. This amounts in effect to
the assumption that the coefficients A// in formulas (12) depend only on
y \ , y 2 , - - - ,ym, and not at all on U i , u 2 , - - - ,ur.

6. This first reduction of the problem having been performed, let us form
the bilinear covariants of the expressions Ws. The formulas (10) give



where the vpi designate appropriately chosen functions of the x's and the w's.

These n equalities are possible only if we have formulas of the form

from which we get

the dik designating certain functions of the .x's and the w's, the wp designating
r differential expressions in the variables x and u, linearly independent in
du\,du2,- • • ,dur.

Let us suppose that a change of variables, which gives for the X's functions
of the x's and for the C/'s functions of the x's and the w's, chosen as above,
transforms the cos into Q5. We will have formulas

or also in the form

Consequently the covariant a)'s can be put in the form

be the most general infinitesimal transformation of F, the bips being functions
of Vi v-i • • • i;~ We hflvp as WP know/

Therefore the covariants w' are expressible linearly in terms of the dx's,
that is to say again in terms of the w's and finally in terms of the W 's; it is
the same with the dyi's. Furthermore, let
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Let us then suppose that

where the vpi designate now the new auxiliary variables.
Given any change of variables whatsoever from the .x's to the X's, we can

determine nr quantities vpi such that we have

We are thus led back to studying the invariants of the system of the ex-
pressions ~aTs and w~p, the functions yit and the coefficients 5/JtJ.

7. Concerning these last coefficients, we will perform a reduction of the
problem analogous to that which was performed earlier (no. 5). Let us operate
on the W 's with an infinitesimal transformation of the group F; that is

The formulas

give us

Therefore we demonstrate easily that the change in a)'s is equal to the bilinear
covariant of Scos:

Equating the two values found for Sa)'s, and replacing the a)i,So)i, • • • wit!
their values, we obtain

Therefore, if we introduce the structure constants cpar of the group F, we
have
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and the first line of equation (18) reduces to

We deduce from this the following formulas, where the ept are nr arbitrary
quantities:

The last formulas derived show that the coefficients a^s are subject to a
group FI with r(n + 1) parameters (of which the coefficients may depend on
the y's). The quantities up and vpi are the parameters of the finite equations
of this group. In other words, if we designate by d}ks that which a^s becomes
forparticular values of the M'S and the i/'s, the general expressions a^ reduce
to a®ks by the most general transformation of the group FI.

We deduce from this that if among the aiks there are / that are independent
when considered as functions of the M'S and the i/'s, we can suppose that th
o/s are chosen in such a manner that the / coefficients have fixed numerical
values given in advance; the others will then be invariant functions of the ;c's
as expressed in terms of y\,yi, • • • ,ym and of an additional m1 — m, denoted
by ym+1, • • • , ym' - Furthermore, the group FI will reduce to the subgroup which
conserves the I coefficients a^ considered as given numerical values.

Two cases are possible. F being hemihedrally isomorphic to FI , it is pos-
sible that the reduction of FI will not result in F, and it is also possible that
the reduction of FI will result in F. In the second case, from the relations
between the M'S, the z/'s, and the y's which define the subgroup of F, we can
deduce the relations between the M'S and the y's only; these are the relation
which define the subgroup of F to which one is led if m' is greater than m;
the consideration of the invariants ym+\, • • • ,ym> can also result in the group
F.

We see thus that step by step we are led to the case where all the coefficients
aJkl are functions o f y \ , y 2 , - - - ,ym only, but depend neither on the u's nor
on the v 's. In general, the nr quantities vpi are not arbitrary; for example
nr - r\ among them can be expressed in terms of the y's, the M'S, and the
remaining r\. The new group FI will be a group with r + r\ parameters.
The r expressions w^ will depend only on the .x's, the M'S, and r\ remaining
parameters v. The nr — r\ linear relations between the ep and the ep\ may be



These relations will allow us, for example, to express the epi linearly in
terms of the ep and the r\ new arbitrary quantities £1, • • • , er,, the coefficients
being functions of the y's; that is4

If we find for the X's and the C/'s functions of the x's and the M'S satisfying
these equations, they will also satisfy, according to the hypothesis made, the
equations

4In the second summation, n should be A and in the range for p, a should be r.

APPENDIX 117

obtained by expressing that the da^s are zero, that is to say

8. Suppose that for the two expressions of given total differentials, we
arrive thus at the same number of invariants y\,y2, • • • ,ym for the first and
Y \ , Y 2 , - - - ,Ym for the second; that the coefficients /z/7 are for the two systems
the same functions of their arguments; the same for the coefficients ~a^. Let
us determine if the two systems are equivalent, that is to say if we can find
for the X's and the t/'s functions of the_A:'s and the M'S which transform th
y's into the F's and the w's into the Q's. For this let us assume that the
determinant

is not zero, and let us consider the following system of equations:
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Therefore, if we bear in mind the equality of the F's and the y's, the
bilinear covariants of the first terms of the equations to be integrated,

become

Designate by o\ the degree of the principal determinant of the matrix ob-
tained by taking the first n - m rows, by o\ + a2 the degree of the principal
determinant of the matrix obtained by taking the first 2(« - m} rows, etc.,
by a\ + cr2 4- • • • + an the degree of the principal determinant of the matrix
obtained by taking all n(n — m) rows.

Finally, we consider the system of linear equations with rn unknowns zpi

5See E. Cartan, Annales de I'Ecole Normale (3), 21 (1904), pp. 154-175.

Let us apply the theory of systems in involution.5 Designate by

n systems of n arbitrary variables and consider the matrix with n(n-m] rows
and r columns:



6See E. Cartan, Annales de I'Ecole Normale (3), 21 (1904), p. 155.
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The system (21) will be in involution if the number of unknowns zpi which
may be taken arbitrarily is equal to

In this case the system of equations (21) admits an infinite number of
solutions depending on an arbitrary functions of n arguments, an-\ arbitrary
functions of n — 1 arguments, and so forth. If we have a particular solution,
the general solution is obtained by operating on the x's and the w's with the
most general transformation which leaves the functions y and the expressions
W invariant. This transformation generates a group_of which_we immediately
have the structure by the formulas which give a)\, o/2, • • • , a>'n.

These hypotheses applied to the coefficients h^ show that we have

Hence we can without difficulty substitute for the mn(n - l)/2 linear equa-
tions (23) the system of n2(n - l)/2 equations

We see thus that the number of unknowns zpi which we can take arbitrarily
is nothing but the number which we have designated by r\. The condition of
involution is thus

9. Let us suppose now that the system (21) is not in involution, that is to
say that we have

We will form the bilinear covariants of the r expressions wp, which depend
on the x's, the w's and the r\ new auxiliary variables (r\ of the quantities vpi}.
In the same manner in which the r\ quantities entered in the expressions W,
we see that we have formulas of the form

the /'s being r\ new Pfaffian expressions independent of the o>'s and the
W's.

If we apply the fundamental identity6 to the equations (14), we obtain
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the coefficients Cpa* being the structure coefficients of F, the coefficients a//?T
and Pifo being those which enter the equations (20).

Thus there remain only the coefficients A^ which may be independent of
the y's. If we assume now

the expressions %k and the coefficients A^ are the invariants. The A^ de-
pend now on the n variables jc, the r quantities u, the r\ quantities v and the
nr\ quantities co.

As above (no. 7), we show that these coefficients are subject to a group FI
with r + r\ +nr\ parameters. Taking, in effect, the changes d of the two terms
of equations (25), we obtain

the second terms being the familiar expressions. We easily deduce from this

the unwritten terms of equations (26) being linear in the e's and in the e 's,
also in the W 's and in the /'s, the coefficients not dependent on the y's. As
for the <M/fcT's, they are expressible linearly in terms of the ,4's themselves, the
coefficients being the linear expressions in the e's and the e's with coefficients
which are functions of the y's. We have thus the infinitesimal transformations
of the group FVwith r + r\ + nr\ parameters.

10. If the AMI depend effectively on certain of these parameters, we can
always reduce a certain number of them to constants; the others will then be
the invariants (functions only of the variables jc) and the group F2 will be
reduced to one of its subgroups. The reduction of F2 to one of its subgroups
may also reduce either FI or F; the new invariants, if there are any, may also
reduce F.

In every case we may, after a certain number of reductions and, if neces-
sary, the introduction of new invariants y, assume that we have reduced to
the case where the A^ are functions only of the invariants y and where the
group F2 is reduced to one of its subgroups with r + r\ + r^ parameters.

We consider now the characteristic numbers a(,o'2,--- ,a'n corresponding
to the system of coefficients fiap. If we have

the system of the Q's will be equivalent to the system of the w's on the
condition that, for this second system, we arrive at the same number m of
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invariants Y and that the coefficients h^a^^Ai^ be the same functions of
their arguments Y as for the system of the W 's. The most general transfor-
mation taking the W 's into the Q's depends on a'n arbitrary functions of n
arguments, a'n_l arbitrary functions of n — 1 arguments, and so forth. If we
have a particular transformation which takes the co's into the £l's, the most
general is obtained by operating on the x's with a group with m invariants,
the structure of which is given by formulas (14) and (25).

If we have

we will have the bilinear covariants of the expressions ̂ ; r2 new expressions
6 are introduced, and we may arrange so that all the coefficients of the ~fc
are functions of the y's, except the coefficients of the the oJ/oJ^. We then
proceed as before, arriving at a group F3 with r + r\ + r2 + r^ parameters and
so forth.

The theory of systems in involution shows that these operations will have
an end, that is to say, that for some integer a we will have

Thus we will have the structure of the most general group which leaves
invariant the expressions W and the degree of indeterminacy of the transfor-
mation which takes the system of the W's into an equivalent system.

11. More generally, let us consider:
On one hand, m independent functions y\,---,ym of the variables

x\,X2, • • • ,xn and two systems of n expressions of independent linear total
differentials

On the other hand, m independent functions Yi, • • • ,Ym of the variables
X\, X2, • • • ,Xn and two systems of n expressions of independent linear total
differentials

We propose to determine whether there exists a change of variables which
transforms the functions y into the functions Y, such that the expressions Q
reduce to the w's by a linear substitution belonging to a given group F of order
r, and the expressions 0 to the expressions 6 by a linear substitution belonging
to another given group P of order r', the coefficients of the finite equations
of these two groups possibly depending, in addition to the parameters, on the
functions y.

If we designate by

the parameters of the groups F and P, and if we designate by cos and 6S that
which a)s and 0S become under the most general substitution of the groups F



7See E. Cartan, Annales de I'Ecole Normale (3), 21 (1904), p. 176.

those of the other (where the variables are written X instead of x), and
designating by #„+!, • • • , 6n, n - v arbitrary expressions independent of the
first v (the same for 0^+i, • • • , 0«), we must take the 0's to the G's by the
most general linear substitution, which transforms the system of equations
(27) into the system of equations (28); this substitution generates the group
earlier called P.

the equations are of one of the given differential systems,

the coefficients //*. being functions of the x's, the w's, and the i/s. If _we
operate on the oJ's with a substitution from the group F and on the 6's
with a substitution from the group P, the coefficients /^ will undergo the
transformations from a linear group with r + r\ parameters. Reasoning as
above, we see that we may reduce a certain number of these coefficients to
constant values, the others being invariant functions only of the variables
;c. Each of the groups F and F' is thus reduced to one of its subgroups,
and these two subgroups are obviously isomorphic. We can now disregard
the expressions O, and we are led back to the original problem, the group F
being reduced to one of its subgroups.

12. The preceding general problem presents itself, for example, if the ques-
tion arises of recognizing the equivalence of two systems of equations of total
differentials in x \ , X 2 , - - - ,xn vis-a-vis a finite or infinite given group G. We
have from the theory of groups7 the result that by adjoining if necessary new
auxiliary variables, the group is defined by a certain number of invariants
y\,yi, • • • ,ym and by n expressions w\, 0)2, • • • ,a>n subject among themselves
to the most general linear substitution of a linear group F of order r; on the
other hand, if

and F', it is clear that the #'s may be expressed linearly in terms of the co's
by the formulas
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