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Introduction

Elie Cartan’s method of equivalence was a natural outgrowth of the pro-
gram outlined by Felix Klein in 1872 in his famous lecture to the faculty at
Erlangen. In this lecture entitled “Vergleichende Betrachtungen iiber neuere
geometrische Forschungen” (A Comparative Review of Recent Research in
Geometry), (see [Kl. 1921]) Klein developed the thesis that geometry was
the study of invariants of group actions on geometric objects. It seems in-
credible to me that two nineteenth-century public lectures like Klein’s, and
Riemann’s “Uber die Hypothesen, welche der Geometrie zu Grunde liegen”
(On the hypothesis upon which geometry is founded) (see [R. 1953]), could
have such an effect on mathematics. Perhaps there is a lesson in history here
that needs to be appreciated by modern mathematicians.

Lie, who was a good friend of Klein, rose to the challenge of finding a gen-
eral method to uncover such invariants. Unfortunately, Lie’s approach had
some serious defects. The first problem arose because the determination of
invariants always involved solving a system of first-order partial differential
equations. Such an approach worked if special tricks could be applied, and
many low-dimensional problems were solved using Lie’s method. However,
it was clear that solving systems of first-order partial differential equations
was not an efficient way to solve problems with higher complexity. The sec-
ond problem was that efficient determination of the infinitesimal generators,
which defined the system of partial differential equations, normally required
an explicit parameterization of the group involved. This may not seem like
a problem, but an explicit parameterization of the orthogonal group in even
five variables is not an easy task. A more dramatic example is an exceptional
simple group like G,, where standard algebraic tricks are not applicable.

Elie Cartan’s approach was motivated by his work on infinite pseudogroups,
which also fit into the Erlangen program, since Klein also envisioned invari-
ants of structures under collections of diffeomorphisms like the set of all
volume preserving or contact transformations. In 1908, in what has to be
one of the most remarkable papers in mathematics, “Les sous-groupes des
groupes continus de transformation,” Elie Cartan formulated and described
a procedure to find the invariants of geometric objects under pseudogroups
defined by first-order partial differential equations. He did this in just 25
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pages out of a 137-page paper.! The impact of part of these twenty-five
pages on Klein’s program was eloquently described by J. Dieudonne:

Finally, it is fitting to mention the most unexpected extension of Klein’s ideas in
differential geometry. He had envisaged groups of isometries of Riemannian spaces
as a possible field of study of his program, but in general a Riemannian space does not
admit any isometries except for the identity transformation. By an extremely original
generalization, E. Cartan was able to show that here as well the idea of “operation” still
plays a fundamental role; but it is necessary to replace the group with a more complex
object, called the “principal fiber space”; one can roughly represent it as a family of
isomorphic groups, parameterized by the different points under consideration; the
action of each of these groups attaches objects of an “infinitesimal nature” (tangent
vectors, tensors, differential forms) at the same point; and it is in “pulling up to the
principal fiber” that E. Cartan was able to inaugurate a new era in the study (local
and global) of Riemannian spaces and their generalizations.?

The procedure was used with great success by Cartan and his students. In
particular the names of Hachtroudi, Debever, Vranceanu, Svec, and Chern
figure prominently as practitioners of the method in the 1930s, 1940s, and
1950s. Then there was a hiatus of twelve years until the 1960s when Singer,
Sternberg, Guillemin, Kuranishi, Kodaira, and Spencer led a program to
make Cartan’s method rigorous and to answer basic questions about the ap-
plications of the method. Although many papers were written during these
years and many basic results were established, such as the Kuranishi prolonga-
tion theorem, the development of the theory of prolongation of Lie algebras,
and foundations of the theory of pseudogroups, no new significant geomet-
ric equivalence problems were solved. The reason, I believe, was that the
method left too much apparent freedom in the way part of the constructions
were done. In particular, the process of Lie algebra compatible absorption
of torsion and the process of reduction of structure group were not laid out
in any systematic way. In fact, reading most of the examples worked out by
Cartan made you feel that special tricks and brilliant observations were part
of the method. After thinking about this method for another twenty years
and talking periodically with S.S. Chern and my students, especially Robert
Bryant, I realized that mixing Cartan’s original method with the concept of
principal components in Cartan’s theory of Répere Mobile led to an algo-
rithmic way to execute Cartan’s method. Although it is not explicitly stated,
it is clear to me Cartan also must have been aware of this technique. This
was first described in lectures I gave in Houghton, Michigan, in 1982 (see [G.
1983]) and has resulted in a flurry of new geometric equivalence problems be-
ing solved. In particular I mention the works of Bryant, Shadwick, Kamran,
Olver, Wilkens, Grissom, D. Thompson, G. Thompson, and myself.

One may wonder why anyone would need twenty years to understand a
paper. However, I was not alone in experiencing difficulty with parts of the
theory of Répére Mobile and the method of equivalence, as the following two
citations testify.

1A translation of this section of his transhistoric work is provided in the appendix.
ZFrom Jean Dieudonné’s introduction to The Erlangen Program by Felix Klein, translation
by my Research Experience for Undergraduates assistant Adam Falk.
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The first is by Hermann Weyl [W. 1938] in his review of Cartan’s book [C.
1951].

Nevertheless, I must admit that I found the book, like most of Cartan’s papers, hard
reading. Does the reason lie only in the great French geometric tradition on which
Cartan draws, and the style and contents of which he more or less takes for granted as
a common ground for all geometers, while we, born and educated in other countries,
do not share it?

The second occurs in the middle of Singer and Sternberg’s paper [Si-S.
1965].

We now resume some of the principal formulae in coordinate notation with the idea
of providing a partial guide to some of the writings of E. Cartan on the infinite groups
and on the equivalence problem. We must confess that we find most of these papers
extremely rough going and we can not follow all the arguments in detail.

Over the years, I have had the good fortune to be able to discuss the method
of equivalence with many experts, in particular I would like to cite Chern,
Kobayashi, Svec, Hermann, Vranceanu, Libermann, Kuranishi, Guillemin,
Bryant, Shadwick, and Wilkens. They have all influenced my understanding
of the method of equivalence.

The purpose of this work and the lecture series on which it is based is to
describe the algorithm, showing, in particular, how it is applied to several
pedagogical examples, and to a problem in control theory called state estima-
tion of plants under feedback. To keep the prerequisites to a minimum, we
have focused on problems in real geometry and ignored important examples
from complex geometry (see [Ch. 1954] and [Ch. 1957]).
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LECTURE 1
Equivalence Problems

The goal of the method of equivalence is to find necessary and sufficient
conditions in order that “geometric objects” be “equivalent.” The word equiv-
alent here usually ends up meaning that the geometric objects are mapped
onto each other by a class of diffeomorphisms characterized as the set of
solutions of a system of differential equations. The necessary and sufficient
conditions are found in the form of differential invariants of the geometric
object under the class of diffeomorphisms. In this set of lectures we will
restrict ourselves to classes of diffeomorphisms which can be described as
solutions of a first-order system of differential equations or equivalently by
conditions on their Jacobians. We will see that such problems are generally
reducible to the following question.

THE EQUIVALENCE PROBLEM OF ELIE CARTAN. Let Q) = ! (Q},, Q1)
be a coframe on an open set V. C R", and let Wy = Hwl, - ,wf) be a

coframe on U C R», and let G be a prescribed linear group in GIl(n,R), then
find necessary and sufficient conditions that there exists a diffeomorphism ® :
U — V such that for eachucV

(1) D*Qylow = vyy(U)@ulu,

where y,,(u) € G.

(In the future we will always drop the base point notation and write (1) as
D=Qy = YVUwu.)

Note that the conditions on @ are expressed in terms of the Jacobian of ©
and hence correspond to first-order differential equations.

To get a feeling for the ubiquity of this problem let us look at some exam-
ples. Each of these examples will be treated further in these lectures and are
chosen since each is among the simplest illustrating special points.

Example 1. Invariants of Riemannian metrics under isometries. In this case
the class of diffeomorphisms is the full set of internal symmetries of the
metric and the subject is the local theory of Riemannian geometry.

Thus we are given (U, dg?) and (V, dX2) Riemannian metrics on open sets
in R? and want necessary and sufficient conditions that there exists a diffeo-
morphism ® : U — V such that

®*dX? = do?.
1
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If we locally diagonalize the metrics
do2 =) (w})?2, dE2=) (Q))2,

then the problem is identical to finding necessary and sufficient conditions
that there exists a diffeomorphism such that

O*Qp =y, ywy with y,, € O(n,R),

where O(n,R) is the orthogonal group.
We can express this formulation in a table.

OBJECTS EQUIVALENCES
Riemannian metrics isometries
or
basis of 1-forms diffeomorphisms which relative
adapted to the problem to the given basis have Jacobians
in O(n,R).

Example 2. Invariants of a Riemannian metric under conformal transfor-
mations. In this case the class of diffeomorphisms is larger than the internal
symmetries of the metric and the subject is the local theory of conformal
geometry (see [C. 1923]).

Thus we are given metrics as in Example 1, but we want diffeomorphisms
such that

O*dX? = )2do?, A#0.

In terms of the coframe of Example 1,
P*Qp =y, ,0y with y,, € CO(n,R),

where CO(n,R) = {1S | 1€ R*,S € SO(n,R)}.
We express this formulation in a table:

OBJECTS EQUIVALENCES
Riemannian metrics conformal transformations
or
basis of 1-forms diffeomorphisms which relative
adapted to the problem to the given basis have Jacobians
in CO(n,R).

Example 3. Invariants of a first-order ordinary differential equation under
diffeomorphisms of the form ®(x,y) = (¢(x), w(¥)). In this case, the class
of diffeomorphisms is a subset of the internal symmetries of the ordinary
differential equation. This is called Web geometry in the plane (see [C. 1908],
pp. 78-83).

Given (U, x,y) and (V, X, Y) open sets with coordinates in R? and ordinary
differential equations,

dy .
Ix = f(x,y) on U, with f#0
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and
dy

ax
the usual symmetries of the ordinary differential equations are the diffeomor-
phisms which map integral curves into integral curves, that is, satisfy

=F(X,Y) onV, with F #0,

O*(dY - FdX) = w(dy — fdx).

In the given problem we also have the condition on the Jacobian of the

diffeomorphism that
O dX\ _{(u 0\ (dx
dY ] —\0 v dy |-

This is an overdetermined problem in that the conditions on the Jacobian of
® are specified on
dX, dY, dY — FdX,

which form a linearly dependent set of 1-forms. If we note the relation
dY —FdX -dY + FdX =0,
and if we change the forms on V' by defining
QL =FdX, Q, =dY, Q} =dY -FdX
then we have a constant coefficient relation
Q,-Q}+Q) =0.

If we make the analogous choice of coframe on U, then an equivalence @

will satisfy
Ql u 0 0 w},
[ QL |=[0 v O o} |,
Q3 0 0 w w3,

and hence will satisfy
0=>0(Q, — Q3 + Q) = uw), — v} + wwi,
and
), -0} + 0}, =

As a result
(u—v)w} — (w—ww} =0,

and we see that as long as F # 0, it necessarily follows that
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and an equivalence satisfies

o (af) - (6 2) (2h):
Q; 0 u/\wj
Conversely, given a diffeomorphism satisfying this last condition,

Q3 = P (Q - Q) = uw? — uw},

= u(w} - w}) = uw},

which recovers the full conditions on the Jacobian.
We express the results in a table.

OBJECTS EQUIVALENCES
first-order ordinary diffeomorphisms which preserve
differential equations integral curves of the form
D(x,y) = (¢(x), w(¥))
or
basis of 1-forms diffeomorphisms which relative
adapted to the problem to the given basis have Jacobians

in the group of scalar matrices

Example 4. Invariants of a second-order ordinary differential equation un-
der diffeomorphisms of the form ®(x,y) = (x, ¢(y)). In this case the class of
diffeomorphisms is a subset of the internal symmetries of the ordinary differ-
ential equations. This is called the geometry of time-fixed Newton'’s equations
(see [C. 1937)).

Given (U, x,y,y") and (V, X, Y, Y’) open sets with standard jet coordinates
on the 1-jets of mappings of the line into the line (see [G. 1983]) and second-
order ordinary differential equations

y' = f(x,y,¥"), Y"=F(X,Y,Y'),

the usual symmetries of the second-order ordinary differential equations are
the diffeomorphisms which map integral curves into integral curves, that is,

- dY -YdX\ _(v O dy —y'dx
dY'-FdX ) \z w dy' — fdx

Exercise. Why is the zero in the upper right corner?
We also have the conditions on the Jacobians of the diffeomorphisms

(@)= ) (&)

As before, this is an overdetermined problem on generators

dX, dY, dY -Y'dX, dY'—-FdX
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and we can proceed similarly, but there is a twist. The relation
(dY -Y'dX)~-dY+YdX =0

would seem to suggest modifying the forms to make one of them Y'd.X,
but d.X is obviously invariant under the admissible diffeomorphisms, and we
would not like to lose this fact, hence define

_dy

(dY - Y'dX)
Y Y

Q}/=dX, Q%/ Y’ ’

Q) =dY' - FdX, Q=
in order to get a constant coefficient relation
4 2 -

Now applying the same sort of argument as in Example 3, we find that the
original problem is identical to finding diffeomorphisms that satisfy the Ja-

cobian condition
Ql 1 0 O w}
o> QL =10 1 0 w} | .
Q%, -z z W w{'/

Here, of course, the lowercase omegas are defined analogously to the upper-
case omegas.

Exercise. Verify the Jacobian condition.

It is this sort of special observation that caused the difficulty in under-
standing Cartan’s examples well enough to solve new problems. We will see
in Lecture 5 that there is a general algorithmic technique for reducing an
overdetermined problem to a determined equivalence problem, and that this
algorithm predicts the above change of frame.

We express these results in a table.

OBJECTS EQUIVALENCES
second-order ordinary diffeomorphisms which preserve
differential equations integral curves of the form

D(x,y) = (x,¢(y))
or
basis of 1-forms diffeomorphisms which relative
adapted to the problem to the given basis have Jacobians

in a given two parameter
non-Abelian group.

Example 5. Invariants of third-order ordinary differential equations under
contact transformations. In this case the class of diffeomorphisms is the full
set of internal symmetries. This is called the contact geometry of a third-
order ordinary differential equation (see [Ch. 1940]). Given (U,x,y,y’,y")
and (V,X,Y,Y’, Y") open sets with standard jet coordinates on the 2-jets
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of mappings of the line into the line and third-order ordinary differential

equations
m=flx,y,y,y"), Y"=F(X,YY,Y"),

the symmetries of these third-order ordinary differential equations are, as
usual, the diffeomorphisms of the plane which preserve integral curves. If we
define

Ql=dY-Y'dX, Q2=dY' -Y"dX, Q=dY'"-FdX, Q4‘=dX,

then the problem is identical to finding diffeomorphisms satisfying

Q) a 0 0 0\ [0},
o |G| [0 coo]fe
Q1 le Kk g 0 w3,
Q4 hi 0 j) \of

Exercise. The fact that we are restricted to contact transformations is
reflected in the presence of the zero in the last row of the matrix. Show why
this is true, and how it would differ if we considered point transformations.

We express these results in a table.

OBJECTS EQUIVALENCES
third-order ordinary contact transformations
differential equations

or
basis of 1-forms diffeomorphisms which, relative
adapted to the problem to the given basis, have Jacobians
in a given nine parameter
non-Abelian group

Example 6. Invariants of particle or field Lagrangians under their “natu-
ral symmetries.” In this case we have to figure out how to characterize the
class of diffeomorphisms we want to call “natural symmetries.” This is called
the geometry of the integral, and was classically written as the geometry of
0 L dA (see [C. 1930]).

A first-order Lagrangian is a function on the 1-jets

L:J\(R" R") — R.
Given
(Uaxlf" ’xm,zl’... ,Z",P}a"‘ 3p7'7l1) = (U’xa Z,p)

and
(V,Xls"' aXm,Zla"' ,Zn,Pll,"' 9Pmn)=(KXsZ>P)’

open sets with standard jet coordinates on the 1-jets of mappings of the m-
space into n-space (see [G-S. 1985]), and two Lagrangians

I(x,z,p), L(X,Z,P),
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we want to characterize those diffeomorphisms @ : U — V' that satisfy
/ <I>*(LdX1/\--~/\dX'n)=/ LdxtAn---Adxm
JHe) Mo

for all 1-graphs j!(a)* of maps a : R" — R",
By using a cutoff function argument, this implies

JHa)*(@*¥ - y) =0,

where
W=LdX'A---AdXm™, w=1ldx'A- Adxm.

The characterization of the contact ideal I (see [P-R-S. 1979]) then implies
oY=y mod I.
In the case m = 1, the case of particle Lagrangians, this condition becomes
DY =y + Y ba(dze - podx).

Unfortunately, this last condition does not define an equivalence relation,
because diffeomorphisms @ need not carry 1-graphs to 1-graphs, but it fol-
lows that transitivity is equivalent to the diffeomorphism being a contact
transformation; that is, given

O3 =dZo-) PedX, 03 =dze- ) pedx,
then an equivalence @ satisfies
D05 € {63},

Exercise. Use the identity diffeomorphism, and an arbitrary diffeomor-
phism to see how to verify this claim for particle Lagrangians. (The case of
field Lagrangians requires technical results about the contact ideal.)

To state these conditions in terms of the Jacobian acting on a basis of 1-
forms we take the Lagrangian m-forms W and y and factor them arbitrarily
as monomials, that is, write them

Y=QL A---AQY, wy=o,A - - Aol
As such, the {Q!} and {w!,} are defined up to an action of S/(m,R), the
special linear group. This of course assumes the Lagrangians are nowhere

zero.
The conditions now only involve

Qy =4Q,---,Q) and 8y =1(8},,---,07)
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and their lowercase analogues. Hence this is an underdetermined problem,
and we extend the forms to a coframe arbitrarily. In order to be specific take

HVzl(dPll’---,dPJ"), nuzt(dp]la:dpnm)

Now collecting our conditions, we see that the “natural equivalences” sat-
isfy the conditions

S2% A 0 0 Oy
O | Qy |=1bh D O y
H, B b A nu

with D € S!(n,R), A, € GL(n,R), A, € GL(mn,R), and by, by, B arbitrary
matrices of the appropriate sizes.
We express these results in a table.

OBJECTS EQUIVALENCES
first-order Lagrangians contact transformations which
preserve the associated
integral functional
or
basis of 1-forms diffeomorphisms which relative
adapted to the problem to the given basis have Jacobians
in a specified group.

Example 7. Invariants of underdetermined systems of ordinary differential
equations under diffeomorphisms of the form

O(x,u) = (¢(x), w(x,u)), where xeRm, ucRp,

This is called the geometry of control systems under feedback.
Given (V, X, U) and (U, x, u) open sets with coordinates in R” x R” and
an underdetermined system of ordinary differential equations

dx dXx
—d't_—f(x’u)a W—F(Xau),
the above problem is an overdetermined problem. When we discuss the

overdetermined algorithm in Lecture 5, we will see that the choice of coframe

HV = AodX Ny = aodx
M,y = aUu Uy = du
AgF =1(1,0,---,0) apf =1(1,0,---,0),
where A is a nonsingular matrix satisfying 4oF = *(1,0,---,0), and simi-

larly @y is a nonsingular matrix satisfying agf = ¢(1,0,---,0), leads to the
characterization of diffeomorphisms in our original problem in the form

o (m)= (5 ¢) (i)
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where the matrix 4 has the form

1 =
()

We can express this formulation in a table.

OBJECTS EQUIVALENCES
control systems feedback transformations
or
basis of 1-forms diffeomorphisms which, relative
adapted to the problem to the given basis, have Jacobians

in a given group.

This example will be one of the main focuses of this book and in particular
will be the topics of Lectures 8 and 9.

This should give enough examples of diverse sorts to indicate that the
equivalence problem is one of utmost importance in mathematics. Now my
job is to describe how to solve such problems and your job is to find and
solve new problems.
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LECTURE 2

Lifting of Equivalence
Problems to G-Spaces

Given Qy =({(Q},---,Q}) and wy = {(w};, -, w},) coframes on open
sets U and V', and a connected linear group G C GL(n, R), we want to study
the existence of diffeomorphisms @ : U — V satisfying ®*Qy =y, ,wy.

The first idea is to build the group action into the question in a natural
way. This is achieved by lifting the problem to the associated spaces U x G,
and ¥V x G with the natural left actions, that is,

C(p,S) = (p,CS), C,SeG, peUorl.

In general, a space on which G acts on the left is called a G-space. Those
familiar with fiber bundles should replace our product G-spaces by principal
left G-bundles.

LetIly : Vx G — V and Ily : U x G — U be the natural projection
and define new column vectors of 1-forms on V' x G and U x G by

Qv =T Qp, olus) =Sn}wy.

The following simple result is the key to the usefulness of the lifting pro-
cedure.
PROPOSITION, There exists a diffeomorphism ® : U — V satisfying

O Qp =y, 0y Withy,,:U—G

if and only if there exists a diffeomorphism ®! : U x G — V x G such that
OI+Q = w.

Although the proof is easy, it will set the stage to look at it, especially
since this diffecomorphism ®! covers P, i.e., the diagram with the natural

projections
1

UxG —— V' x G

v 2. p

11
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commutes. Further, ®! is unique and automatically satisfies ®!(u, CS) =
Co!l(u,S).
Proof. Let ®! : U x G — V x G be defined by

Dl(u,S) = (P(u,S), T(u,S))
with ®(u,S) € V and T(u,S) € G. The condition ®!"Q = @ means
QU TnyQy =Sy wy
or
(ay o @) Qp = (T o @)~ 187}, w0y

or
O Qy = T(u,S)‘ISﬂ?j(Uu.

Since the Qy contains a basis for the differentials on ¥ and the wy contains a
basis for the differentials on U, the partial derivatives of ® with respect to the
group variables must vanish and, under the assumption that G is connected,
®(u, S) = ®(u). In particular this implies

T(u,8)~18 = yyy(u)
and completes the equivalence. Note that this last equation implies
T(u,S) = Syy(u)
and hence the map ®! has the form
(1) ! (u,S) = (D(u), Syyy(u)).

As such, given an equivalence @ : U — V' we define ®! by (1), which works
since

. —1 Aye
OV, s5970) = Sty Py

=Sy urvy®@u = Swy = o.

It now follows from the explicit representation of the diffeomorphism @1
that
ayo®l =dony, O (u,CS) = CO(u,S)

so that the natural equivariance that might be desired is automatic.

Note that, in the example of Riemannian geometry, the method tells us to
lift the problem to the space U x O(n,R). The construction of the lifts and
the y,,, are the ingredients of the bundle of orthonormal frames, the natural
arena for the modern treatment of this geometry.

Similarly, the example of conformal geometry constructs the natural arena
for its modern treatment, but in this case there is more to come.
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In practice it is often true that some problems are underdetermined in
the sense that conditions on the diffeomorphisms do not involve the whole
coframe. We will call such a problem underdetermined and note that it can
always be replaced by a determined problem as we did in Examples 5 and 6.
We simply extend the partial coframe to a coframe and extend the conditions
on the extra forms to be as general as possible.

Example 8. Invariants of a Pfaffian equation or, equivalently, a total differ-
ential equation. In this case, the class of all diffeomorphisms is the full set of
internal symmetries.

Thus we are given two Pfaffian equations

Q) =0 on a neighborhood V, w}, =0 on a neighborhood U.

We arbitrarily extend Q! and ! to coframes, say {Q} }, and {w},}, and
extend the condition that a diffeomorphism ® preserve the equations

1 1
D*Q) =w wy

to | :
Q) w 0 0 w),

2 2

O+ Qy | @ ax 2n Wy
Qr;'/ any 4p2 - Qnn 0)?}

Thus in this case the group is
w |0
G = ( * **) :

In the last lecture we saw two examples of filling out coframes arbitrarily to
capture information on partial frames. To understand the statement “extend
the conditions on the extra forms to be as general as possible,” let us look
again at the third-order ordinary differential equation.

Here we extended

Q=dY -Y'dX, w!'=dy-ydx
QD2 =dY' -Y"dX, w?=dy —y"dx
QB =dY"-FdX, w3=dy"- fdx

by
Q4 =dX, wt=dx

and noted that a contact transformation could only pull back f*dX to a
linear combination of dx, dy, and dy’. Thus, this is part of the solution
of the exercise in the first lecture to explain the zero in the last row of the
Jacobian of an equivalence for this problem.



14 LECTURE 2

Maurer-Cartan Forms and the dSS-! Yoga.

We now need to take an excursion into Lie theory, in particular the theory
of Maurer—Cartan forms. Thus let G be a Lie group and let R denote right
multiplication by C € G. If we choose a basis {w!|.} of Ty, the cotangent
space at the identity e, then we may define global differential forms by

wil4 = RY_,(w'e) for 4€G.
Since
RE(ilac) = RE0 R? o1 (]e) = R0 RE_, o RY_, (0]e) = @i,

these are a basis for the right invariant 1-forms on the group, and are called
a set of Maurer—Cartan forms.

Matters being so, a set of right invariant Maurer—Cartan forms {w'} define
functions C j’.'k via the equations

doi = 237 Cly w Aok,

where we assume C J’ . =-C} ;- Theright translational invariance immediately
implies that
(2) Ci(4C) = Cj (A4),

and hence choosing C = A-1, we see that the functions Cj‘fk are in fact
constants. This fact is known as the first fundamental theorem of Lie. These
constants are called the structure constants of G relative to the choice of
Maurer-Cartan forms,

Exercise. Verify the above functional relations (2) on C j’k

There is a basis-free approach to the information contained in the Maurer—
Cartan forms, which explains why they are naturally packaged in a matrix in
the case of linear groups. This is the theory of the T,-valued Maurer-Cartan
form.

Let I be the image of the identity homomorphism of the tangent space at
the identity, under the isomorphism Hom(7,, T,) ~ T, ® T}, and define

w(S)=18R;_(I)e T. ® T5(G).

This @ (S) is called the right invariant T,-valued Maurer-Cartan form.
Exercise. Verify that 1 ® Rrw (SC) = w (S).
Now assume that G C G/(n,R), that is, G is a linear group. Then

7.G ¢ T.Gl(n,R),

and since G/(n,R) is an open submanifold of the vector space of all matrices
M(n,R),
T.Gl(n,R) ~ M(n,R)
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under the canonical isomorphism sending the equivalence class of curves
[e + tA] defining a tangent vector in 7,GL(n, R) onto the matrix A.
We now compute @ (S) for § € GI(n,R), where we view

w(S)e M(n,R)® Tg.
The standard projections on the (i, j) entry
mij: Gl(n,R) — R,

give a global coordinate system. We will write 7;;(S) = S;;.
Let E;; be the matrix with 1 in the (i, k) entry and zeros in the rest, then,
since

d
(le +tEil.dmj) = 7; Tile+ tEik)| =0 = 0;i0yk,

we see that {Ey;} is a dual basis to {dn;}.

As such
w(e)=) Ex®dmy = (dny).

Exercise. Verify this representation of w (e).
Let us note

7 0 Re(S) = 1,(SC) = 3 1 (S)mi,(C),

and hence
Ridnij|sc = Z dmigls 7 i (C).
If we introduce the shorthand notation

dS = (dnyls),

we have shown R:.d(SC) =dS C.
This implies that

R:d(SC)(SC)~! =dS CC-1S-1 =dSS-!,

and hence dSS-! is a M(n,R)-valued right invariant Maurer-Cartan form.
AtS=e¢
dee=! = (dm;;) = w (e),

and by right invariance

@ (S) = dSS-!.

If we are given a Lie subgroup j : G — GI(n,R) we find a set of Maurer—
Cartan forms by finding a maximal independent set of entries of 1 ® j*@ (S).
The exterior derivative

dw (S) = d(dSS-1) = —dS Ad(S-1) = dSS-1 AdSS-! = @ (S) Aw (S)
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gives the Maurer-Cartan equations.

The Maurer-Cartan forms encode the data of the Lie algebra of the group
and hence the local structure of the group. They are also one of the key
tools needed to describe global properties of the group. For example, let
Jj : H — G be a Lie subgroup of a connected Lie group G, andletdim H = m
and dim G = r; then we may choose a basis of T,G

{wl’,.. ’wm’wm-i'l,... ’wr}

with
{wm+l, ... 0} C ker j*,

and use this basis to define a set of Maurer-Cartan forms adapted to the
subgroup H. Since

0= j*dwale - Z C:ﬂ j*wale /\j*wﬂ'e

1<a, B<m, m+l1<a<r

W€ sc€e
Ce, =0,

and hence that
{wm+1, sy wr}

is a completely integrable system.

If welet A€ H, then joR, . = R, 0 j. Thus, H is an integral manifold
of maximal dimension of {w™+!,.-. @'} through e. Since this differential
system is right invariant, each right coset of H is also an integral manifold.
Finally, since there is a connected component of a right coset through each
point of G and it is a maximal integral manifold by right invariance, we see
by the uniqueness part of the Frobenius theorem that these are the maximal
connected integral manifolds.

The following theorem is an example of the power of these ideas.

THEOREM. Let f; : M — G for i = 1,2 be two immersions of a connected
manifold M into a Lie group G, then necessary and sufficient conditions that
there exists an element S € G, such that

Rso fi=fa,
are that a set of Maurer-Cartan forms {w'} satisfy
o= ffol
Proof. Let j: A — G x G define the diagonal subgroup
A={(S,S) S eG}.

Letting
n:GxG— G, AR GxG— G
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be the left and right projections, we see that
{n] w' - R’}

is a differential system of rank r which lies in the kernel of j* at e. Hence
this is the differential system constructed from the diagonal subgroup A.
By hypothesis the map 4 : M — G x G defined by

h(x) = (fi(x), f2(x))

satisfies

h*(njw' — npw’) = (L o h)*w' — (ng o h)* @'
= froi - froi =0,

and hence h : M — G x G is an integral manifold of the differential system
whose maximal integral manifolds are the connected components of the right
cosets of A. As such, there exists (4, B) € G x G such that

(fi(x), fa(x)) € A(A,B) forall x e M.

Equivalently
fi(x)A-1 = fr(x)B-,

and hence defining S = A-!B, we have Rs o f] = f,, as required.

The following is an important special case.

COROLLARY. Let G be a connected Lie group; then a diffeomorphism f :
G — G is a right translation by an element C € G if and only if a set of
Maurer-Cartan forms w; satisfies

frw; = o,

Proof. Let f(e) = C and let f; = f and f; = R¢ in the last theorem; the
result then follows.

This corollary characterizes which diffeomorphisms are right translations.

Now I want to discuss one final result from Lie theory, known as the local
converse to the Third Lie Theorem.

THEOREM. Let Cj’fk, 1 <1i,j,k < n, be constants satisfying

Che ==Ci)»
Y . CiLClL+CiCl - Ci Cl=0,
J

then there exist linearly independent 1-forms w!, .- ,w" in a neighborhood of
the origin in R" satisfying

dw = —;—ZCI’fkwf A wk.
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This result is the key to establishing the existence of many interesting exam-
ples of Pfaffian systems, as well as being the first step in the form-theoretical
approach to the construction of Lie groups which will be taken up in Lectures
6 and 7. As such, I want to share my viewpoint on this theorem.

Note first that the indicial horror listed as the second set of conditions in
the theorem simply consists of the necessary conditions needed to solve

doi = %Z Clr o) N ok,

given by d(dw') =0

Next, I note that if there is a particular solution {w}} that is linearly in-
dependent, then the most general solution, dropping the condition of linear
independence, is {/*w}}, where f : R" — R” is an arbitrary differentiable
map.

The fact that the {f*w)} are solutions is immediate; the fact that every
other solution could be represented in this way is a consequence of the tech-
nique of the graph, which will be discussed in Lecture 6.

An obvious solution, ignoring the linear independence, is w’ = 0. Since
there is such a rich potential set of solutions, a reasonable idea is to try to
construct a homotopy through solutions from this trivial solution, to a linearly
independent set. I will now sketch the proof following Cartan’s original ideas
(see [C. 1951} or [F. 1963]). Let (a!,--- ,a", t) be coordinates on R" x R, then
in order that 1-forms

Bi= Z hidar defined on R” x R,

be such a homotopy, we need

d =6/ +) Ciahf with hi(a,0) =

a system of ordlnary differential equations with parameters a = (al,- - ,a").
The claim is that

@ a = Bi(a,1)
satisfies the theorem'.
Since Ai(0,?) = td} it follows that w! A--- Aw" # 0, in a neighborhood of
the origin in R~,
Next we show that the 2-forms

=dpepi — —ZC’kﬂl A Bk

are identically zero on R” x R, and hence that the desired properties hold
for t = 1. The idea in verifying this identity is to show that

—0 —Z kaJHk

with the initial conditions 8:(a,0) = 0; hence by uniqueness of solutions to
ordinary differential equations we have fi(a,t) = 0.



LECTURE 3
The Structure Equations

Returning to the lifted equivalence problem, we will analyze the lifted
differential forms
w=Swy onUxG,

with the understanding that every construction will be repeated for the analo-
gous forms on V x G. In practice, in fact, we usually want to find the invariants
of a geometric structure under given equivalences, and these can be determined
without introducing the analogous forms on V x G. The reason for wording
the equivalence problem as I have is that it encompasses both problems and
makes it easier to see the ideas.

On U x G we can differentiate the lifted forms to find

dw=dS AN wy+Sdoy
=dSS-! A Swy + Sdwy.

The matrix dSS-! is, of course, the Maurer—Cartan matrix of right invariant
forms on G, hence
(dss-1)i=>"ai,

where 77 is a basis for the Maurer-Cartan forms and the aj , are constants.
Exercise. Why are the coefficients aj. , constant?
It is helpful in reading Cartan to know that the infinitesimal generators
of the linear action V' x G — V obtained from the basis {¢,} dual to the
basis {n#} are given by vector fields {X p}, where in the usual vector space

coordinates x¢
X, = Z a x!
The second Lie theorem then asserts
[Xp, Xo] =) CooXa.

Recalling that the forms wy are basic, that is, both coefficients and differ-
entials can be expressed in terms of coordinates on U alone, we can write the
exterior derivatives in the group-fiber representation

(3) doi=Yai nr A w1+%z Vi (4, 8) @ A k.

19
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Note that the coefficients of the term which is quadratic in the {w} has G
dependence since three actions of the factor .S had to be absorbed into those
coefficients.

In practice it is time-consuming to write the exterior derivatives in the
above form. Therefore the gameplan is to find a way to utilize the infor-
mation in this group theoretical decomposition, but to do it with minimal
computation.

Thus let us write the exterior derivatives in the following form,

dwi = Z AL A @i,

where no assumption is made on the A’
If we now subtract the group-fiber representation (3) from the above rep-
resentation we find

) . 1 S
0= E(A}( - a,’(pnl’) A wk — 3 Zyj’.kwl A wk.
Part of the information in this last equation can be extracted by the use of
the ubiquitous Cartan’s lemma.

CARTAN’s LEMMA. Let {w'} be an independent set of 1-forms, and let {mn'}
be an arbitrary set of 1-forms of the same finite cardinality; then

Z TAw =0
holds if and only if
= Z Cijw/, where C;; is a symmetric matrix.

Exercise. Prove Cartan’s lemma.
A consequence of Cartan’s lemma applied to our last equation is that

Ai—=>"al mr=0 mod (@', -, ")

We will often have congruences mod (w!,: -, ") and will shorten this
expression by saying “mod base.” Thus

mod base = mod (w!, - ,w").

Now if we have any constant coefficient relation on the matrix of Maurer-
Cartan forms, say
i
Z bl ajpn/’ -

Z b{Aj. = 0 mod base.

W€ se€c

The 1-forms Zb{Aj., where b{ ranges over a set of defining relations, are
called principal components of order 1.
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The idea is to locate principal components of order 1, and if possible use
this observation to modify the matrix A; to satisfy the defining relations on

the Maurer-Cartan form matrix. Since the defining relations on the Maurer-
Cartan matrix are in fact the defining relations on the Lie algebra of G, we
have described an algorithmic construction of a representation of the exterior
derivatives of w in the form

. : 1 S
dow'=) A A0+ =) v, wi Awk,
k 2 Jjk

where the matrix ; Za‘ n”) modbase is now a Lie algebra valued
differential form. The terms 1nvolv1ng the coefficients y;ik are called torsion

terms, and the coefficients themselves are called the forsion coefficients.

These equations do not define the torsion coefficients nor the 1-forms n?
uniquely. The next idea is to use this ambiguity to try to simplify, even elim-
inate if possible, the torsion coefficients by modifying n} by multiples of wk
in such a way that it is still Lie algebra valued. This process is called Lie
algebra valued compatible absorption. Tt will then still be true that the n’ are
Maurer-Cartan forms mod base.

To understand the ambiguity, let us look at two representations of the
exterior derivatives, the original group-fiber representation (3)

‘ ) 1 o
dwi = Za,’cpn/’ A wk + 3 Zy}kwf A wk
and another representation
) : 1 P
doi =} a, @/ Aok + 53 Tl Aak,

where a priori nothing is assumed about w? or I' jk Subtracting these repre-
sentations gives

. 1 . . .
(4) 0=)_al (nr —w?) Aok + 3 Yl —Th)wl A wk

and Cartan’s lemma now implies

i | ; . . .
doal (ne —wr)+ EZ(y,gj ~T} )i =) bl
where b, = b} .
Let the dimension of G = r, then the number of linearly independent
elements among the {)_ a; ,77} equals r, and hence there exist 1-forms

e 7p
2 dpmhy s ) ag

which are linearly independent. As a consequence the matrix

(D§) = (a,)
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is invertible and can be applied to both sides of the equations

Do agy(me —we) =3 (T = i+ bi) Aok,

This implies that n# = w# mod base, or

(5) nP—wP=Zv,fwk.

Thus the indeterminancy is of the form

w _ (I v n

w/] \0 I w)’
and any change of this type is Lie algebra compatible. Now let us substitute
the boxed equation back into (4) for the difference of the representations of

the exterior derivatives and see what conditions are forced on the gammas.
When we do this we find

) ) 1 . . )
0= Za}pv{: Wl A wk + EZ(V}k - A wk.

In order to extract the conditions on the coefficents, it is necessary to skew-
symmetrize them in (i, j), which yields

(6) yjk + Z Uk - akﬂ J)

Now notice that the terms

Z(amvk - akp J)

are the image of the variables v,f under a linear operator L with constant
coeflicients aj. - This means that the torsion is well defined in a tensor space
modulo the image of the operator L. We will identify the structure of the
domain and range shortly.

Let us now turn to a simple example of the use of Lie algebra compatible
absorption.

Example 3. Web geometry (continued). We saw that this problem was
equivalent to a determined equivalence problem which on the base spaces

looked like | )
. Ql _f(u O Wy,
Q3 0 u/\w})’

and which on the G-spaces, with G the group of 2 x 2 scalar matrices, looked

like o |
w
o (@)= (e):
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Now, as we have already stated, we will perform the calculations only over
U x G. We start with an arbitrary representation of the the exterior deriva-

tives,
/()=G 5 (),

Here we have written the matrix we called (A;'.) in terms of 1-forms «, #,7,4.
Since the Maurer-Cartan matrix for the two-dimensional scalar group has

the form
dSS—1 = <w 0 )
0 w )’

we immediately see three relations and hence have determined that

a_aa ﬂ> H4

are principal components. The torsion terms created by the principal compo-
nents are semibasic forms of top degree and hence are multiples of w! A w2,
This means there are functions g and b defined on U x G which satisfy

() (5 Dr()+ (5) ore

Now we want to modify o by multiples of w! and ®? in such a way that
we eliminate as much of the torsion as possible. Since

d o'\ _ (a-—aw?+ bw! 0 A !
w?) 0 a—aw? + bw! w? )’

this is a case in which all the torsion can be absorbed. Although it is traditional
to let the same symbol represent the modified forms, let us temporarily break
with that tradition for clarity. Thus let

p =a—aw! + bw?.
The exterior derivative equations now have the form
o'y (¢ O w!
1(%) = (8 9)r (&)
and these equations uniquely determine the 1-form ¢. The 1-forms w!, w?,
and ¢ are now an invariant coframe on U x G.

Exercise. Verify that ¢ is uniquely determined.
Let us see what we can deduce about the exterior derivative of ¢. Since

oo (5)=(% 5)0(5)-(5 8)+(&)
(8 2)()-(3 (8 8)2(2)- (02
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and d¢ is a 2-form, the above equations imply that there is a function ¢
defined on U x G satisfying

dp =c w' Aw?.

In exactly the same manner, a function C can be defined on V x G. These
new functions have the property that the lift ®! of any equivalence satisfies

Codl =c.

We will call such functions invariants.

Exercise. Verify this last equation,

Note that this whole analysis has been performed without knowing the ex-
plicit formula for any of the forms involved. This is what will be called an
abstract computation. Once the abstract construction of invariants has been
completed, there are two possibilities for the next move. First, it may be
possible to prove theorems based on the structure equations

do! = ¢ A w!
dw?=¢pAw?
dyp =c o' Aw?.

Second, it is usually desirable to have an explicit formula for the invariants
in terms of the data of the problem and hence, if it is not too difficult, these
need to be found.
Let me give an example of a theorem based on the abstract computation.
THEOREM. The invariant ¢ vanishes if and only if

dy _ . . dy _
T =/ (5:) is equivalent to — = 1.

Proof. If ¢ = 0, then dgp = 0 and by the Poincaré lemma (Sophomore
version) we have

p=dg,

where g is a function on U x G. In addition since ¢ is a nonzero Maurer—
Cartan form mod base, we know g, # 0. Thus if we set

g(x,y,u) = constant,

this determines a submanifold on which ¢ = 0 and satisfies the induced
structure equations

(7 dol =0, dw?=0.

Explicitly,
w! =uFdx, w? = udy,
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hence (7) implies
ukF =X'(x), u=Y'(y)

or

w! = X'(x)dx =dX(x)
w?=Y'(y)dy =dY(y).

Now defining an admissible transformation by 2(x,y) = (X(x),Y(y)), we
have
A*(dY —dX) = @0? - ! = w3 =u(x,y)(dy — fdx),

which means

dy . . dY
T = f(x,y) is equivalent to v = 1

as desired.

The explicit computations of formulas for invariants in terms of the data of
the problem are called the parametric calculations. This part of the problem
can be obtained from the abstract solution by use of a symbolic manipulation
program like MAPLE, SMP, MACSYMA, MATHEMATICA, REDUCE, or
SCRATCHPAD. In our case that would be pointless, since the calculations
are so easy. The parametric representation of the lifted forms is

o' =ufdx, w? =udy.
The exterior derivatives are easily calculated:

dw! = d—:/\wl +ufydy Adx = <%+1¥- w2) Awl,

uf
_ (@Jr (In f1)y wz) Al
Uu

u

and 4 J |
da)2=_li/\a)2=(_u+m)_2w2)/\w2.
U U u

Thus we see
_du (nlfl)y
u u

In order to compute the invariant ¢ we need the exterior derivative of ¢.
This is easiest if we note

@ = dufu+ (In|f]),dy,

because then

1
do = (In|f|)yxdx Ady = 2] (In| fMNxyw!t A w2,
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This result is the key to establishing the existence of many interesting exam-
ples of Pfaffian systems, as well as being the first step in the form-theoretical
approach to the construction of Lie groups which will be taken up in Lectures
6 and 7. As such, I want to share my viewpoint on this theorem.

Note first that the indicial horror listed as the second set of conditions in
the theorem simply consists of the necessary conditions needed to solve

doi = %Z Clr o) N ok,

given by d(dw') =0

Next, I note that if there is a particular solution {w}} that is linearly in-
dependent, then the most general solution, dropping the condition of linear
independence, is {/*w}}, where f : R" — R” is an arbitrary differentiable
map.

The fact that the {f*w)} are solutions is immediate; the fact that every
other solution could be represented in this way is a consequence of the tech-
nique of the graph, which will be discussed in Lecture 6.

An obvious solution, ignoring the linear independence, is w’ = 0. Since
there is such a rich potential set of solutions, a reasonable idea is to try to
construct a homotopy through solutions from this trivial solution, to a linearly
independent set. I will now sketch the proof following Cartan’s original ideas
(see [C. 1951} or [F. 1963]). Let (a!,--- ,a", t) be coordinates on R" x R, then
in order that 1-forms

Bi= Z hidar defined on R” x R,

be such a homotopy, we need

d =6/ +) Ciahf with hi(a,0) =

a system of ordlnary differential equations with parameters a = (al,- - ,a").
The claim is that

@ a = Bi(a,1)
satisfies the theorem'.
Since Ai(0,?) = td} it follows that w! A--- Aw" # 0, in a neighborhood of
the origin in R~,
Next we show that the 2-forms

=dpepi — —ZC’kﬂl A Bk

are identically zero on R” x R, and hence that the desired properties hold
for t = 1. The idea in verifying this identity is to show that

—0 —Z kaJHk

with the initial conditions 8:(a,0) = 0; hence by uniqueness of solutions to
ordinary differential equations we have fi(a,t) = 0.
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There is a general algebraic result called the fundamental theorem of pseudo-
Riemannian geometry, or in our context the SO(p, q) absorption theorem, that
answers the question of Lie algebra compatible absorption for this group.

This will be proved with a sequence of results each of which is a useful
weapon for your algebraic arsenal.

LEMMA (S3-lemma). A three-index tensor C', that is symmetric in one pair
of indices and skew-symmetric in another pair of indices is identically zero.

(The usual proof is by an uninspired sequence of six identities. The fol-
lowing proof, which is the reason for the name of the lemma, was shown to
me by J. Wolf))

Proof. 1If Cj'fk is not identically zero, let /, m, and » be fixed indices with
CL,. # 0. Let S; be the symmetric group on three letters and define a homo-
morphism

sign
0—K—>8—2,—0

with kernel K and image Z; = {£1}, where for g € $;

{ .
CZ(‘,J)M = sign(a)Cl,,.
The order of K is 3 and there is a unique subgroup of S; or order 3, the even
permutations. The permutation

a(l,m,n) = (a(l),o(m),a(n)) =(n,I,m)

is even, but
2l = Crty=—Chy = —Chy

o(m)o(n)

shows that sign(¢) = —1, which contradicts ¢ € K.
LEMMA ($53-CARTAN LEMMA), Let w be an n-vector of linearly independent
1-forms, then the exterior system

¢Aw=0, 1+{=0,

for & an n x n matrix of 1-forms, has &€ = 0 as the unique solution.

Proof. Applying Cartan’s lemma to the first set of equations and directly
using the second set of equations implies that the coefficients of £ = 3 Aj. L@k
satisfy the S3-lemma, and hence are zero.

THEOREM (SO (p, q) ABSORPTION THEOREM). Let w = {(w!,--- ,w") be lin-
early independent 1-forms, and let Q be a nonsingular symmetric matrix, then
given

1 . . .
= k = _
V=5 vk, where vl =~
there is a unique solution Il to the system of exterior equations

IAw=yAw, TIQ+QII =0.
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Proof. Let & = QIT and let # = Qw, then the exterior system becomes

EAW=nAw, E+E=0.

This is a system of %nz(n — 1) inhomogeneous equations for %nz(n -1

unknowns and by the S$;-Cartan lemma, the homogeneous system has & = 0
as the unique solution. As a result, the inhomogeneous system also has a
unique solution. To find this solution explicitly let

1 )
n= '2_ Z C;kwk,

then

symmetric
Y (& - $CLol + 1Ckw! + 1CL o) Awk =0
-~ e, o’

skew skew

since the final two terms are symmetric in (k,/) and sum out to zero. The
whole expression is now skew and the §;-Cartan lemma gives

. 1. 1 1
¢ =2 5Che! - 5Cho! - 3Chal,

which satisfies the above system and proves existence.
As an application of these ideas, let us return to Example 1.
Example 1. Riemannian geometry (continued). On U x G where G =
O(n,R), we write
do=AANw.

Since SO(n,R) = SO(n,0), we have Q = I and the relations on the Maurer—
Cartan form matrix become,

dSS-1+1(dSS-1) = 0.

As such A + ‘A are the principal components.
Now define 6 = $(A —'A) and ¥ = 1(A +‘A) so that A= 6 + y. Now this
gives
do=0 Ao+ y Ao,

and we want to absorb the torsion terms ¥ A w into d A @ while preserving
the Lie algebra structure of 4.
This means we want to solve as many of the exterior equations
MAw=yvAw

as possible, subject to the Lie algebra conditions,

I+ 1= 0.
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This is just the special case of the SO(p, q) absorption lemma, where @ = I.
As such there is a unique solution IT to these exterior equations.
Now define
p=0+11

to produce the structure equations
(8) dw=¢pAw, where'!p=—¢.

Since the construction of ¢ was unique, the 1-forms @ and ¢ are a G-
invariant coframe on U x G. The Lie algebra valued matrix of 1-forms ® on
U x G 1s, of course, the Levi-Civita connection form. Further differentiation
of (8) immediately leads to the Riemann—Christoffel curvature matrix. We
will return to this example in Lecture 6.
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LECTURE 4
Reduction of the Structure Group

We have now seen two examples in which Lie algebra compatible absorp-
tion could be used to eliminate all the torsion terms. Unfortunately, this is
not usually the case. To understand the next step in the algorithm we need
to look further at the process of Lie algebra compatible absorption.

Let us introduce an n-dimensional vector space V' with a basis {e;}, which
we will use to identify with R” thought of as column vectors, and its dual
space V'* with the dual basis {f/}, which we will use to identify with R”»
thought of as row vectors. We also need the basis {¢,} for 7,(G), which is
dual to the basis {n?} of 7;(G). Since we will be interested in the natural
actions of G on these spaces, we will view 7,(G) as the Lie algebra of G and
write

T.(G) ~ G c Hom(V, V),

where under these identifications,
gp=) ale;® fi.

Matters being so, we view the linear map discussed in terms of components
in the middle of Lecture 3 in the following way. Define

sovL oAy
by
L (S vfer @ f*) = —5 Yo (al,uf — al,ul)ei @ £ A f*.
Associated to any linear map is its kernel-cokernel exact sequence
0— g — gV L veAr —IIg — 0.
Here of course
G =ker Land ITg = V ® A2V*/im L.

The space GV is called the first Lie algebra prolongation, and the space
1 is subscripted since it depends on the Lie algebra structure of G and the

31
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representation p : G — Aut(}'). The space Ilg is often denoted by 40(g) or
h%2(G) since it can be viewed as a Spencer cohomology construction.
Now let us define a map
g:UxG— VoAV

by
g(u,8) =) _ 7, (1,8) e ® fi A f*.

If we follow this map by the natural projection
VoA —IIg — 0,

we obtain a mapping
iy UxG— 1.

This mapping 7y is called the intrinsic torsion.
Now if

dQi = Zaj-,,fl"/\ﬂf + %er.kQJAQk onV x G,

and
dw = Za;pnﬂ/\w1+ %E)J;ka)j/\wk on U x G,

and there were an equivalence
PL:UxG—VxQG,

then the pullback equations from ¥V x G become
dwi = al PP Awi + %Er;‘.k o Dlwi A k.
Using the argument leading to (5) in Lecture 3, this implies
OUIle =7r + Y viwk,

and
1 I oCI>1ooJ'/\cu’<§l yi, o/ A wk mod imL.
2 jk 2 jk

As a result the diagram

UxG —— VxG

Id
Hg _— Hg
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commutes and the structure map is preserved under equivalences.
To simplify the discussion, let us suppress the components by defining the
vector-valued forms

w ={wr}, n={n*}, v={vf}

F=A{T0} v ={ri}

Thus in this notation the most general Lie algebra compatible absorption of
(3) is defined by
w=n+vw,

and this induces
I'=y-L{v).

Now we try to solve as many of the equations
Liv)=vy

as possible. Here and in the future we will identify the linear map L with
the matrix of L. If the rank of the linear map L is s, then there exist s
linearly independent rows of the corresponding linear equations, and we solve
the system with the right-hand side of these s linear equations arbitrarily
prescribed. Let us index such a set as follows:

i, P alt P — Wi
Zajlpukl aklpyjl - yjlkl

is P _ s P _ s
Z aj:Pka aksﬂyjs - yjsks.
If we fix such a set of components, let us consider the remaining ambiguity
in our coframes. Using these choices, we define a vector space projection

P: VAV —imlL
by
s

P (Zhj'kei@fj Afk) =Y h? e, ® fio Afh.

o=1
Now given H € V @ A?2V*, we abbreviate this map by
P(H) = Ho,
and use this projection to decompose

H=Hy+ H,
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and write the corresponding decomposition y = yy + y,. By the previous
remarks there is a v/ such that L(v') = y,. If we restrict to Lie algebra
compatible absorptions

W =A+K®

preserving the normalization, i.e., L(x) = yo, then
Kk €v' +kerL
or k = V' + v with v € kerL. As such,

w=n+W+riw
=n+viwo+rw

and making the initial Lie algebra compatible absorption,
T=n+rv'w,

we have the remaining possible normalized Lie algebra compatible absorption

in the form w = n/ + vw with

As a result the induced changes on the torsion coefficients become
F=y-L) =17

which means that the torsion coefficients are now well defined.

This last sequence of arguments was to show that the torsion coefficients
can be made well defined. This is not the only way to do this since there
are many ways to solve s of the equations L(v) = y and hence to define the
projection P. In practice we want to choose P as G-equivariant as possible.
This difficulty does not arise in simple problems, but cannot be ignored, as
we shall see in the examples of the Lagrangian field theories, and conformal
geometry.

The first structure equations are the equations

) . o1 C
— i _ i k
dw' = E a;,mP Awi + 3 E Vi Ak,

where the coefficients y}‘lk have been made unique by Lie algebra compatible
absorption, and as a result the ambiguity of = is given by

(9) (TZ) = (é l;) (Z)), where v € ker L.

Note that the first structure equations depend on the choice of projection P.
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A natural algebraic question arises:
“whenis §®V* 5V ® A2V* surjective?”

because then all the torsion can be absorbed. This is a property of the Lie sub-
algebra § C Hom (¥, V) and was solved in the irreducible case by H. Weyl
[W. 1922] and E. Cartan [C. 1922] and considered in the reducible case by
Kobayashi and Nagano [K-N. 1965]. Robert Bryant pointed out that the
paper [K-N. 1965] is not quite correct and supplied the proper statement
and proof which can be found in Addendum 1 at the end of this lecture.

Now we need to build the group action into the analysis. In Lecture 2 we
discussed the inclusion 7,(G) € M(n,R), where we viewed G C G/(n,R) as
the identity inclusion, i.e., G equals its image in G/(n,R). We generalize this
viewpoint to fit representation theory and let

p:G— Aut(V) V=R~
be the representation defining G C G!(n,R). This induces
px - T.G — Hom(V, V)

and results in
P+ G — Hom (V, V).

Associated to p is the dual or contragredient representation
pt: G — Aut(V*)
characterized by
(p(S)v, p1(8) S} = (v, f) forveV,feV,
and given explicitly in terms of matrices
PH(S) = 1p(S)".
If welet p(S) = (sj’I) and p($)~! = (a}), then the natural G-action on VQA2V'*

is given by
PNt G— Aut(V ® A2V*).

This action is explicitly given on the components hjk of a tensor by
pP® AZpT(S)h;k = Z ot afhyysin.
There is also the group action on itself by inner automorphisms

Int: G — Dif f(G), where Int (S)T = STS-1,
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This induces a group representation called the adjoint representation
Ad: G — Aut(G), where Ad(S) = (Int(S))..

If we recall
§=T.(G) c M(n,R),

and let [a(2)] be an equivalence class of curves defining a tangent vector in
T.G, then

Ad(S)[a(f)] = Int.(S)([a(D)]) = [Sa(t)S—!] = S[a()]S~".
Dually there is the coadjoint representation
Ad': G — Aut(T2(G)),

a representation we will need in Lecture 10.
There is also a natural G-action on § ® V'*, given by

Ad®pt: G — Aut(GQV*),
and a natural G-action
p+oAd® pt : G — Aut(Hom(V, V)@ V).
If {¢;} is the basis of T,G = G dual to {nz*} then

p+€s = @l € Hom(V, V).
If we let p(s) = aj, p'(s) = 5§, and

Ady(s)o pe€o =Y aldl,
then p. o Ads(es) = p(s)p«(€s)p(s)~1, because

D afaj, =) sfai.of

and as a result

P ON2p*(s) o L(v) Z Oy (Z anvi - aq,yp) shs{

= Za, ajauqsk —a? akaugs‘]’.’
= aj-a(a;‘ugs,‘j) - a,"w(a‘{z/p’sf)
=L(p« 0o Ad ® pt(s)v),

which proves that the linear map L is actually a mapping of G-modules

Hom (V,V)® V* 5 v @ A2v+.
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As a result the sequence
0— 6 —gaVsLVeAV —IIg —0

is an exact sequence of G-modules.
Since the quotient projection is a G-module mapping, we see

T5(u, CS) = (p @ N2pt)(C) 1y(w, S)

and hence deduce that the image of a fiber of U x G over U 1is an orbit of
the action of G on Ilg.
Now we come to an important definition.

An equivalence problem is of first-order constant type
if 7,,(U x G) is a single orbit of G on Il;.

If an equivalence problem is not of first-order constant type, then there are
two possibilities. First, there could be a finite number of orbits, in which
case the method can be applied one orbit at a time. Second, it may happen
that the orbits are not finite in number. Cartan actually indicates how this
case might be handled, but the added complexity in exposition and subtlety
prohibits the consideration of this difficulty in any generality.

Now we assume that the equivalence problem is of first-order constant type.
If we choose a fixed vector, usually a particular normal form in the image of
the structure map, say

7o = ty(Ug, So) € 1,(U x G),
then there will be an isotropy group of this vector,
Gy, ={C € G|p@A2pt(C)19 = 70}

Since 7,(U x G) is an orbit, and there is only one orbit, it follows that
7,(U x G) is the orbit of 7. Now since G acts transitively on 7, (U x G) it
can be identified with the homogeneous space G/G:,. The structure map

7, UXxG— G/Gy,

has constant rank, hence 7 !(7¢) is a manifold. The point 7y (1, e) is on the
orbit, hence for each u there is a C(u) € G such that

(p ® A2pT)(C(u))t,(u, e) = 7o
Therefore
15 (10) = {(4, C(u) Gry )u € U}

is a manifold which submerses onto U. A 15-modified coframe is a section of
1:{,' (10). The Implicit Function Theorem implies that there is a local section,
I'(u) = (u, Bu (1)), where

Bu:U—G,
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which satisfies
Ty (4, Bu(u)) = 1,(T'(w)) = 1.

Utilizing this map Sy : U — G we can construct a to-modified coframe
by taking the coframe Sywy.
Note if there is an equivalence ®! with ®!(uy, Sp) = (vg, Tp) then

79 = Ty (t0,S0) = v 0 Pl (uo, Sp) = v (0, To).

With this preparation we can now state the most important and historically
worst-treated result in the subject.
THEOREM (REDUCTION OF THE STRUCTURE GROUP). A mapping

b:U—V

induces a G-equivalence if and only if ® induces a G.,-equivalence between
1o-modified coframes given by

Bvowy and  ByQy.

Proof. Given a solution P of the original equivalence problem, we have
O+ (BrQy) = (Bv 0 P)yyywu = (Br o D)y, By ' Buwy

and if we define ayy = (B o /)y, By, we must show ayy € Gy,
Let the lifted equivalence of @ be ®!, then we have

10 = Ty (1, Bu(u)) = 1v 0 D (1, Bu (1)) = v (P(), Bu W)y y)
= 1y (D(u), Bu () yy By o D))~ (By o D(w)))
= (p @ A2p1)(Buyi((By o ®(w)~1) Ty (D(u), By o D(u))
= (p ® N2p)(Buyy By o ®)~1)10,
hence Buyyy(By o ®)-! is contained in Gy, but then the inverse

(Bv o ®)y,, By is contained in Gy, as desired.
Conversely, given a solution for the equivalence problem

‘D*(ﬂVQV) = a,,U(/?UwU) with apy € Gzo,

then
O Q) = (ﬂy o Q)—laVUBUwU.

Since (By o ®)~! and By are in G, a,,, is in Gy, and G, is a subgroup of G
Yy =Breo®)~layyBy €C

as required.
This is great theoretically, since the smaller the group the easier the problem
is likely to be.
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There is an important class of problems, which was pointed out by Robert
Bryant, that are not of the first-order constant type, but are still amenable to
group reductions. This will be discussed in Addendum 2 at the end of the
lecture.

A practical point we now need to address is the method to choose 7j. Since
working on a quotient space is annoying, it is natural to ask if we can study
the G-action on Iy by lifting calculations to V' ® A2V*.

As such, let us choose a vector-space splitting

0—Tlg SV eAV~.

If we let H € V @ A2V* and [H] its equivalence class in ITg, we may define
a vector-space splitting by
o([H])) = Hy,

where H, was the complement to the projection P on ImL defined in the
first part of this lecture. This is equivalent to making the choice of P defined
earlier.

The splitting described above cannot usually be chosen to be a G-module
splitting, but should be chosen to be a G-module splitting if possible. Natural
combinations of the equations L(v) = y, such as contractions, are preferred,
if they exist, since then the associated splitting will be a G-module splitting.

The secret to choosing 7o € Il in a canonical way is to find a normal form
for the orbit 7,(U x G) in II;. The classical approach, that is, before the
1980s and excluding Cartan, was to work on the group level. This required
actually parameterizing the group G or knowing deep special properties about
G. The most efficient approach is to work at the Lie algebra level.

The group action on the structure tensor can be uncovered by computing
the relations

d?w =0

modulo subspaces in the base, and using linear combinations if necessary to
solve for the torsion terms

dyj’ﬁk mod base.

This is the information needed to deduce the G-action on the structure
tensor and to choose an appropriate normalization. In his theory of Répere
Mobile, Cartan called such a normalization the first-order normalization.

It is a fact that the more representation theory you know the easier it is to
solve complicated equivalence problems. If you know how to decompose

Hg=@Wa

into irreducibles then you can focus on relatively simple actions.
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Although this representation theory may seem hard to apply, often irre-
ducible subspaces can be spotted from d Yik mod base. Irreducible components

of the structure tensor are often produced by introducing block matrix decom-
positions of G or by looking at the structure equations modulo known invariant
subspaces.

Infinitesimal group actions.

A representation p : G — Aut V induces a linear map
Px: To(G) — Ty Aut 'V,

where [ is the identity transformation on ¥V, defined on an equivalence class
of curves [a(¢)] with a(0) = e defining a tangent vector by the formula

pxla()] = [p(a(t))].
Using the identifications
T.GCc M(n,R) and T;AutV ~Hom (V,V)
this mapping is defined by
da dp(a(t
p. (42) = deteto)

di)” " dr

dt
Since this holds for all curves a passing through the identity we have
p«(dS)e) = dp(S)le.
At first sight this formula seems unnatural, but if we recall
dSe M(n,R)® T¢(G)

we see that the action p. above is really p. ® 1.
Now let vg € V' and consider the vector valued function on G given by

v(S) = p(S)vo.
Then

dv = d(p(S)vo) = dp(S)p(S)~1p(S)ro
= p. (dSS-1)v

hence

dv — p. (dSS-YHv = o.]

Thus the infinitesimal group action is expressed in the boxed equation, and
standard Lie theory tells us this is sufficient to reconstruct the local group
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action as long as G is simply connected (see [Wa. 1971]). Let us look at the
standard Lie algebra actions.

The contragredient representation. Here pt(S) = ‘S-! and

e (d;(tt) ) vo = (dpfc(iotz(t))) vy = (@’7(?_1) vo

=~ (a1 L2t ) o

which at ¢ = 0 gives

The similarity representation.

p(S)vo = SvpS—!

- (228) o = £ (atwoat)

dt
_ da(t)

T voa(t)~ l+oz(t)voii—( 0~

which at ¢ = 0 gives

= 4 0y - w2 0).

The tensor product of two representations. Given ¢ : G — Aut}V and y :
G— Aut W, then ¢ ® v : G — Aut(V @ W) is defined by

(¢ ® w)(S) = &(S) ® w(S).

Thus we look at the action

waw. (52 = T van)

= 3;(¢(a(t))) ® w(a(t)) + ¢(alt)) ® %(W(a(t)))

which at t = 0 gives

=¢.(‘2 )®1+1®w*(‘2(;)
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Translational action. This is not a vector representation but arises as part
of a vector representation, €.g.,

(4 1)()-()

v{x) = f(xX)vg=v9+ X

Hence let

then

£ (4240 0, - tet0)

d
T, 7; Vo= E(vo+a(t))

which at ¢t = 0 gives
_da
T dr

Determinantal action. This is the representation
p(S) = (detS)m.
Then

P (‘2—?) = %(deta(t))m

m_19 deta(t)_

= m (det a(t)) T,

Using d log(det S) = tr{(dSS-1) at S = ¢ we have

(2 = i (22
Pel\dr) ™ dt )’

Example. To see these ideas in an applications, let us assume a block
decomposition of the structure equations in the following form

w 7y 0 O w bnAw
d(@)z(ﬂl 0 0)/\(0)+(An/\w),
n B B m n 0

where A is a matrix and b is a vector, then
w
dlé]=0
n

dA—-Any+711A=0 mod(w,8,n)
db+mb—-AB =0 mod(w,8,n).

leads to
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Hence, since there are no relations on 7, 7; and 8, we deduce the action of
G on A is by
PAQ-,

and the action of G on b is by left multiplication by Q and by a translation,
but the nature of the translation depends on the nature of 4. If 4 is invertible
then it is an arbitrary translation in the subspace in which b lies. In this case
we could normalize A =1 and » = 0.

There is one additional Lie algebra representation we will need later; this
is the representation induced by the coadjoint action.

Coadjoint action. The coadjoint representation
Ad': G — Aut(T7(G), T (G))
induces a Lie algebra map
ad": § — Hom(T}(G), T*(G)).

This action is important in identifying the Lie group that preserves the struc-
ture equations produced at the end of the method. This will be taken up in
the last lecture.

Let X = [«(?)] be a right invariant vector field, hence a(?) is a 1-parameter
group of left translations which we denote by exp tX. Then given @ a right
invariant Maurer-Cartan form,

it

d
(Adl[a(0], @) = T LuyoR

d . d .
= ELa(t)w = E(exp tX»w = Lyw,

(ad' X, ) w

al)

where Ly is the Lie derivative. Using the Cartan formula, relating the Lie
derivative, exterior derivative and interior product we see

(ad'X, @) = X Jdw +d(X Jw) = X Jdw,
since XJw = constant.

Now if we choose { X,} € G dual to a basis {w #} of right invariant Maurer—
Cartan forms and use the structure equations of G, we see

1
X, 1dwo =X, 153 Cymwenwh =3 Chw?,

and therefore,
ad'X, = (C3,) € M(n,R).

Addendum 1. The question

“whenis ® V* L v @ A2V+ surjective?”
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has the following solution.

Case 1. If G acts irreducibly on V then either § contains a sub-algebra h
which is the sub-algebra preserving a nondegenerate symmetric bilinear form
{, )Yon IV orelse dim V=2 and there exists a constant 4 > 0 so that, in a

basis, we have
{ ( x —Ax) xe R} ’
AX X

(note that, as A varies over (0, 00), these algebras are all inequivalent).

Case 11. If G acts reducibly on V, then § preserves a subspace of dimen-
sion 1 (exactly) and, choosing bases appropriately, the possibilities are (for
dimV =n+r):

(1)
{6 3)
91={<'1(‘6A) z)’Aegl(n,R),bet(R")}, leR
9={(g g) a,beR}
91:{(8 /&)

aeR}
dimV =2, 1 #0.

In Case II, it is easy to see that the four cases exhaust the possibilities as
follows: If W C Visfixedby § anddimW =p >0anddimV =p+¢q > p,
then we may choose bases so that

acRbe(Rn),Ac gl(n,R)}

if dim ¥V =2
(4)

W=(xl,.-.,xp,()’...’0)_
If we had torsion equations of the form
1€ig dwi—zl"wi/\wk+"wi/\wa+l" we A wf
lis)D, = Zyjk Via zyaﬂ
| ) ) 1
p<a<p+aq, dwa=Z§y;'kwf/\wk+y;'ﬂw1/\wﬂ+—2-y;ywﬂ/\wv

then p > 1 implies that the V%, cannot be absorbed since § is a sub-algebra

of
(5 1) =stnm.
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If p =1, then Vi = 0 of course, so we need to worry about Yig and Y3y But
Yig can be absorbed for arbitrary Yig if and only if the lower right g x g block
is everything. Thus § must contain the algebra

(8 gl(()Q))'

This will suffice to absorb all of the dw= torsion. Now, if ¢ > 1, then there
will be nontrivial y! 5 terms. Thus, § cannot be in

(S gl(()g))
(8 gl(()g))
(6 6):

(8 gl?Q))'

This algebra is enough to absorb all the torsion, and the subcases (i) and
(ii) are the only algebras between this one and g/(V, W). The case ¢ = 1 is
exceptional, for then y’ 8 vanishes identically and we may then take b = 0
which leads to subcases (iii) and (iv).

Addendum 2. In spite of Cartan’s indications on low to proceed, the general
case of equivalence problems resulting in an infinite number of orbits may not
even be approachable. There is, however, a situation, which occurs naturally,
where group reduction is applicable.

Let G C GL(n,R) be a Lie group, then a subgroup H C G is said to be of
stabilizer type if there exists an element v € I1g so that H = {g € G|gv = v}.
Note that any subgroup conjugate to one of stabilizer type is also of stabilizer
type since, if H = {g € G|gv = v}, then aHa~! = {g € G|g(av) = av}. If
H C G is of stabilizer type, we may let Wy = {v € [Ig|Hv = v}. Then Wy

Since

acts irreducibly on

it follows that G contains

is clearly a nontrivial vector subspace of IIg. We let Wy = {v € Wy|gv =
v = g € H}. Then Wy is easily seen to be an open dense subset of Wy.
o o

Note that if v € Wy and gv € Wy then gHg—! = H, so g € N(H)
(equal to the normalizer of H in G). Thus

(Gu)NWy = N(H)v.
It easily follows that if we define a map u : G x V(i/H — I1g by

u(g,v) = gv,
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then the fibers of this map are the orbits of N(H) under the action (g,v)n =

(gn, n—1v) where n € N(H). If we let Zy = u(G x Wpy), then Zy consists
exactly of those elements of I1; whose stabilizers are conjugate to H. Thus,

Yy is a smooth submanifold diffeomorphic to (G x V?/H) /N(H). In fact, we
have a fibration

NH) —— Gx Wy

|
ZH.

A submanifold S C Wy will be said to be a section if, for all v € S,
Gv NS = v and S is transverse to Gv in Wy at v (it is not obvious that

sections exist). Note that, by definition, dim S = dimW H —dim G + dim H.
We will say that S is maximal if it is not a proper subset of any other section
o

in Wy, We will say that S is affine if S is an open subset of an affine subspace
and /inear if S is an open subset of a linear subspace of Vci/H. One method
of constructing an affine section is to take v € Vci/H and a linear subspace
L£cC V?/H so that £ is a complement to T,,(N(H)v). Then, if the N(H)-orbits

[+
are closed in Wy, an open subset of v + £ will form a section.

Given a triple (G, H, §) as above, we will say that a G-structure B C F(M")
admits an H-reduction of type S if 1y : B — Ilg has image in G-S, where 7y
is the intrinsic torsion function. In this case, we may define an H-structure
B’ C B by letting B’ = rg'(S) (by hypothesis, 7y is transverse to .S). This is
the most general case in which a smooth reduction to an H-structure can be
accomplished. Note that a necessary condition for this (but not sufficient) is
that 7y (B) have its image in Xp.
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The contents of the first four lectures can be visually summed up in the
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The inductive step is simply to keep going down Loop A with the new
group G, and the new coframe. Let us begin with an example since the last
lecture was all theory.

Example 4. One-dimensional time-fixed Newton’s equations (continued).

w! 1 0 0 w},
w}j=10 10 w} | .
w3 -z z w w3

If dw = A A w then since

1 0 0 1 0 0 0 0 0
di 0 1 O 0 1 0 |=10 0 0 ,
-z z w zfw -z/w 1ljw -+ *x dw/w

where * = dz — z/w dw, the principal components are given by
A11,A13,A13, 821,422, A3, and Az + Ag,.

This could be seen without explicit parametrization by noting

1 00
(w,z)—| 0 1 0
-z Z w

gives a faithful representation of the semi-direct product of R* and R with
connecting homomorphism given by right muitiplication, i.e.,

(w, z)(w', 2') = (ww', z + wz').

The general structure of Lie algebras of semidirect products then implies

0 0 0
oS)=[0 0 o].
—% * % %k

Often the nature of the problem leads to integrability conditions that force
the principal components to be zero and not just congruent to zero mod base.
In this case the special information consists of

dow! = dow}, =d(dx) =0,
so here A;y,A2,A;3 can be taken to be zero; and

d ’
dw? A w? = dw} A w} =——"f/\w2/\w2=0,

hence dw? is a multiple of w? and we can take A,; and A,; to be zero.
Therefore we may assume

w! 0 0 0 w!
dl w2 =10 o 0)A[| w?
w3 y B o w3



THE INDUCTIVE STEP 49
with principal components of order 1
a, B+7.
Since
a=awl' +bw?+cw3 and y=-Btew!+ fw?+ gw’

we can rewrite this equation in the form

w! 0O 0 O w! 0
dlw? =10 0 0JAlw?|+]|avAwi+bw3Aw?
w3 - B 6 w3 ew' ANw?+ gw3 Aw?

The terms e w! Aw? and g w3 Aw? can be absorbed by replacing J by § — g w?
and f by f — e w?2. The remaining terms aw! A w? and b w3 A w? are well
defined.

We will not introduce a new name for these modified forms § and 4. As
usual we compute

0=dw?
=daNw' AW —aw' A(cdANw?)+dc AN} w? + cdw’ A w?
—cwdA(aw! Aw?).

If we wedge with w3 we get

dano' N2 A3 +cfA A2 Aw3=0
and if we wedge with w! we get

dbADP AP AN +cINDIANDIAR! =0

which implies
da+cf=0
dc+c¢é=0

Exercise. Show ¢ # 0. (Hint: look at dw? A w!.)
Now we can scale ¢ to —1 and then translate a to zero to give

mod base.

dw? = w2 A w3

and
f.,0 =0 mod base.

Thus we have found new principal components which are called principal
components of order 2. The group G(!) is now reduced to {e}, and we have
new torsion terms

ded3 =l A2 +mw? Aw? +no! Ao,
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Not all of this new torsion is nontrivial because there is an integrability con-
dition arising from the reduced equation for w?2. This results in

O0=d2w?=dw? Aw3 — w2 Adw3
= —w? Adw3
=—nw? Ao Awd

which implies # = 0. Thus there are two basic invariants / and m and
structure equations

dw!=0

dw? = w? A @3

do3 =Tw' Aw? + mw? Aw3.
Exercise. Do the parametric calculation and show

1af d _af 2f
- y! ox ) y! y! :

Note that we continued the procedure without having to do nearly as much
work as the first pass through Loop A to the group reduction. In particular,
note that although we reduced the group to G, where ty was determined
by b = —1 and A = 0, we never had to explicitly determine G-, or find the
explicit change of initial coframe. Further the new principal components were
handed to us for free. This may not seem very spectacular since we know
G;, = {e}, but this feature would have been the same even if there were
further normalizations and reductions. This makes the abstract solution of
equivalence problems® magnitudes easier than the parametric solutions. As
mentioned before, given the abstract solution it may be possible to find the
parametric solution by using a symbolic manipulation program, but now the
change of frame corresponding to the reduction must be explicitly considered.

Another advantage to the inductive nature of the procedure is that the
problem need not be completed to get interesting information. In fact, each
time around Loop A produces invariants involving information at one higher
derivative’s complexity. Thus, if the interpretation of invariants loses signifi-
cance when they involve derivatives of a certain order N +1 and all invariants
have not yet been determined, the procedure can be stopped after N times
around Loop A. Let us consider an example where once around Loop A gives
interesting information even though the full solution requires three times
around Loop A.

Example 6. Geometry of the integral (continued). The group G was seen to
be

A 0 0
G=|b D 0
B b, A,
with det D = 1. The Maurer~Cartan matrix for S € G is
*x 0 0
dass-1={x 4 0],

* * %
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/] T ) 2 6
d w)=(/31 é a3)/\(w),
n B B m n

We see the principal components of order 1 are a;, a;, a3, trd. The forms
d0 and dw have no terms quadratic in », hence

with trA = 0. If

az, a3 =0 mod (0, w).

As such we may write

o m 0 0 7] ayANw+az AR
dio|=18 6 0 |Alo]|+|irélAw+aAy
n B B m n 0

where 6 =6 — Ltré I, hence tré = 0.
If we write

ay=ré+'wJ+1In ay=nb+'wN, oa3=pl+'wL,
(1/m)trd =q6 +'wP +'nV
and set B
fi=m-—-rwo-nn B=f-qw-py

we see that we can absorb the terms with r, n, p, and q.
Since P only occurs as 'wPw we may assume !P = — P, and deduce tr P = 0.
Thus setting

A=0+!'wP, MWw="Vw+'wLy '‘oMnp=InAw+!'wNn

which is an example of a natural absorption, we have

6 71 0 O 8 twJw +twoMn
(9) d(w):(ﬂ, A O)A(w)+( MW )
n B B m n 0

and taking d? gives

dJ —tAJ —JA+m,J - %(Mﬁz_tpzzM) ~0o
dM —a M —Mn, —'1AM =0 mod base.
dWw + By +tmaW =0
A parametric calculation shows

M= _L}WAI (D145 40,
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hence we can normalize M =1, J = 0, and W = 0. The next rounds of the
loop are quite complicated, and in fact have only been completed for m = 1
(see [B-G. 1990]) and m = 2,n = 1 (see [G-S. 1985]), and as such we will
stop here after looking at the special case of m = 1, the particle Lagrangians.

In this case the torsion (9) before normalization can be written in the
simplified form

] 7, 0 O ] A
d(w)=(ﬂ1 0 O)A(w)+(b)n/\w.
n B B m n 0

with the induced action

dA = 7(1A - A7C2

db = f, - by } mod base.
A parametric calculation shows that 4 is a nonsingular multiple of
(821/8p.0pg) and hence det A # 0 is the regular problem in the calculus
of variations. Let us look at the positive definite case. With this assumption
we can normalize

A=1, b=0

()= 2 2)- () ('%)
dlol={g 0 olalwl+| o
n B B m n 0

with new principal components

and find

ny —n, Bi.

This means there is no group action left on « and hence w is invariant.
A parametric calculation gives

oL
O0Pa

w=de+Z (dzo — padXx).

This is the Cartan form or the Hilbert Invariant Integral, which is the key tool
needed to establish Hamilton’s principal in the Calculus of Variations. It is
quite typical that the method of equivalence will uncover subtle invariant
forms and conservation laws without need for deep insight into the problem.
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Overdetermined equivalence problems.

Let G, G' C G/(n,R) be two subgroups and let wy, 8y and Qp, Oy be two
pairs of coframes on U and V, respectively. We want to find necessary and
sufficient conditions that there exists a diffeomorphism

. U-V

such that
OQp = Yy WU, 0, = OLVUG(J,

where y,, € G and oy, € G'.
As before, this problem can be lifted to finding

PL.UxGxGE -V XGExG,

where
Olws,4) = SWuU, Oliu,s.4) = ABy

Q| 7,8 = TQy, O\, 7.8 = BOy

satisfy
O1+Q = @, DO = 4.

Exercise. Verify this by mimicking the argument for the determined equiv-
alence problem (see [G-S. 1986]).

The idea is to use the group actions on the lifts to U x Gx G’ to normalize the
problem and reduce to a subgroup G; C G (or equivalently to an isomorphic
subgroup G C G'). Since we are dealing with coframes there are nonsingular
matrices my and My such that

9(] = mywy, QV = MVgV.
Similarly there are nonsingular matrices m and A such that
6 = mw, 8=MQ,

where in fact
m= AmyS—1, M =BM,T-!.

The lift ®! is easily seen to satisfy
Mo®! =m,

so we have a zeroth-order invariant.

The reduction of structure group technique suggests that we use the G x &
action to normalize this invariant matrix of functions. In particular, the nat-
ural goal is to normalize some submatrix to constant values or, if possible, the
whole matrix to constants. This is not always possible and leads to equiv-
alence problems with invariant functions. Although Cartan even indicated
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how to deal with this twist (see Appendix), we will not, again because the
extra complexity would cloud the general ideas.
If we normalize m to my then we have to restrict to Sy € G and A4y € GV,
satisfying
Aom(jSO_ = Mg,

and this induces a reduction of the lift of w to Spwy. Now choose a fixed
coframe w{, at each point with w), € Sowy and define a subgroup of G by

G ={0€G|aw) € Swy}, where AymySy' = my.

The reduction of the structure group technique now goes through (see [G-S.
1986] for details) and the original problem is equivalent to solving

QY = B, 0y, Byy € Gy,

where Q‘,’, has been chosen, component by component, exactly as w‘l’, has
been chosen.

Example 3. Web geometry (continued). We saw that y’ = f(x,y) under
®(x,y) = (¢{x), ¥(y)) is an overdetermined equivalence problem with

o= (62 (@) o= ) (a)

thus
_fa O\ [(-f 1 l/u O
0‘(1) c)(l 0)(0 1/v)“’
—af a
_ u v
" =brre b |¥
m
Normalize
—af a
_ u v
P bt b
u v
by setting
v =a, =c
0=>, =af
which gives
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o=(4 0) (%),

A fixed coframe in this family is given bya =1 or

W, = (fd(j;x>'

The elements of G which have & as the w?, orbit satisfy

This induces

ufdx=afdx, vdy =ady,
hence v = a and 4 = a and thus u = v. This shows
- {u 0\ (fdx
o= (5 ) (%)
s, e’ v, e’
G} of,
which recaptures the reduction found by a special technique in Lecture 1.

Example 4. Time-fixed Newton’s equations (continued). We saw p" =
F(x,y,y) under ®(x,y) = (x,#(x)) is an overdetermined problem with

1 00 dx v 0 O dy —y'dx
w=10 u 0 dy |, 6=}z w O dy — fdx
a b ¢ dy’ I m n dx

then
v 0 0 -y 1 0 1 0 0
=]z w O - 01 0 1/u 0 |w
I m n 1 00 —ajc —bjuc 1/c

—ylv viu 0
= ( -yz—w(f+ajc) (z-bw/c)/u w/c) .
-yil-m(f+ajc)+n ({-bmfc)Ju m/c

Setting
v=1/y', v=u implies u=1/y,
and
bw . ..
c=w, z=— implies b = z,
and

m=0, 1=écﬂ implies / = 0.
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The (3,1) position —y’/ — m(f + a/c) + n equals n with n # 0 and the (2,1)
position —y'z — w(f + a/c) equals —y'z — w f — a; therefore m has the form

-1 1 0

x 0 1].

n 00

n=1 and a=-yz-w/f,
1 10
m— |0 0 1].
1 00
This induces

1 0 0 dx
o= 0 1/y' 0 dy (note w # 0)
—yz—-wf z w dz

( dx
= dy/y’ ) .
z(dy - y'dx) + w(dy' — fdx)

A fixed coframe in this family is given by

Now since n # 0 set

which normalizes

z=0, w=1

dx
), = dy/ly’ .
dy' — fdx

The elements of G which have & as the ), orbit have

or

u dy = dy which implies u =1

y v
and
adx+b a;—J,) +c(dy' — fdx)=z(dy —y'dx) + w(dy' — fdx)
orc=w, a=~-zy', b= zy’, which implies a = —b. Thus

1 00 dx
o= 010 dyly ,
-b b ¢ dy'— fdx

o

0
G ),

which again recaptures the reduction found by a special technique in Lec-
ture 1.



LECTURE 6
e-Structures

After enough iterations of Loop A, we will come to the situation where
the action of the reduction of the group on torsion is trivial. If G has been
reduced to the identity then {w!,- -, w™} no longer involve group parame-
ters and define an invariant coframe on U. The Newton equation example
was such a case. If G has been reduced to a group with (1) = 0, then
{w!,--- ,wm, !, -, w} defines an invariant coframe on U x G. This oc-
curred for both Web geometry and Riemannian geometry.

In either case, we have an equivalence problem, one on U, the other on
U x G with an invariant coframe, and hence equivalence problems with G = e.
In modern language this is the problem of finding invariants of e-structures,
where an e-structure is simply a space with a specified coframe.

Cartan called the equivalence problem with the trivial group the restricted
equivalence problem. This has a complete solution which will now be pre-
sented (see [C. 1908], [S. 1964]).

Thus assume we are given two coframings (U, w) and (V, Q) and want to
find necessary and sufficient conditions that

O Q = w.
The structure equations have the form
W =Yy Awk and dQi=) TLQAQk
If there were an equivalence, then G() = 0 implies
pi =T o ®.

Given a coframing w, there are natural “covariant derivatives” for a function
f: U — R, defined by

df =¥ fuw'.

Similarly, given Q and a function g : ¥ — R, we define

dg =) 8.
57
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As such
D V@ = dyl = d([ 0 ®) = *(dTY, )
= (LT Q) = Ty 0 @00
= Z r;k;[ oPw
and as a result . .
Vi = Vg © @

This last argument is of course inductive for higher covariant derivatives of
the structure functions.
Now define

Fs(w) = {yjl'ks yjl'kll]’. t ’y}k“l”"is—l; 1< iaj3k; ila e 9is——l < n},

which we view as a lexicographically ordered set. This is a set of invariants

of the s-jet of the e-structure w. (Note the definition of F;(w) differs from

Sternberg [S. 1964] in that his index s is one less than the order of the jet.)
Two natural invariants of this set may be defined. Let

ks = rank{d Fs(w)},

where we mean the dimension of the span of the differentials which occur in
the ordered set Fi(w).

Thus k; is an integer valued function on U. The order of the e-structure
at p € U is the smallest j such that

ki(p) = kj1(p).

If j is the order of the e-structure at p, then the rank of the e-structure at p
is the dimension
p(p) = kj(p).

Note 0 < j < n, the case j = 0 occurring when the structure tensor has
constant coefficients and p = n occurring if and only if one invariant function
is added at each jet level.

As such an e-structure is said to be regular of rank p at p if the rank p is
constant in a neighborhood of p. In this case there exist functions { f;,--- , fp}
defined in a neighborhood of p where

S HheF(w),  dhn---Adf, #0,
and any function g € Fj(w) satisfies
dgndfin---Ndf, =0.

Note that these f},-- -, f, can be extended to a coordinate system about p.
We denote such a coordinate system by {xi} where x’ = f; for 1 <i < p.
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Exercise. If an e-structure is regular of order j at p, there is a neighborhood
of p such that
k[ =k j !> J-

THEOREM (EQUIVALENCE OF ¢-STRUCTURES). Let w and Q be regular e-
structures of the same order j and rank p. Let

hy:U—-Rm and hy:V — Rm

be extensions of an independent set of elements of Fij(w) and F;(Q) to co-
ordinate systems constructed from identical lexicographic choices of indices.
Define

c=h;lohy: UV,

then necessary and sufficient conditions that there exist
Q. U=V with *Q=w

are that
Fis1(Q) oo = Fjiy(w)

as lexicographically ordered sets.

This theorem is nicely done in [S. 1964], the proof there and here is Car-
tan’s, but our treatment is more leisurely. The difficulty is that we must
produce the map ® from the e-structures w and Q. Cartan had a method
to produce maps which F. Warner calls the technique of the graph (see [Wa.
1971]). As the name implies, the idea is to solve for the graph of @

@) :U—>UxV

defined by
L(®)(u) = (u, P(u)).

We actually used a special case of this technique when we characterized
immersions in groups up to right multiplications in Lecture 2.

PROPOSITION (TECHNIQUE OF THE GRAPH). Let (U,w), (V,Q) be e-
structures with U connected and let ny, ny be the natural projections of U x V
on U and V. If the differential system

Ayxy = njm — 1, Q
is completely integrable, then there is a map @ : U — V satisfying
P*Q = w;

Sfurther, if the condition ®(p) = q is added, the map is unique.
Proof. Given the hypothesis and the condition ®(p) = ¢, we consider the
unique leaf £ through (p,g). We claim

ny.: T(L) - T(Uj
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is an isomorphism. In order to see that my. is injective we assume ny.(X) =
0, then, since X € T'(£),

0=Ayxy(X) = (ajw, X) — (n},Q, X)
= —(R;Q, X)s

but Q is a basis, hence 7y, X = 0 and X = 0. Since dm7(L) = n =
dim T(U) and zny. is injective, it is an isomorphism. Now we apply the
Inverse Function Theorem to deduce that ny|z is a local diffeomorphism
for some open set W € L. Extending this to a global argument is a subtle
business, but important when possible. See F. Warner’s book [Wa. 1971] for
some examples.
As such we may define
O=n,0 nl‘,l,

where the maps are defined as follows:
U g™y
We claim @ has the desired property. Let z € T(U) then
0=Ayxy (naiz) —(nhw,ng.z) — (A3 Q,np 2)
= {w, z) — (®*Q, z)

and since z was arbitrary
O*Q = w.

If we were given a second solution
g:U—V withg*Q=w, glp)=4
then the graph of g
I(g)(w) = (u, g(u)) = (I x g)(u)

satisfies

[(g)*Auxy = (ny o I'(g))* @ — (ny o T'(£))*Q
=I*w-g*Q
=0.

In particular, then, the graph of g agrees with the leaf [, and the uniqueness
of the Frobenius theorem implies

I'(g) = T(®)
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or
d=g.

Note that the general solution of the problem without the initial data
®(p) = q depends on the n parameters corresponding to the specification
of the coordinates of gq. A diffeomorphism @ satisfying

O =w

is called an automorphism of the e-structure.

CoROLLARY. Let U be a connected open set with an e-structure w; then any
automorphism with a fixed point is the identity.

Proof. Any automorphism @ is uniquely determined by initial conditions
®(p) = q. Hence if there is a point p with ®(p) = p, the automorphism must
agree with the identity automorphism.

We can now prove the theorem on equivalence of e-structures.

Proof. Let

hU(P) - (yl’... ,yp’y/H-l’... ’yn)

and Ay(q) = (Y!,.--,Yr, Yr+l ... Y1) and let us fix the range of indices
1 <a,By<p,p+1<ab,c<n1<ijk < n Then the regularity
hypothesis implies

dye =)y, ,yr)wl,

defines a p x n matrix Yi; of rank p. Relabel if necessary so that the first

p x p block is nonsingular. (Note this will change the lexicographic ordering
of Fij(wy) and F;(Qy).)
Now
yp= (y""ﬂ |y|°;) with detyi‘ﬁ #0

and let (yl‘fg)~l = gup. Then

n
Zga,gdyﬂ = w* + Z boaw?

a=p+1

or

W = Zaaﬁa’yﬂ + i boqf.

a=p+l

Similarly we have
n
Gop=(Y3)™!, Qx=3 AudYE+ Y BuaQe.
a=p+1

Since
Yio0=yjs
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Cramer’s rule guarantees

Gaﬂ 00 = gaﬂ,
and hence
Aup o0 = a,g, Byso0 = bag.
From
dye =3 _yipof + 3 e
we see

dya/\wp+l/\.../\wn= yawﬂ/\wp+l/\.../\wn
|8

and
dy'A---Ady? N@PHIA- - At = det(ylﬂ‘ﬂ)a)1 AP AWPHA- - A # 0.
Hence we have new coframings
{dy!,--- ,dys,wr+! .- ,wn} on U,

and
{le’...,de’QpH’...,Qn} on V’

which must be preserved by a diffeomorphism
b:U—-V

solving the problem.
The technique of the graph cannot be applied in the usual form even if the
system

Ayxv
were completely integrable, because it would produce maps ® with

®*dYe =dye

or
Yo o ® = yo 4 constant

and we need
Ya o q) — ya

on the nose.
To guarantee this, we must modify the technique of the graph by restricting
to X;,-, the submanifold of U x V' defined by setting
yl = Yl,-" S VP = Yr

and considering the differential system

nywe — Q4 on Zy,p.
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OnUxV
d(nyws — n;Qa) =§: Vi © My AW A mh ok
- ZI‘;‘.k omy ny, U Amy QK.
The hypothesis gives
% o0a=y% or T4 ohylohy=7% or T4 ohy' = y% oyt
Given p € U and q € V' we have

I2.(q) =T% o hy' o hy(q) = T2 o hy'(Y)(g), -, Y7(q))
=T% ohy ' (YY(g), -, Y"(q))
and
% (p) = ¥4 o hy' o hy(p) = ¥4 o by (Y1 (D), -,y (D))
=74 ok, (V1 (p), -, ¥"(P))
hence on Z;,_, we have
y;.’koﬂu=r?ko7ty.

Now let us drop the ny, 7, maps and show that the system w?—-Q4 on X, ,
is completely integrable.

d(we— Qo) =Y " y% () A wk — Qi AQK)
=3 @) A (k- QF) ~ QA (@) - Q)
= v A(we— Qo)+ )y we A(wr — Q)
= PGSOk A (o — Qo) = Y 8 Qk A (e — Q)
=) (y%,wi — Y2, Q) A (w* — Q) mod {ws — Qe}.
Now a similar argument to that given above yields
Aagomty =aupony,  Baaomy =bagomy,
hence
LW~y Qe = Zaaﬂ omydyf + Z baa 0 My} 04
=Y AaponmydYE 4+ Bogomym; Qe
=Y aggony(dyf —dYE)+ ) beq o ny(nfws — n},Q0).
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Additionally, on X,,_,, we have dyf = dY#, w> — Q> = 0 mod {w? — Q2}
and the previous calculation gives

d(w? - Qa) =0 mod{w? — Qa},
which proves the integrability as needed. A unique leaf of {w? — Qa} through
a point
(yl’... ’yp,yp+l,.‘. ’yn;Yl,.‘. ,Yp’YpH’.” ’Yn)

in X,,_, gives a submanifold £ of dimension equal to 2n —p — (n —p) = n.
This leaf is an integral manifold of the differential system

{dyl _dY1>"' ,dyp—de,pr _Qp+1"” ’wn_gn}’

and the arguments given in the general technique of the graph imply there
exists @ : U — V with

Yeo®d=ypye and P*Q2 = we,
A repetition of the arguments given above yields

Aupo @ = ag, Boyo® = b,
and as a result

Q=Y Ago®dYP oD+ Byy o PP*Qs

= ZaaﬂdYﬂ + Z boaw?

= W

as desired.
Note that the condition

Fi11(Q)o0 = Fj(w)

is actually fairly complicated to check. Every function in Fj,(Q) depends
only on
(Y-, YP)

and every function in Fj,(w) depends only on
(yl, e ’yp)'

Thus the fact that o takes each element of the lexicographic set Fj; (L)
onto the corresponding element of the identically constructed lexicographic
set Fj,1(w) is a statement about functions of (Y!,.--,Y?) and (y!,---,y?);
hence this means that all the dependencies of functions on Fj(£2) must be
taken into identical dependencies of the corresponding functions in Fj, ().
The next example should help make the meaning of these conditions clear.
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An important geometric consequence of this theorem is the following.

COROLLARY. Let w be a regular e-structure at p of rank p, then the or-
bits of the automorphisms of w locally define an (n — p)-dimensional foliation
in a neighborhood of p.

Progf. The foliation is defined by the differential system (dy!,--- ,dy?),
and the proof of the general theorem shows that each leaf

yl =C1’...’ypch

with ¢!, -, ¢ constant is the orbit of the pseudogroup of local equivalences.

In particular, we note the following corollary.

COROLLARY. Let w be a regular e-structure with p = 0, i.e., constant torsion,
then the automorphisms are locally transitive.

Although we have solved the equivalence problem for the case where there
is an e-structure on U x G, it is unpleasant to have the group variables involved
in the invariants. It is often possible to continue the reduction process to
produce an e-structure on U. This is possible since G may still act nontrivially
on the new reduced torsion even if G(V) = 0.

Example 3. Web geometry (continued). We had deduced structure equa-
tionson U x G

do!' =9 Aw!
dw? = p Aw?
dp =co' Aw?

with w!, w?, ¢ unique. Hence we have an e-structure on U x G. Differentia-
tion of the last equation gives

O=d?¢p=dcAw' N2 +cop A A2 —cpAw?Aw!
or
dc=-2c¢ mod(w!,w?).

We have already disposed of the case ¢ = 0, hence we assume ¢ # 0 so
that the group G acts on ¢ multiplicatively by the inverse of a square. This
means that the reduction process could be carried out one step further to
make ¢ = *1. Here there appear to be two orbits, but we can consider them
together, since the case dp = —w! A @? is reduced to the case dp = w! A ©?
by interchanging «' and w?. The reduction

9 =0 mod(w!, w?),
reduces the group to the identity and produces an e-structure on U. If we let
¢ =Bw! - Aw?

we have
do! = Aw! A w2, dw? = Bw! A w2,
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These coeficients are not arbitrary, if we let 4, 4>, By, B> be the first covari-
ant derivatives with respect to w, and w,, differentiation of ¢ gives

dp = —(By + 4))w! Aw? + (BA - AB)w' A w?,
but we also have the structure equation
dyp = 0! Aw?,

hence
A+ By =-1.

In particular 4, and B, are not both zero, which means 4 and B cannot
both be constants. The converse to the first Lie theorem then implies that
there is no two-dimensional symmetry group of this system. This means the
rank cannot be zero and is at most two. If it is rank 2, then the equivalence
theorem for e-structures says the equivalences are unique, hence let us assume
the rank is one. Then

F2(w) = {A9B’A13A2’BI’BZ}

are all functions of a single parameter 7. Hence by the straightforward ap-

plication of the theorem we would need to check that five dependencies are

preserved. It is of course possible to work harder and reduce the number

of dependencies needed. In this case we can get down to one dependency

by choosing T more subtly than the direct construction given in the theorem.

Since 4, + B, = —1 either A, or B, is not zero, but let us assume 4; # 0.
Exercise. A, # 0 implies A; # 0.

Now we have
dA A

el 22
4 =TT
and A y
_ 42 _
- fwdrso,  L2-gm o

If we choose a new parameter ¢ such that ¢t = g(t), then we have a function
F(¢) defined by
dt = F(t)(o! + t w?).

Exercise. Show
F(t)y=-A-tB, A=tF-F—t/F, B=1/F-F".

As a result of the exercise the necessary and sufficient conditions are reduced
to requiring that the dependence of

—A- Az/AlB on Az/Al

is the same. This is because all the covariant derivatives of 4 and B can be
expressed in terms of ¢, F(¢) and their derivatives.
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The set of differential equations admitting a one-parameter group of sym-
metries can be determined by studying its infinitesimal generators.

Let X be the infinitesimal generator of a one-parameter transformation
group of symmetries of the differential equations, then

Lyw! =0, Lyw?=0.
Let {e,,e;} be dual basis to w!, w? and let
X=Aier+he =X+ X,
then (X, w!) = 4, (X, w?} = A;. Now
0=Lyw'=XJdo'+d(X Jo!) = AL 0? — Alo!
=di — A(Lo! - 11w?).

Similarly,
0=di — Bl w! — A w?).
Next we see
([X1, X2], @) = = (X1 A Xz, dw!) + X1{ Xz, 0!) — Xo( X, 0!)

=—age (o) Food) s o -xm)

A0
= —A det (0‘ 22) — (Xy,dA;)

= —(AA1d2) — (—AdiAy)
=0

and similarly {[X;, X;], w?) = 0. As such by the Frobenius theorem we can

write s 5
ﬁ = Xl and - ‘a—}; = Xz

which creates the normal form X = 8/8X —3/8Y. Now we have seen w! =
g2(X,Y)dX and w? = h(X,Y)dY and since

Lyw!' =X 1(dgAdX)+d(X Jw?)
=X(g)dX -dg+dg
= X(g)dX

we see that Lyw! = 0 and Lyw? = 0 if and only if
g(X,Y)=g(X+Y) and A(X,Y)=h(X+7).
As such,
w—w'=h(X+Y)dY —g(X+Y)dX

_ gX+7Y)
=h(X+7Y) {dY—m—)dX}
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and setting U(X+Y) = g(X + Y)/h(X + Y) we see these equations are those
equivalent to the ones of the form dY /dX = U(X + 7).

Example 1. Riemannian geometry (continued). At the end of Lecture 3 we
saw that there was a unique vector 1-form w and a matrix 1-form ¢ on U x G.
In order to use the theorem on equivalence of e-structures we need to analyze
¢ and d¢.

We know ¢ = dSS-! + 0y (u,S) where Gy (u,S) is semibasic. Since ¢ is a
form of type adjoint, that is, left translation L, on G satisfies

(10) Lig=CoC,

we deduce
Lz.6y(u,CS) = COy(u,S)C-1.

Exercise. Use the structure equation dw = ¢ A w to verify (10). Let
C = S-! and we have

Li_Ou(u,e) = S~10y(u,S)S = Oy(u,e)

or
Ou(u,S) = SOy(u)S-1.

The coeflicients I"{k defined by

(Bu)] =) T ok

are called the Christoffel symbols of the Levi-Civita connection. (Not to
be confused with other I {k in this report, but giving these a different name
would be like letting € be less than zero.) Applying d to the first structure
equation, we find
O=ddw)=dornw—-—dArdo
=(d¢-dNP)Aw.
Let
©=dp—-dné,

then using indices we see

0= Z@j Awi, where 8! = -8/

!

and hence ' ‘
© = i Awk.

Substitution back into the last equation gives

0=waAy/;kAwk,
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and wedging with the (n—2)-forms consisting of the wedge products of (n—2)
omegas gives ' .
0=w! /\-~-/\w"/\(wj’.k—t//i’k).

Similarly we can wedge the defining equation of y/]’fk with the (n — 1)-forms
consisting of the wedge products of (n—1) omegas and use the skew symmetry
of the &/ to find

wll\---/\w"/\y/,.’)(=—w1/\---/\w"/\z//j’.'k.

This means _
v =-v),

j" il mod(wl’...’wn)

Vik = Yij

and hence by the S;-lemma
W}k =0 mod(w!, - ,w").

As such we see that the t//J‘fk are semibasic and we may define coefficients

: 1 . ) . ,
Wie=752_ Sy, with Sj,=-S,.
Exercise. Use Ly to show Oy (u,S) = SOy(u,e)S-!.
As a result of the exercise we may define coefficients

1 ; ) . .
Ou(u,e) = 3 ZR;‘M(‘)[’ with R}, = —Rj,.

which are the components of the Riemann—Christoffel curvature tensor.
This allows us to state the solution of the Christoffel form problem (see
[Chr. 1869]), which in its classical, folkloric form goes something like this.

THEOREM. A Riemannian metric is determined up to isometries by prescrib-
ing the Christoffel symbols, the Riemannian curvature tensor and its derivatives
up to order n + 1.

Note that the conditions of regularity, equal order, and equal rank, as well
as preservation of dependencies, are classically not stated. It is necessary to be
very careful in reading classical results on equivalence. The precise statement
is a repeat of the e-structure theorem in this special case.
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LECTURE 7

Global Results and Involutive
Structures

Let M be a manifold with an e-structure w. Introducing the structure func-
tions

1 . ) . )
dowi = 5 Yo el nek, = —cf
we say that an e-structure is integrable if
dc}k =0,

i.e., the structure functions are all constant.

As we have seen, a Lie group is an example of an integrable e-structure.
We will show that under suitable restrictions the converse is also true.

The idea is to characterize the candidates for right translation. If M were
a Lie group, let T, : M — M be the right translation satisfying T,,(a) = b,
i.e., T, = R;-1p. As we saw in Lecture 3, T, is characterized by the solution
of the initial value problem

T;bw’Tab(S) = as, Typ(a) = b.

We want to understand the construction of T,,(x) precisely so we can try
to mimic the group construction in the case of an e-structure. Naturally we
try to use the technique of the graph.

Now

Tap(x) = Ry-15(x)

is equivalent to
T,p(x)b~1 = xa-!
or
(-x’ Tab(x)) € A(aa b);

where A is the diagonal subgroup. This means (x, 7,;(x)) lies in the leaf of
Agxc passing through (a, b).

This gives the following procedure to try on a general integrable e-structure
w. Let m; and ny be the natural projections on M x M to M and let

Y — * — *
O=njw and Q=rnjw.

71
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Then as in the technique of the graph we define an exterior differential system
Apxm =@ —Q,

which satisfies the Frobenius conditions since @ is integrable and has the
diagonal A: M — M x M given by A(x) = (x, x) as an integral manifold.
Now given a, b € M choose the leaf £ of Aysx 3 through (a, b); furthermore,
given x € M look at the inverse image of x in [, this results in a point
(x, Tp(x)) which defines T, (x).
This is the idea, but to be well defined and a diffeomorphism,

LM

must be a simply connected covering. There are various criteria to guarantee
that this will happen. One of the most important is the following.
Given an e-structure w, there is a natural Riemannian metric

ds?=> (w2

We say the e-structure is complete if the manifold is metrically complete.

Under the assumption of completeness, Hopf-Rinow type analysis of the
leaf £ can be shown to evenly cover M. The added hypothesis that M is
simply connected gives the necessary conditions for this construction.

THEOREM. Let M be a connected, simply connected manifold with a com-
plete integrable e-structure. Then M is a Lie group.

Proof. Choose x, € M and let the identity be defined by

Re=T,,.

Then for any x € M, R.x is obtained by taking the leaf through (x,, x,) and
looking at the inverse image of x, but this leaf is the diagonal A. Hence the
inverse image is {x, x) which shows

Re(x) = X.
Given any a € M we define
R, = Txoa’ Ry = (Txoa)_l'

Clearly
RsoR,-1 =1d =R, oR,.

The associative law is equivalent to showing
RRc(a)(b) = R. o Ry(b),

but
f(x) = Rpq(x) and g(x) = R.oRy(x)
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are automorphisms, and since

f(xo) = RRC(a)(-xo) = TxOTXOC(a)(x()) = Txoc(a)a
g(xo) =Rco Ra(-xo) = Txoc(Txoa(xO)) = Txoc(a)

they agree at x,. If we let

h(x) =g~ (f(x))

we see
h(x,) = x4,

hence by the corollary to the technique of the graph in Lecture 6 on fixed
points of automorphisms we see 2 = identity and f = g.

Understanding when the hypotheses on the leaf £ hold is a delicate busi-
ness. For example, there are discrete arithmetic subgroups I' of S/(2, R) with
compact quotients such that the first Betti number

by(SI(2,R)/T) = 1.

Now S/(2,R)/I" inherits an e-structure from the Maurer-Cartan forms on
SI(2,R), but if it were a Lie group, it would be simple since its Lie alge-
bra would be the same as S/(2,R). This would violate the first Whitehead
theorem that the first Betti number of a compact simple Lie group is zero.

Quasilinear systems in involution.

Now we take up the case when all the normalizations and reductions are
completed, but group parameters remain. The procedure is simple but is
based on powerful mathematics with awesome results.

The structure equations

, . | C
— i — i k
dw'_§ ajpnP/\wJ+2§ Vip @ A @

are of the form of a quasilinear exterior differential system. This is a class
of exterior differential systems for which the Cartan-Kihler theorem is very
easy to apply. The Cartan-Kihler theorem is a geometric formulation and
extension of the Cauchy-Kowaleski existence theorem in partial differential
equations, and it applies when an exterior differential system is analytic and
in involution. (This is not Chevalley’s simple notion of involution which
appears in the elementary Frobenius theorem.) We will now formulate Car-
tan’s test for a quasilinear system to be in involution. (See [Gr-J. 1987] for
an overview or [BC3G. 1989] for the full story.)

The matrix ' ‘
()= (Z a{pn!’)
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is called the tableau matrix and
(n)) mod (@!, -, ™)

is called the reduced tableau matrix. Next we give an inductive definition of
the reduced Cartan characters o\, - ,0p.

The induction is started by X, = {0}. Now choose as many independent
entries mod Xy, - - , X, _, as possible by taking at most one from each row of
(m]) mod w. The number of rows with a nonzero contribution is called oy,
and the collection of independent forms is called X,.

For example, the reduced tableau matrix with all entries independent,

()=[0 o 3),

B B v

has
O'1=3, =1, O'3=1,

and
Zl = {alsa2’ Bl}s Z2 = {ﬂZ}y Z3 = {y}‘

Note the X; are not unique.
As usual we let (1) be the kernel of the mapping L. Then it is known that

dim gV < 6y + 202+ -+ - + pap,.

Recall that by (9) in Lecture 4, dim G(!) is the number of parameters of
indeterminancy in the forms in the reduced tableau.

Let o be defined as the sum on the right-hand side. The tableau is said to
be in involution or involutive if

dim 6V = o.

This is really taking a basic theorem, called Cartan’s test, and in the finest
Bourbaki tradition, making it a definition. We now state the General Equiv-
alence Theorem of Cartan.

THEOREM. Let U C R"+7 be an open set. Let x = (x¢) : U — R™ be a sub-
mersion, and let w!,--- ,w" be linearly independent 1-forms on U satisfying
the following hypotheses:

(1) There exist functions J* on x(U) S R™ so that

dxo = J(x) wi;

(2) There exist 1-formsz',--- ,n"on U independent fromw!,--- 0!, -, @"
and functions a;,, Cix = —Cpj on x(U) C R™ so that

) . | ) )
__ i - i k
doi = E ajpn/’/\wl+2 E Ci 07 N @k,
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where for each xy € x(U) the tableau aj ,(x0) is involutive for each xo € x(U).
Moreover, the characters a;(x,) are constant (i.e., independent of x,);

(3) The w’ are real analytic in some coordinate system x1,--- ,xm, yl ... yntr
on U. Then for any two points uy,u; € U with x(u,) = x(u2) there exist open
sets Vi, V2 C U with u; € V; and a diffeomorphism f : Vi — V, satisfying

flu)=uz, f<w)=w,  f+*(x)=xe.

This theorem is an elementary consequence of the Cartan-Kihler theorem.
The proof is given by simply letting

X = {(u,u2) € Ulx(uy) = x(u3)}

and constructing a differential system on X as follows: Let 7,7y : X — U
be the projections onto the first and second factors. Set

0 = n3(w') — n} (W)

and continue to denote #}(x*) (= n3(x2)) by xo. Note that only n — m of
the 8¢ are independent:

JO = J(n3(w) - nj(w)) = n3(Jw) — nj(Jw)
=dx —dx=0.

We consider as independence conditions the forms n}(Q), z3(£2), where
Q=wlA--- A"

By hypothesis, if I is the differential system generated by 6¢,d6¢, then [ is
involutive with respect to either z7(Q) or n3(Q). Since there clearly exist
integral elements satisfying both independence conditions simultaneously,
we are done: an integral manifold of (1, #}) passing through (u,,u;) is the
graph of a solution f.

If the tableau 4’ is trivial (i.e., @) = 0 and r = 0), then the assumption of
real analyticity is not needed. In this case, the theorem is just a generalization
of the third fundamental theorem of Lie.

If the characteristic variety of the tableau aj. is appropriately “hyperbolic”
then analyticity is also not needed. In particular, if the characteristic variety
consists of real distinct points, then analyticity is not needed.

Cartan derives necessary and sufficient conditions on functions (aj.p, cj.k, J&)
defined on an open set in R that there exist forms @’ and a submersion on
U g Rn+r

x:U—Rm

satisfying the conditions of the theorem. This is the true generalization of
the third fundamental theorem of Lie (see [Si-S. 1965]).

Thus the action of local equivalences is transitive on this set of equivalence
problems. This is usually described by saying the problem admits a transitive
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pseudogroup. In this case the final move is to find a single, natural, and simple
example with the given structure equations. This then is a normal form for
this class of problems.

Example 2. Conformal geometry (continued). The group CO(n,R) has
Maurer-Cartan matrix

d(AS)(AS)=1 = dASS-1A-1 + AdSS—17-1

= 6—1%1+dSS’1,

where S € SO(n,R).
If we consider the case » = 2 we have the Maurer—-Cartan matrix

(d—léf df/z) ;

(%)= ) (=)

we have principal components

hence if

a—6 and B +7.

As a result we can write

(2)-(5 De(2) (Do

and absorb all the torsion giving

(%)= (5% (%)

Since no more reduction is possible we check for involution. The reduced
Cartan characters are ¢; = 2 and dim G(! is given by the number of param-
eters of indeterminancy. The equation for dw! and Cartan’s lemma show
that a and B are determined up to three parameters, but the equation for
dw? and Cartan’s lemma show that two of these parameters must be equal;
hence dim G(!) = 2 and the system is in involution.

As a result there is a transitive pseudogroup and all analytic metrics in two
dimensions are equivalent under conformal transformations. In particular,
every analytic metric can be written in the form ds? = A2((dx!)2 + (dx?2)?).
(This result is also true for C°° metrics with the result due to Korn-
Lichtenstein (see [Ch. 1955]), although an estimate needs to be done more
carefully.)

Example 9. Second-order ordinary differential equations under contact trans-
Jormations. Choose

w)l, =dy - ydx, wh=dy - fdx, w}, =dx
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and note the integrability
dol, = ~dy' Adx = —(dy' — fdx) Ndx = —w} A},

The equivalence problem lifts to

w! a 0 0\ (v,
w|l=|b ¢ O w}
w3 e g h w3,

Note that the variable g is needed since g = 0 would give point transfor-
mations. After using the principal components and absorption the structure
equations are

w! a 0 0 w! A
dio?]|=18 v 0JAlw]+]0]wAw.
w3 e ( ¢& w3 0
Since
do' Ao = aldowl, Ao}, = —a2e, Ao} Ao} #£0
and
do' Aw! = —Aw! A w? A w?
we see A # 0.

Computing d 2w! mod w! we see
dd—-aAd+ A&+ Ay =0 mod base,

hence we may normalize
A—-1

which induces a principal component of order 2,
—£+a-—y.

This leads to the structure equations

w! a 0 0 w! 1
diw| =18y 0 Alw]+]|0]wAw?
w3 € { a-vy w3 0

whose torsion terms have been absorbed into € and (.
Since no more reduction is possible we check for involution. The reduced
Cartan characters are
gy = 3, gy = 2,

hence ¢ equals
0'|+20'2=3+4=7.
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Then dim GV is computed by finding the number of parameters of inde-
terminancy, which follows from multiple applications of Cartan’s lemma

a gives one; 3,y give three; €, { give three,

hence
dim 60 =143+3=7,

and the system is in involution. As a result there is a transitive pseudogroup
and all analytic second-order equations y” = f(x,y,y') are equivalent under
contact transformations. In particular, we have Lie’s theorem that all are
contact equivalent to »” = 0. By using the Pfaff problem the analyticity
assumption in this theorem may be avoided.

What about the case in which the tableau is involutive, but the torsion is
not constant? In this case there are pseudogroups of equivalences, but they
are not transitive. The analysis here is difficult, because the isotropy groups of
each orbit will depend on the torsion, and leads to an equivalence problem in
which the group changes from point to point. Cartan indicates the procedure
even in this case, but as we have said before, the complexity of having the
aj. ) functions of an independent set of components of the torsion would only
cloud the general method. Unfortunately, this case cannot be avoided since
it does arise in interesting problems.

We can summarize this section with a slightly enlarged flowchart (see
Fig. 2).
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LECTURE 8

Serendipity

We now take up a major example, that of state estimation of plants under
feedback. In standard language this is as follows.

Example 7. Invariants of underdetermined systems of ordinary differential
equations under diffeomorphisms of the form

O(t, x,u) = (t,d(x), w(x,u)), where x cR™ and uecRe.

This is the geometry of control systems under feedback. The x variables are
known as states and the u variables are known as controls.

Let (V,X,U) and (U, x, u) be open sets with coordinates in R” x R” and
underdetermined systems of ordinary differential equations

dx ax
= (x,u) and d—T—F(X,U).

where we assume f # 0 and F # 0.
This is an overdetermined problem, and we apply the overdetermined al-
gorithm from Lecture 5. Let us introduce on U C R x R” x R

w), =dt, wi =dx, w}, = du,

a 1-form, an m-vector 1-form, and a p-vector 1-form with analogous forms
defined by capital omegas on V. Then the feedback diffeomorphisms are

characterized by
Q) 1 0 0 w},
| Q2| =0 4 0 w?,
Q3 0 B C w3
which defines G.
In order that ¢ preserve integral curves we must require
O*(dX - FdT)=a(dx - fdt), a e Gl(m,R).

By introducing a second coframe on U defined by

6, =dt, 04 =dx-fdt, 6} =du
81
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with analogous forms denoted by capital thetas on V, we see that we also

require
CIRERIE
{0 |=|0 a 0|6
e} e b ¢ 63
which defines G'.

If we lift to U x G x G’ we have

1 0 O 1 00
w=|0 A 0| wy, 6=10 a 0]86y,
0 B C e b ¢
and since
1 00
Wy = f 1 0 9[]
00 1
we have
1 0 O 1 00 1 0 0
w=|0 4 0 f 10 0 a-! 0 j6
0 B C 0 01 —c~le —c-l'ba-! ¢!
1 0 0
= Af Aa-! 0 8=m¢.
Bf-Cc-le Ba-!'!—-Cc-lba-! Cc-!

Hence we may normalize all of the entries of m by choosing
a=A4, c=C, b=B1B, e=Bf

and since f # 0,
Af=11,0,---,0).

This yields the subgroup G, and coframe given by

1 0 0 dt
=0 4 0 apdx |,
0 B C du

a()f=t(1,0,"‘ sO)

(1 b
1=(o 4)

As the 1-forms dt and dT are invariant and decouple from the rest of
the problem, it suffices to consider the conditions in terms of the remaining
components of the coframes. Note, however, it was absolutely essential to

where

and A4 has the form
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keep dt and dT until the reduction to a determined problem. Thus it suffices
to consider the lifted problem

1 b 0
(- (24 8) ¢t
H# b by, A

The notation was not randomly chosen; if we change the order of the first
row and the next (m — 1) rows we find

A 0 0
by 1 0
b b A

We have already seen a group with this block decomposition in Lectures 1
and 5. This is the group that appeared in the particle Lagrangian problem.
Thus if ['(m, p) is the G associated to a control problem for m states and p
controls and G(m) is the G associated to the Lagrangian particle problem for
curves in R, we have

I'n,n-1)~G(n-1).

The equivalence problem then implies there is a possible geometric isomor-
phism

Geometry of control systems Geometry of Lagrangian
with m states and m — 1 controls | ~ particle theories
under feedback

and this accounts for the strange title of this lecture. The existence of such
geometric isomorphisms was anticipated by Felix Klein, and made possible
by E. Cartan. The following citation is most appropriate at this time:

But the great originality of Klein is to have conceived the relation between a “geom-
etry” and its group by reversing the roles of these two entities, the group becoming
then the fundamental object, and the various spaces on which it “operates” showing
various aspects of the structure of the group: an idea whose fecundity he already
demonstrated by establishing the “isomorphism” of “geometries” of entirely different
appearance, for example, the conformal geometry of the space of three dimensions
and the hyperbolic non-euclidean geometry of four dimensions.? In fact, this princi-
ple had a significance much greater than Klein could have imagined, as subsequent
developments were to reveal 4

A closer look at the two equivalence problems shows that there is a rank
condition hidden in the local coframes which obstructs the correspondence

3See E. Cartan, Lessons On Complex Projective Geometry, Gauthier-Villars, 1931, and J.
Dieudonné, Linear Algebra and Elementary Geometry, Annexe III, Hermann, 1968.

“4Introduction, by Jean Dieudonné, to The Erlangen Program by Felix Klein, translation by
my REU assistant Adam Falk.
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of some control problems with m states with Lagrangian particle problems.
We will uncover this condition after we do part of the equivalence problem.
In order to be concrete, reorder the equations so that f; # 0 and choose

/i 0 - 0
5 fi - 0
do = : Do
—fm O - fi

with zeros off the diagonal and first column. Then

ap f=141,0,---,0).
Now with G =T'(m,p)

Let .
_{"Y.
1=(%):
then, using the principal components, we have
7! 0 a o0 7! M1 ! N
dl7)=10 & O|Al 7 |+u| M |n+n| L |n+tu| N
U B B v U 0 0 0

There are integrability conditions given by

—

) .

dn=d(Aaydx)=(dAA-' + Adapga;'A-1) Ay

which imply there are no quadratic terms in x and N=0and N=0.
The terms -
L
m(i)n
0

can be absorbed in a since nt A n! is the only term not visibly absorbable,
and it is zero. Similarly, all the terms

M1
twl M |1
0

I”Mnl.

can be absorbed except
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The infinitesimal actions on M1 and M are

dM' -G M +M'y=0

o PR mod base.
dM -aM +My=0
If we compute parametrically
M= __AAoa(.fl’ 3fm)A—l

6(1’{1"" aup) 2>

hence the rank of M is equal to the rank of the partial Jacobian. Now let us
focus in on the systems with m states and m — 1 controls which are geomet-
rically isomorphic to the Lagrangian particle problem. Thus we assume rank
M = p and pursue the case p = m — 1. Since

w= ()
M
there are two pggsibilities as follows.

Casel.rank M =p
or N

CaselIl. rank M =p — 1.

In the Lagrangian particle problem we saw that the rank of the matrix M
was always maximal rank, and hence Case II control systems do not give
rise to classical Lagrangians. They do, however, correspond to variational
problems with nonholonomic constraints as discussed in [Gr. 1983].

If the control problem actually depends on all p-controls then rank M = p.
The problem for p = m is uninteresting since a direct argument shows that

dt ~

is a normal form. .
If rank M = p then a! M contains p independent infinitesimal translations,
and we can normalize
—
M! =0.

The action on M is by infinitesimal left multiplication by an m x m ma-
trix and infinitesimal right multiplication by a p x p matrix. Hence we can

normalize o
i=(5)

where I, is the p x p identity. The structure equations then become

n! 0 &' 0 n! 0
dl 7 1=10 & 0|Al A1+ mAu].
% B By 7 0
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These normalizations induce new principal components

M

y—a&, al,
If we differentiate mod 7/ we find integrability conditions
a'Apu=0 mod(nt, 7).

Hence if we let
al =an' + B +1uC,

we know by Cartan’s lemma that :C = C and

n! 0 00 7! an'n + B +1uCij
di7]l=10 a O|A| 7]+ nAu .
u B By u 0

Note that we see the form n! is now invariant. Differentiating as usual gives

da+aa+!C=0
dB+t4B — Ba—1(*fC - CB)=0 mod base.
dC -taC-Ca=0

The generic case occurs when det C # 0. This corresponds to the regular
problem in the Lagrangian problem. In this case we can normalize C by the
third set of infinitesimal actions to C = @, where O is a diagonal matrix
with ones or minus ones on the diagonal. The first equation then has an
infinitesimal translation so that we can normalize @ = 0, and since B can be
taken skew symmetric, the terms !C — Cf contain enough translations to
normalize B = 0.
In order to make the exposition simpler let us assume Q = I, then

dn! =ty N
This is enough information to get a dramatic result from the geometric iso-
morphism. It is clear that the 1-form 5! corresponds to L dx, and hence it
is natural to ask what is the corresponding variational problem. Since

n=AAgdx

we have

Ado(dx — fdty=n—| . |dt

and the system
{dx - fdt} ={n' —dt,n%,-- ,nm},
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as such along integral curves of the system

nl =dt,
and
/ n! = time along integral curve.
iege!
Since dn! = !u A 1 it is natural to index #§ = ‘(#2,---,q™m) and u =

t(u2,---,um) so that
dnt =) peAne, 2<a<m.

The system {u?,---,um,n2,--- ,y™m} is completely integrable and gives the
Euler-Lagrange equations for the variational problem (see [G. 1983])

[0

all
curves

Now
u=Tdg modi,

where g = (g, -, 8m) With g, = g.(x,u) and
OA U2A---ApumARQ A---AQm =detTdetg—idui’-/\m/\dum/\n‘/\~-/\7]m
hence detdg/du # 0, and we can solve

g=c, ¢, a constant vector

for u = u(x,c). We have seen the solutions of

& = Sl u(x,)

necessarily solve

=y
I
o

and by construction also solve
u=0.

Therefore the solutions are time critical among all curves and in particular
time critical among all integral curves. The function ¥ = u(x,c) is called a
time-critical closed loop control, which is important for engineering applica-
tions.
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Now let us return to the equivalence problem, which in the alter ego of
the Lagrangian problem is joint work with R. Bryant. After the second-order
normalizations just described, we have the first-order principal components

Y — d’
and the new second-order principal components
tﬂls lﬂ - ﬂy l&+ .
After some significant algebra to arrange natural absorptions, we have struc-
ture equations

7l 0 0 0 n! AT
dld]l=10 & 0O|A|l 7 ]+] nAu
7 0 B a 7 MnlAu
with refined congruences
ta+a=Mn' mod 7
tM=M.

The infinitesimal action on the torsion is
dM+Ma&a—-aM—-(f+:8)=0 mod base
and hence we can translate M to zero:
M=0.
This introduces new principal components § and the refined congruence
td+a=0 mod 7.

Finally after more significant algebra we have the structure equations in
the form

7! 7! 000 AT
dl 7 )Al 7]=10 ¢ 0)+|ntAau+idaul,
JZ 7 0 0 ¢ ‘CAn
where

(1) ¢ is now unique, hence there is an e-structure,
(2) (A)ap = 3_ Sapenc with S, totally symmetric,
(3) (C)ab = Babcnc + Uabnl + Tabauc
with
Ogp = Opg, Tabc = Tbcaa Babc = _Bbac: and Babc + Bbca + Bcab =0.
Therefore the fundamental invariants of the problem are

¢ =(04) a symmetric 2-tensor
S = (Sape) a symmetric 3-tensor
T = (Tgp)
B = (Bgp.)

The control theoretical interpretation of these invariants has not yet been
worked out.

} two 3-tensors with some symmetries.
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Normal Forms and Generalized
Geometries

To get a better feel for the results uncovered in the last section we now
specialize to the simplest cases and indicate the type of results toward which
the program is aiming.

Let us consider the equivalence problem for two states and one control
which is joint work with W. Shadwick [G-S. 1987]. This is the case m = 2,
p =1, and is the simplest case where p = m — 1. Since there are interesting
results in the degenerate cases, let us go over the flow of the ideas, and give
the results of the parametric calculations.

The initial coframe is

ny Aod 7 0 0\ [dx! 7r dx!
nd | = ( gux) =| -2 f1 0 dx? | = —f2dx! + f1dx?
My 0 0 1 du du

and the lifted coframe is

nt 1 b 0 ny
n|l=10 4 0 ns |-
J% b b A KU
The first structure equation is
n! 0 o O n! m!
dlm =10 a O|A| R |+]m|ntAu
7 B B v U 0
A= 21 - 12

()~ ().

The infinitesimal action on torsion is

If we let

then

dm! —aym?2+ym! =0
dm? — (o —y)m? =0.

89
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There are several degenerate cases that appear.
Casel. m! =0, m?2 = 0.
There is no torsion, hence we test for involution. The reduced tableau

matrix is
0 (871 0
0 a O
B B v

and the reduced Cartan characters are
0'123, O'2=1, O'3=1

and g is
6=3+2-143-1=8.

The degree of indeterminancy in oy = 1 and in a; = 1, and by Cartan’s
lemma the degree of indeterminancy in 8y, 8, y = 6. Hence dim (1) = 8,
and the system is in involution. A normal form for this class is

dx! dx?
W = 1, ——=0.

CaseIl. m! £0, m2 = 0.

Then we can normalize m! to 1 which induces the new principal compo-
nent, y.

The reduced tableau matrix is

0 Qg 0
( 0 a; 0)
B B O

and
o, =3, o2=1,
s0 ¢ is ¢ = 5. Visibly dim G{!) = 5 and this system is again in involution. A
normal form for this class is
dx! y dx? 0
dt — 7 dt

Now assume m?2 # 0, then we can normalize m? = 1 and m! = 0 which
induces new principal components

Yy —ag, ai.

The normalizations force relations on the group G in the form

- _ Ju
Ay = A\A, bl = flA.
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We choose an adapted coframe by choosing a coframe of the form
S |
1 FiA 0 ’75}
0 4a 0| )"
b b, A )\
If we choose 4, =1, b =0, b, =0, we get

Jh 0 Si

(fldx?— f2dx!)
Adu

and this gives rise to the structure equations

n! 0 0 0 n! 0 a ¢
dln =10 a 0 A2 |+|1])n7'Au+] 0 | niAn2+]| 0 | unn2.
7 B B a Iz 0 0 0

These new torsion terms can be calculated parametrically and are

-5 (8),-(8,9)

1
(fiS i — FiSin) -

‘TAa

These undergo infinitesimal fiber action

da+tacy+cp =0

d base.
dc+2ca=0 mod base

Caselll.a=0,c=0.
This means #! is invariant and holds if and only if dn! = 0 and hence #!
is a conservation law for the problem. The reduced tableau matrix is

0O 0 O
( 0 o O )
B B o

and
o =2, oy =1
with g
2+3.1=5.
Visibly dim G(I) = § and the system is in involution. A normal form for this
class is
dxi dx?

= x2,

ar T ar



92 LECTURE 9

CaselV.a#0,c=0.
Then we can normalize a to one which induces a new principal component,
a;. This normalization forces relations on the group of the form

v-(3),-@),

We choose an adapted coframe of the form

Jagoo S g
Aa’x Adx

AA(fldx? — f2dx!)
AlAdu

This gives rise to structure equations

n! 0 00 n! 1 0
din2)=10 0 0jAln2])+leglmaAan+|1]unnl,
7 B B O I 0 0

Note there is no u A 52 torsion because of the integrability condition d2 = 0.
The torsion term g has infinitesimal fiber action

dg - B =0 mod base,

and hence we can translate g to zero, which introduces new torsion
(2)-( 88 (2) 3
din2]l=10 0 0|A|l#n2]1+]|0]ntARn2
u B 00 I 0
0 0
+ (1) uAnl + (0) uAn,
0 s

There is, however, an integrability condition which forces s = —1. Notice
this class is characterized by dn! Axg! = 0. The structure equations are visibly
in involution and a normal form for this class is

dx! dx?

— = xI

Y% dr T
which is the controllable Brunovski normal form. Note that ¢ = 0 if and only

if
Sifiu = fufiu=0,
and hence all affine linear systems
dx

E=Ax+bu
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are in Cases I-IV and as a result are equivalent to linear systems. In partic-
ular, no equation equivalent to affine linear can satisfy ¢ # 0.

These linear normal forms were known to control theorists, but in the
setting of a control linear feedback which involves quite different methods.
It is also possible to use C>° normal forms in exterior differential systems to
get these results. The Cartan—Kéhler theorem was used since it is the general
technique.

CaseV.c #0.

In this case we can normalize ¢ to plus or minus one and then translate a

to zero. Thus
o (8),-(8))

f,%f:zll,u - f:lltf:lzl,u

2 _
A7 = A3

2

where n 1
ol ahauw T JuS wu
£ = sign ( B R ) .

This introduces new torsion

! 0 00 3! 0
dln]|=10 0 0JAa{n2]|+]|{]|nAn
u 0 g 0 u 0
0 e
+{ 1 juan+ | I |pnAn?
n 0

and again there is an integrability condition d2 = 0 which forces / = n.
The infinitesimal fiber action only appears on the coefficient »n and is

dn— =0 mod base.

Normalizing n to zero by translation results in the principal component, 8,
and results in an e-structure. The final structure equations are

dnl =eunn?
dnpl=uAnt+Iunn?
du =—-Knpianz+Junn

If we define generalized derivatives
dh=hyn' +hpn?+hyp
we see there are integrability conditions

J==Iy, Jp=-K,—KIL
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The cases when all the invariants are constant are the cases when there is a
transitive Lie group of equivalences. There are two cases.
Case A. I =0, whence J = 0.

dnl =eunn?
dn?=punn!
du =—-Knl An2.

Here is another unexpected geometric isomorphism, because those are the
structure equations of the pseudo-Riemannian metric

dst=(n')2 L e(n?)?
with Gauss curvature K. Note that the integrability condition gives K, = 0,

and hence X is a function on (n!, n2)-space.
Case B. I = x = constant # 0, whence J =0 and K = 0.

dnt =euAn?
dn? = un' +xpuAn?
du =0.

This is an example of a “generalized geometry” with mixed torsion. The term
K i A n? is vertizontal and not quadratic in 5! A 72, as would be the torsion
of a metric.

In the general case we have

dnt =tuAn?
dn=unAnt+Ipnn?
du =—-Kn'An2+Junn

These are the structure equations of a “generalized geometry” with mixed
torsion and mixed curvature. Again the terms 7 u A #2 and J u A #? are
vertizontal.

This structure was known to Cartan in the alter ego of Lagrangian particle
theory in the plane. His paper [C. 1930] considers the geometric meaning
of this generalized geometry, but this needs work to put it on a modern
foundation similar to the understanding of connections.

In summary, we have four cases of systems in involution and one case of
an identity structure. We summarize this in diagram form (see Fig. 3).

There are also normal form questions that are natural to ask about Case V.
In particular, the control systems of this type that have the simplest normal
forms would be those with the maximal Lie symmetry.

As we have seen, there are only two such cases.

Restricting to ¢ = +1 normal forms are given by the following.
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1 dn’an?=0 dx 00|~ 1

Case B:

dn'=0 dx
dt

-
>

- O
< O

- =
0 ' an'=0 ox A
M= li1i| at = ° -

an'an'=0

Identity Structure

Examples of pseudo-Reimannian
structures on the state space.

Fic. 3. Schematic of 2-state 1-input control systems.

Case A. I =0, J =0, K = constant.

dil _ sinu
dt 1 —K/4((x‘)2+(x2)2)
dx? cos u

dr T 1-K/A((xD)Z+ (x)Y)

The case ¢ = —1 is obtained by adding h to sin and cos.
Case B. J =0, K =0, I = constant.
1
de— = sinh(au)ebu B
t I=——o— a#§.
dx?

= cosh(au)ebu Ve(B? —o?)

95

The next case of control systems having an alter ego in Lagrangian particle
theory is the case of three states and two controls. The initial torsion invariant

M has one of two normal forms

1 0 0 0
M=10 1 or 1 0
00 01

and the lifted coframes consist of 1-forms

n',n2,n3 and p!,u2.
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The abstract equivalence problem has been solved in George Wilkens’ dis-
sertation [Wi. 1987] and includes ferreting out some beautiful geometric
structures. His work is outlined in diagram form (see Fig. 4).

Case A:
ch3an®=0 dx ‘1) (1) u'
a " |ooll?
—~ =~
10 dnPan 0, dnd an3An'=0 dx 10 uj
M=101 o = 01 2
00 0 x
L
P Aan® an'=0
Identity Structure
B: ~ ]
Case n'=0 dx oo0o0f|« 10|,
& - 000 X2 + 01 2
001 x3 00
—_ - 1— —_r =
an'#0,dn'An'=0 000} ]| x F1 0 1
—Z—t’f = {ooof|e| + [01]]|%
010 x 00
00 - - = - - - =
M= 1101 —
01 E=F=G=0 r
dn'an=0, (Gh)?an'=0 dx 1O 0
i 01 ¥ + 0
» 0 1
Invariant 1-form and —
quadratic form on
U, Time optimal
variational problem.
(m'2an'=0

Identity Structure

Contact structure on the space of states and controls.
Existence of time critical closed loop feedbacks. Examples of
Pseudo-Riemannian structures on the state space for which
the time critical closed loop feedback curves are geodesics.

FiG. 4. Schematic of 3-state, 2-input control systems (Wilkens’ dissertation).

Note that two of the normal forms are bilinear, and all of the linear systems
are characterized by

dn3andi=0 or dnlan! =0,

hence there are examples of bilinear systems that are not equivalent to linear
systems under full nonlinear feedback.
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Prolongation

The final piece of the puzzle is the procedure to follow if the normalizations
and reductions are completed, group parameters remain, but the system is
not in involution. The idea is simple: we have a coframe on U x G defined
up to a group G, hence lift the problem to U x G x G(1) and start the whole
procedure afresh.

Since there is nothing in this procedure that we have not discussed, let us
immediately look at some examples.

Example 2. Conformal geometry (continued). The Maurer-Cartan matrix,

w(S) = %il+ dss-1,

is characterized by the defining relation
2
w +lw —Ztrwl=0.
If we have

do=AANw

on U x G, then the principal components of order 1 are
2
A+1tA— ;trA L

As such
do=dAw+y Ao,
where

s = (A~1A)+%trAI and y/=%(A+tA)~%trAI.

1
2

The SO(p, q) lemma implies there is a unique solution Il to the exterior
equations

IIhw=y Ao
II+dI=0.
97
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Let ¢ = (A —'A) + [T and 7 = ZtrA then
do=(nl+¢)ANw with ¢ =—¢

and all torsion is absorbed. Now we need to check for involution. The
reduced Cartan characters are

o, =n, or=hn—-2,--,0,_1 =1
and
n—1 n—-1
U=Ejaj=n+2j(n—j).
j=1 j=2
The group G(!) gives the ambiguity in the forms 7 and ¢. Thus let
do=r1+¢)ANw with (¢ =-—¢.

Subtraction gives
O=(m'—-m)I+d'-Prhw

and wedging with (n — 1) omegas gives
O=(r"-mMAwA---Awn.
This means there is a vector g satisfying
-7 =aw.
Substituting this back into the subtracted equation gives

O=(awl+¢ —9@)Aw
=(ldw—-wa+¢ —P)Aw.

Exercise. Check that if a = {a;} then this last equation becomes
> (aiw) — a;0f + ¢ — ¢i) A wi = 0.

Since the expression inside the parentheses is now skew symmetric, the §;
lemma gives

¢ —¢d=wa-aw
= A(a)w.

Exercise. Let a = {a;} and A(a) = {A4;/,}, then show

Aijk = aid,i - ajé,'(.
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Collecting these results we have

' 1 0 a n
2)-(e ) )
w 0 0 1 w

and hence
dim g) = dim {a} = n.
Now
dim ¢O =0
if and only if

n
n=n+Y_jn-j)
j=2
or if and only if n = 2. Since we treated that case in Lecture 7 we now

assume n > 3.
Now we prolong to U x G' x G(1), The group

1 0 a
0 I A(a)
(o5 40)

is Abelian and in fact a faithful representation of R*. The new Maurer-

Cartan matrix is
0 0 o
oS)=10 0 g
0 00

a=da, n=dA(a).

Since G\V) was the group preserving the equations

where explicitly

dw = (7l + ¢) A w,

the lifts to U x G x G\V satisfy the same equations. Therefore we will not add
notation to indicate these lifts.
Next we need to study the derivatives of ¢ and z. Since

0=d?w=(dral+dd)ANw— (rl+ ) A (ml+d)Aw
=(dnl+dé¢—dNP)ANw,

the same argument given in Lecture 6, in the Riemannian geometry example,
implies
(dal+do—-dpAP)=unow.

Taking 1/ntrace we have the existence of a vector 1-form t where

dn=1Aw.
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Substituting this back into the equation for dn yields
dep—-dnd=(u—-tDAw=0Ao.

Now collecting this information together we have

n 00 1 n 0
d ¢)=(000)/\(¢)+( dNP )
w 0 00 w (rl+d)Aw

the exterior derivatives of the lifts of the forms from U x G to U x G x G(1),
Note that because of integrability conditions, none of the zero blocks led to
any torsion.

Next we need to find the principal components of G(1). Differentiation of
the defining equation 4

Aijk = a,ﬁ,ﬁ - ajéli
gives .
dA[jk = da,d,i - dajé,’;

or using our notation for the Maurer-Cartan forms
”ijk - a,-é,f + ajdli =0.

These are the obvious zero relations on the defining relations of G(I). As
such,
O'J'.k — ridjk + Tj&,-k

are the only principal components of order zero for the prolonged system.
Applying d to the structure equation for dw gives

O=ddw)=drlrnw+doAw—(al+d)Adw
=drl+de¢—-—(nl+ P A(RI+P))Aw
=(tAwl+de—dAP)Aw

and by Cartan’s lemma
e — ¢l Ak — (10 + Tiu) Aok =y AL Ak

with
A=A

Using the same §3 lemma argument that was used in the Riemannian geom-
etry example in Lecture 6, we find the integrability conditions

. 1 ;
A}k = E Zw}’.k, wl.
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Now we utilize the principal component decomposition and write
d¢; = E(T,'ajk - Tja,'k) Aok + Z d);( A gb’j + Z(G;k - T,’&jk + 1,6,-,() A wk

and comparing with the integrability conditions we have

1 .
ae’ ~ E¢k/\¢k (Tjdi — r~5jk)/\wk=izwj’.k,w’/\wk.
The 1’s are not yet unique since if
dr=17ANw

we have
("-1)Aw =0,

or by Cartan’s lemma
T;( = Ty +Zbk1w1,

with by, = by.
Next we want to solve the maximal number of equations of the form

1 .
Z(ﬂ;ﬁd - Bidj) Nw' = 3 E Wiy Wk Ao,

where
Bi=> byl

If there were solutions then by Cartan’s lemma

Zﬂj it — Bid 11_ ]k[wk Zkl

and contraction with i and / give

/gj 2 Z wjkl Z kjllm wk
Thus if we set

1 i
Bi = 5oy 2= Wik @

we achieve the normalization

Z wjkr

and make the 7; unique, and G = ¢. This produces an e-structure on
UxGxGO,
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Finally we need the form of the derivatives of the t’s. Since

dn=tThw
O=d’n=dthnw—-TtArdw
=dtiAhwo—-TA(rI+P)Aw

and hence by Cartan’s lemma
dt—TtAT—TAd=AAw,

where !4 = A. Collecting all this information together we have the structure
equations of conformal geometry

do'=mN@i+ ) ¢l Awk

dot = ¢L Ak + (16 — 1;0%) A w ~ §Zw}kz‘°’”\“’k
dTL’=ZT,‘/\wi

A =T An =Y A=Y Il

with _
ij’.i, =0 and ﬂ.k1 = 'llk-

Example 5. Third-order ordinary differential equations under contact trans-
Jormations (continued). The details of the solution of this equivalence prob-
lem are too long to present, but by now the interest is in the overall structure
of the problem, not in calculational technique.

The problem begins with a nine-dimensional solvable group G and structure
equations

wt a 0 0 O w! Aw? A w?

w| _[p B2 0 O w? B w3 Aw*
d w3 - yl yz 'y3 0 A w3 + 0

w4 ”] nz O n3 w4 0

The fiber action on torsion is

dA—-—Aa+AB2+An3=0

b
dB—B,B2+By3+Bn3EO} mod base

and a parametric calculation gives 4 # 0 and B # 0. We normalize the
torsion by setting
A= -1, B=-1.

The first-order normalizations yield a seven-dimensional group G; with new
principal components

a=pi-n,  BI-pi-nd
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This leads to the structure equations

! a 0 0 0 w! —-w? A wt
2 1 g2 2 —w? 4
al 2] = B ﬂz 0 0 Al @]+ wIAw
3 pl 92 282 — ¢ 0 w3 Ay w* A w3
w4 nt n? 0 a— 2 w B, w3 A w*

Not all this torsion is really there, since the integrability condition d2w! =0
implies B; = 0. The fiber action on torsion is

dA,—A1(a-p2)-381+3y2=0
and we can translate A4; to zero:
Ay =0.
The second-order normalizations yield a six-dimensional group G, with a

new principal component, y2 — §1,
This leads to the structure equations

w! a 0 0 0 w! —? A w*

d w2 | | Bt B2 0 0 A w? + -3 A w?
@3] Ty B 282-q 0 w3 Ay wd A w?
w4 ”1 ’]2 O o — ﬂ2 w4 O

The fiber action on torsion is
dA; + 24,0 — 24, 2 -2y =0 mod base,
and we can translate 4, to zero:
A> =0.
The third-order normalizations yield a five-dimensional group G; with a new

principal component, y!.
This leads to the structure equations

w! a 0 0 0 w! —? A wt

d w:)| | B B2 0 0 A w? + —w3 A wt
w3} | 0 B 282-q 0 w3 Az ! A w*
w n n 0 a— B2 w? 0

The fiber action on torsion is
dA3+ 34350 -34382=0 mod base,

and here we have a bifurcation in the flowchart depending on whether A3 is
zero. A parametric calculation shows that

Ic?

A3 =7,
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where

2 d
I=~fy afo o Uy P+ 5 () + 3 o () = (o)

Note this has the expected dependence on third derivatives.
Case 1. A; = 0. The structure equations have the form

w! a 0 0 0 w! —-w? A w*
w2} | Bt p? 0 0 w? -3 ANt

Al ]=l0o p 280-a o0 |[Mo]™ 0
w? a2 0 a— B2 w* 0

and there is no more reduction. The Cartan characters are g, = 3, g, = 2
and g is

3+2(2)y=7.
We compute Ggl) and we see
a=a+2pw!
Bl — ﬂ] _+.pw2
BZ — BZ +pwl

1l =l +qo! +rw? + pw?
=0 +ro'+sw?

and hence
dim G} = 4

The system is not in involution and we must prolong.

After some calculations there are three new torsion terms all of which can
be translated to zero. This reduces the group to one dimension and a final
normalization reduces the group to the identity. Thus the branch 43 = 0 took
three times around Loop A, prolonged and then twice more around Loop A.
The result is an e-structure on a ten-dimensional space with five structure
functions upon which equivalence depends.

Case I1. A3 # 0. The fiber action is

dA3 - 3A3a - 3A3 BZ =0 mod base.

This means A3 is acted on by cubes and we can normalize 43 = 1. The
fourth-order normalization yields a four-dimensional group G4 with a new
principal component o — 2. This leads to the structure equation with three
torsion terms A4, B4, C4, and fiber action

dA4—A4a—n250
dB,—p'=0 mod base.
dCi+ Coa+2Byin2 + 244,81 =0
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Now A4 and B, can be translated to zero:
As =0, B, =0,

and there is another bifurcation depending on the vanishing of Cj.

Case lla. C4 = 0. The reduction yields a two-dimensional group Gs with
principal components 72, 1. There are two more torsion terms with coeffi-
cients As, Bs, Cs, D5, Es, Fs, and there is a fiber action

dBs + Bsa—nt =0 mod base,

hence Bs; can be translated to zero which reduces us to a one-dimensional
group Gy. The structure equations mod torsion now look like

w! a 0 0 O w!
)] _ |0 a 00 w?
d 1510 0 a 0] | w3
w? 0 00O w?

and we see « is now uniquely defined. This gives an e-structure on the five-
dimensional space U x (G with structure equations

do'=aAw! - w? Awt
do?=aAw?—w3AN0*+a? A0 +bw3 A ! + cw* Aw!
dod=aAd+o'ANo*+ew? AN +fw! Aw? +cwt A w?
dot=gw3ANw?+h? Aot +iw3Aw! +jot Aw!
dao=ko!'ANw?+1w!' Aw? + (f+chb —ce)w! A w*iw? A w3
—bw3Awt—(a+)w?Awi

The twelve functions a,---,1 are the structure functions in terms of which
equivalence is formulated.

Case Ilb. C4 # 0. In this case we can normalize C,4 to 1, which reduces us to
a one-dimensional group G with new principal component «. The resulting
torsion has a coefficient which can be translated to zero, which results in an
e-structure on the original four-dimensional space.

Now we take up the question of how to identify the group of automor-
phisms of an e-structure. This involves serious representation theory, and I
will only outline the procedure assuming the Lie algebra is semisimple.

Let G be a semisimple Lie algebra and ¥ a maximal Abelian subalgebra.
General theory tells us that the cotangent space 7, (G), when acted upon by
the coadjoint representation, splits as a direct sum of G—modules

D
A
where

V; = {w€ T(G) | adt(X) w = —A(X) w for all X € X}.
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The linear functions A are called roots of § and the structure of G can be
determined from the classification theorem of semisimple Lie algebras.

Example 10. The invariants of a generic system of three equations in five
variables. These have a coframe w satisfying

do'=w3Aw* mod(w!, w?)

dw? = w3 AW’ mod (w!, w?)

dw’ = v A wd mod (w!, w?, 3)
and gives rise to an equivalence problem needing two prolongations, resulting
in an e-structure on a l4-dimensional space with structure equations [C.
1910]

do' = w'2w! + w4) + w?w? + w3wt
dw? = 0'w3 + X (w! + 2w?) + w3ws
dw? = w'w’+ w?wb + w3 (w! + w?) + wiew’

4

dot=w'w’+ 03wt + wiw! + wiw?
3
4

dw’ =ww’ - §w3w5 + w43 + wiwd

1 2 1
dw! =w3w? + §w3w7 - §w4w5 + §w5w6 +wlx! +2B0' w3

+ Byw?wd + 24wl w* + 24530 w5 + A302wt + Ayw?w’
dw?=w(w! - wi) - w*'wb + wlx? + Byw?w? + A4w?w? + Asw?w’
dwl3=w3(wi-w!) - 3w’ + wly! - Bjw'w? - 4|0'\w* — Ayo'w’

1 1 2
dwt=wlw3 + §w3w7 + §w4w5 - §w5w6 + w?y? — Bywlw?
— 283023 — Ayt — Az w3 ~ 2432w — 24402 w3

dw’=wlw’+ w3wb - wSw’ + w3yl + %Dlw‘wz + %Clw'aﬂ
+ %Czaﬂaﬁ + Ar3w* + Azw3wS + Z—Blwlw“
+ %Bz(wlaﬁ + wlw*) + %B3w2w5

dwbt =wlw’+ wiws + w*w’ + w3x2 + 39—2D2w1w2 + %Czw‘aﬂ
+ §C3w2w3 — A303w* — Ay3ws + %Bzwlw“
+ %B;(wlw-‘; + wlwt) + %B4w2w5

dw’ = §w5w6 +{wl'+oYw+wiy!l + Wiyt + %Ea)laﬂ - %Dlwlaﬁ

— %Dzwzaﬂ + 2430405 — Byw3w* + Byw3w’
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dy'=wiw’+ 2wl +w)y' + w3y? mod(w!, -, w3)
dyl=wiw’+wy! + (w! +2w4)y? mod(w!, - ,wd).
The largest group will occur when all the 15 torsion coeflicients are constant

and in fact zero, and by our work we know that the resulting 14-dimensional
space is locally a group.

If we let {X;} be dual to {w’}, {Y,} dual to {w?*}, and {Z,} dual to {x?},
then {Y), Y4} acts diagonally and
A(ml) = Ai(m4) = Aa(m!) = Aa(n%) = O,
hence {7, Y4} is Abelian, and in fact maximal Abelian.

Now we compute 4,{a) and A4() for the remaining a in the e-structure
and plot

a — (Ai{a), A4(@))
in the plane R2.
The roots can be read off from the torsion-free part of the structure equa-
tions by sight. Consider

do'=0' A2Qw!+wd) + ' Aw?

then

ad(Y))w! =Y, ldo! = -2w!
and

ad(Yy)w! =Y, ldo! = —w!.
Thus

w! — (2,1).

jog W
m1 2 1
u)2 1 2
w3 1 1
m4 1 0
0)5 4] 1
m1 0 0
o | 1
UJ3 -1 1
m4 0 0
TD'S -1 0
"36 o A
m7 1 1
X1 -2 1
X2 1 2

Fic. 5
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After seeing the computation you see that the dual roots are just the coef-
ficients of the terms in da of the form a Aw! and a Aw#. After reading off
and plotting the roots we find the diagram in Fig. 5.

This is an affine dual root diagram of the split form of the exceptional
simple Lie group of dimension 14, called G,. This is the noncompact real
form of G,.

Finally, after ten lectures on the method of equivalence, the whole subject
can be looked at as the implementation of the flowchart in Fig. 6.

ENTER

change group
and coframe

> G group, wy, coframe -
U open set

\

Compute dSS 'and defining relations

!

Principal component decomposition

!

Lie algebra compatible absorption

'

Yes
No Constant Compute infinitesimal action
type? on structure tensor

i

{

Normalization
and

group reduction

No

Trivial action?

el

* Yes

No

change group and
coframe and open set

Prolongation

—

Tro

System in

Y

Identity structure?

* Yes

involution?

{ Yes

Constant
torsion?

oy e

Fi6. 6. Method of equivalence for first-order determined problems.
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Translation of Chapter 5, §§1-12 of E. Cartan’s paper “Les sous-groupes
des groupes continus de transformations,” Annales de I’Ecole Normale (3),
25 (1908), pp. 57-76.

1. Let us consider two systems of n expressions of independent linear total
differentials in n variables: one in the » variables x(, x2, - , Xn,

W) = andx, +andx; + -+ ajdxn,
Wy = andx, +apdx; + -+ azndx,, ,

(1)

Wn = amdx; + apdx; + -+ anppdxn;
the other in the n variables X, X5, -+, Xa,

Q= AndX, + ApdXy + -+ A1xd Xy,
Q, = AnXm +ApdX) + -+ A3, d X, ,

Q, = A,,lXm + Appd Xy + - - + Apnd Xy

the a;; denote given functions of the x’s and the A4,;, denote given functions
of the X’s. The problem at hand is that of recognizing whether we can find
for the X’s independent functions of the x’s such that Q;,Q,,--- ,Q, reduce
respectively to w(, w;, -, Wy

The solution which will be exhibited is based on the consideration of the
bilinear covariants.! If we calculate the »n covariants of w;, w;, - ,w, we
can put them in the form

(2)

1,2,-,n
(3) C()_Iq = Z CiksWiWyp (S= 1525"' 9n),
(ik)
and similarly the covariants £’ are in the form
1,2, .0

(4) Qg‘ = Z CikSQiQk (S = 1,23 Y n)‘
(ik)

ISee E. Cartan, Annales de I’Ecole Normale (3), 21 (1904), pp. 154-156.
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If a change of variables transforms the w;’s into the ’s, it will also trans-
form the w!’s into the Qf’s, and consequently we have

(5) Ciks = Ciks-

Let us suppose that among the n2(n — 1)/2 coefficients c;;,, r are indepen-
dent, the others being functions of these.

Let us denote them by 3, y,,--- ,¥r. We can write the differentials dy; in
the following form:

dyy=hj w1 +hpwy+ -+ Ry @,
dy, =hyw+hpwy+-+ hyy 0,

dyr=hrlwl+hr2w2+"'+hmwn.

Let us suppose that among the coefficients A4 there are r; — r that are in-
dependent among themselves and also independent of the y’s, denoted by
Vr+1,Yr+2, -+ s Vr,. We calculate their differentials:

dyri1 =l O+ heyip@a+ -+ Heyy W0,

(7) ................................................ R
d.Vn = hrllwl + hr.2w2 + - +hrlnwn.

If among the new coeflicients 4 there are r, —r; that are independent among
themselves and also independent of the y’s, denoted by ¥y, +1, Y42, " »Vra»
we calculate their differentials and repeat this process until we arrive at no
new independent functions.

We will have, finally, obtained thus a certain number p < » of indepen-
dent functions of the x’s, denoted by y,,y, - , ¥y, having the following two
properties:

10 The coeflicients ¢, of formula (3) are functions of the y’s;

20 The coefficients of the differentials dy expressed linearly in w,
ws, -+ , Wy are also functions of the y’s.

2. This being done, if the transformation from system (1) to system (2)
is possible, it is necessary that the same operations applied to system (2) give
rise to the same number of functions Y, and moreover that the coefficients Cy;
in formulas (4) and the coefficients Hy, of the Q’s in the expansion of the dY;
be the same functions of the Y ’s as the corresponding quantities c;; and h;;
were functions of the y’s.

This necessary condition is also sufficient and we will see that the most
general transformation, which permits us to pass from system (1) to system
(2), depends on n — p arbitrary constants.

In fact let us suppose, to fix ideas, that the p differentials dy are linearly
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independent in the w;, w,, - - , w,, and let us consider the system
Yl - .Vl = 0,
;-3 =0,

(8) § Y-y =0,

and that it suffices to integrate it to have the most general solution to the
problem.

Therefore, bearing in mind the equality of the Y’s and the y’s, the bilinear
covariants of the first terms Q,.y — Wy4y, -+, Qs — @, of the equations of
this system are zero if we recall (8). _

This system is thus completely integrable and the general solution depends
on n — p arbitrary constants.

If we have a particular transformation from system (1) to system (2}, the
most general transformation is obtained by operating on the x’s with the most
general transformation leaving invariant the expressions w;, w,, - - - , @W,. This
transformation generates a group with #n—p parameters of which the structure
is defined by formulas (3), with invariants y,,y», - - ,¥,.2 This structure, by a
theorem proven elsewhere,? is also defined by the constants ¢y p4jp+s(i, j,5 =
1,2,---,n — p) where the x’s are given arbitrary numerical values.

3. It may happen that we are investigating the equivalence of the two sys-
tems (1) and (2) under the added restriction that a certain number 4 of given
independent functions z,, z,, - -- , z; of the x’s transform into the same num-
ber 4 of given functions Z;,7Z,,---,Z, of the X’s. Nothing changes in the
solution, except that the given functions of the x’s must be treated as the
functions y in question in the general solution; one takes for yi,y2, - ,»r
the 4 functions z and r — & coefficients c;;; which are independent among
themselves and independent of the z’s, assuming that all the others may be
expressed in terms of the z’s and the r — A coefficients c.

4. Let us now consider the following general problem:

Given on the one hand a system of n expressions of linearly independent to-
tal differentials w,, w3, ,wn in X1, X2, , Xn, and m independent functions
Y1, V2, »¥Ym Of the n variables x; on the other hand, a system of n expressions

2See E. Cartan, Annales de I'"Ecole Normale (3), 21 (1904), p. 186.
3See E. Cartan, loc cit, p. 201.
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of linearly independent total differentials Q,,Q;,--- ,Q, in X1, X5, , Xn,

and m independent functions Y,,Ys, -, Y of these n variables X; determine
if there exists a change of variables transforming respectively the functions
VY1, ,Vm into the functions Yy, -- , Y, also such that by this change of vari-

ables Q(,Q3, -+ ,Q, reduce to wy,w,,- - ,w, by a linear substitution belong-
ing to a given linear group with r parameters I, the coefficients of the finite
equations of this group possibly depending on y\,y2,--- ,Ym.

In short, we must have relations of the form

Q=an, U)o +an(y,u)wr+ -+ a, (¥, u) o,
Q) =ay (Y, u)wy + o (y,u) 0y + - + az, (¥, U) Wn,

%)
Qn =an . u)or+an(y,u)wr+ -+ onn (¥, 1) Wy,

the o’s being given functions of the y(,y,,---,y, and the r quantities
uy,us, - ,u, which, for each change of variables solving the problem, will be
certain functions of x{, x, - - - , xn; furthermore, the functions a are such that,
if one regards the u’s as parameters and the y’s as constants, the formulas
(9) define the linear group I" (on # variables w,, wy, -, wg).

We can formulate the problem in another way. Let us regard the u’s as r
new auxiliary variables, and let us suppose

(10) @5 = a5 (Y, u) Wy + o (V,u) w2 + -+ + asn (¥, U) On

(S = 1;2a"' 9n)'
Let us similarly suppose

(11) Q=ag(,U)Q +an(Y,U)Q + -+ am (Y, U)Q,
(s=1,2,---,n).

The original problem may be replaced by the following one:

To determine for X1,X2,--- , Xn; Uy, -+, Ur a system of n + r independent
Junctions of x1,x2, -+, Xn3 U1, - - , u, sSuch that the functions Y become equal
to the corresponding functions y and such that the expressions £ become equal
to the corresponding functions @.

That given, we are led back to the study of the invariants of the system
formed by the m functions y and the n expressions @.

5. Let us form the differentials dy;,dy;, -+ ,dym and express them in
terms of @7, @;, - , @y, thus

dy, =h @i+ h2 @0+ +hy, @n,
(12)
AVm = R @1 + @3 + -+ + Amn .

The coefficients 4;;, functions of the x’s and the u’s, are covariants of the
system under consideration.

Imagine that we operate on the @’s with a substitution from the group
I'; the A;; will undergo among themselves a linear substitution generating a
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group I'" (dual to the group I'). That is to say, if we designate by h° the
function of x|, x;,---,xx to which &;; reduces when we give to the «’ s the
values corresponding to the identity transformation of I', the 4;; reduce to
the h° by the transformations of the group I'"”. The two systems of quantities
h?J and h;j are homologous under the group I"". That done, we can find a
particular transformation of I'"” such that the system h?j becomes a particular
homologous system; for example, if among the 4’s, considered as functions of
the u’s, there exist r—r’ independent ones, one can give to these »—r/ functions
fixed numerical values, the others becoming functions of the x’s which will
be expressible in terms of y;,¥>,---,Vm and of m’ — m among themselves,
which we designate by y,,.1, - ,Vm. These m’ — m new functions are the
invariants of the system.

In sum, we have just found as invariant elements the integers »* and m’
and the functions by which the coefficients 4;; are expressed in terms of
Y1,'* ,VYm, once r — r' of them have been reduced to fixed numerical values.

That done, we can always restrict ourselves to choosing the expressions @
on one hand, the expressions § on the other, in a manner such that the r — r'
coefficients h;; can be considered to take the given numerical values given
in advance (if necessary, this is realized by replacing the expressions w by
others which result from a particular linear substitution of the group I', which
changes none of the conditions of the problem).

Given that, the most general linear transformation of I’ under which the
w’s become the Q’s corresponds to the most general transformation of the
group I'" which leaves the system h?j invariant. This transformation obviously
generates a subgroup of I with 7 parameters. The h;; being functions of
Vi, - ,¥m U1, - ,Ur (since they are obtained from the h?j by the general
transformation of the group I"), this subgroup is defined by r — r relations
between uy, Uy, - ,Ur, V1, 3 V-

We are thus led back to the original problem, except that we have now
m! > m functions y and, instead of the group T, one of its subgroups with r'
parameters, the coefficients of the finite equations of this subgroup depending
on Y,y ¥Ym.

We will approach this new problem as we did the previous one until neither
of the integers m and r undergo modification. This amounts in effect to
the assumption that the coefficients A;; in formulas (12) depend only on
Yi,¥2,- - ,¥m, and not at all on uy,us,- -, u,.

6. This first reduction of the problem having been performed, let us form
the bilinear covariants of the expressions @;. The formulas (10) give

Eﬁ':asl(ya )wll+as2(.Va u)w ’2+"'+asn(y,u)w;1

a d
+ Z dy; (——aa"‘ + 202 by as‘"a),,)

0y;

aas] 6052 aasn
+Zdu( O+ G twr -t )
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Therefore the covariants 5: are expressible linearly in terms of the dx’s,
that is to say again in terms of the w’s and finally in terms of the @’s; it is
the same with the dy;’s. Furthermore, let

Lo yr 1o om
£ k] k] k) 8f
E E epbipsw; PN
P is S

be the most general infinitesimal transformation of I', the b;,; being functions
of 1,¥2,- -+, ¥m. We have, as we know,

a_a)__y — aasl aa_yn _ . -
duy - ouy @1+ + Ay Wn = Zlkﬂ (u) blps ;.

Consequently the covariant w) can be put in the form
ol = Z jks Wi Oy — Z bipsa)_iz Akpd,
(ik) iLp

or also in the form

(14) a=2aiksaw_k+zbipsaiwp (S=1729”',n)a
(ik) i,p

the a;;, designating certain functions of the x’s and the u’s, the w, designating
r differential expressions in the variables x and u, linearly independent in
dul,duz,- = ,du,.

Let us suppose that a change of variables, which gives for the X’s functions
of the x’s and for the U’s functions of the x’s and the u’s, chosen as above,
transforms the w; into ;. We will have formulas

ﬁé = ZAiks Eh—k + Z bips ﬁinp
(ik)

from which we get
Y (Aiks — @) T + Y _bips @ (M, —w,) =0 (s=1,2,---,7).
These n equalities are possible only if we have formulas of the form
(15) Hy =@+ V) @1+ Vpa@r+ -+ Vpn O (p=12,---,r),

1’... N4

(16) Ajks = Qs + Z (bkps Vpi — bips Vpk),
P)

where the v, designate appropriately chosen functions of the x’s and the u’s.
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Let us then suppose that

szwP+Vplwl_+"'+Vpnw_n,

a7 - Lo or
diks = Aigs + 2 (bkps Vpi — bips Vpk)5
»

where the v,; designate now the new auxiliary variables.
Given any change of variables whatsoever from the x’s to the X’s, we can
determine nr quantities v,; such that we have

Qs = ws, np = Wp, Aiks = Qjgs-

We are thus led back to studying the invariants of the system of the ex-
pressions @; and %,, the functions y;, and the coefficients @y;.

7. Concerning these last coefficients, we will perform a reduction of the
problem analogous to that which was performed earlier (no. 5). Let us operate
on the @’s with an infinitesimal transformation of the group I'; that is

Sy = Z Z €y bips ;.
P
The formulas - o o
W5 =) a0+ Y bips 0,
give us
S, = 8 & W+ Y Ajis (8 0; W+ 8w )+ Y bips (60,0, +0; 8T,).

Therefore we demonstrate easily that the change in @/, is equal to the bilinear
covariant of dw;:

Saf=> dephips i+ epdbips @+ Y epbips .

Equating the two values found for dw}, and replacing the @;,d@;, - - - with
their values, we obtain

Z b&ps a’_).(6_@_;1 + dep) + Z €p Z (blpi bias - bim‘ bips)mw—a

Ap .40 i

(18) +Z{6a1#5+zeﬂ

Al

Z (aws blpt + a).ts bﬂpt - al,uz btps)

b ps ob _
+ E hiy — 22 h ) @, 0, = 0.
p ( R T AT
Therefore, if we introduce the structure constants c,,. of the group I', we

have
Z(bipt ics — b/lm tps Z Cpat bhs
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and the first line of equation (18) reduces to

ij‘ps—a)_l (er_p+ dep - Zezccrrpﬁ) .

Ap g7

We deduce from this the following formulas, where the e,; are nr arbitrary
quantities:

f 5’wp = —dep - EG‘,T eanfpﬁt'l' Z, ep,‘_(x—)';,

0y, Qs = Z €p {E a/l;u ips — @iis bypt + Qs b/lpz)

ob 0b;ps
+Z ( uos a;ﬂ hku)] +Z(bups €pr — baps €pu)-
p

The last formulas derived show that the coefficients @;,, are subject to a
group I'y with r(n + 1) parameters {of which the coefficients may depend on
the y’s). The quantities u, and v,; are the parameters of the finite equations

of this group. In other words, if we de51gnate by a, s that which a;;; becomes
for parucular values of the «’s and the v’s, the general expressions @z, reduce
to a,ks by the most general transformation of the group I';.

We deduce from this that if among the a;;, there are / that are independent
when considered as functions of the u’s and the v’s, we can suppose that the
w’s are chosen in such a manner that the / coeflicients have fixed numerical
values given in advance; the others will then be invariant functions of the x’s
as expressed in terms of y;, y,, -, v and of an additional m’ — m, denoted
bY Vm+1s: -+ »Ym. Furthermore, the group I'y will reduce to the subgroup which
conserves the | coefficients @y, considered as given numerical values.

Two cases are possible. I" being hemihedrally isomorphic to I'}, it is pos-
sible that the reduction of I'; will not result in I', and it is also possible that
the reduction of I'; will result in I". In the second case, from the relations
between the u’s, the v’s, and the y’s which define the subgroup of I', we can
deduce the relations between the u’s and the y’s only; these are the relations
which define the subgroup of I" to which one is led if m’ is greater than m;
the consideration of the invariants y,, 1, -, can also result in the group
T.

We see thus that step by step we are led to the case where all the coefficients
Qirs are functions of y1,¥2, - ,¥m only, but depend neither on the u'’s nor
on the v’s. In general, the nr quantities v,; are not arbitrary; for example
nr — r; among them can be expressed in terms of the y’s, the #’s, and the
remaining r,. The new group I} will be a group with r + r; parameters.
The r expressions 70, will depend only on the x’s, the ’s, and r; remaining
parameters v. The nr — r; linear relations between the e, and the e,; may be
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obtained by expressing that the da;, are zero, that is to say
z (bupsep). = b).psepu) + Z €p Z (m bips - mbupi + mblpi
) i

p
+Z€pz (8bﬂps hkl 8bzps hky) =0 (/1,/1,5 — 1,2’... ,n)_

These relations will allow us, for example, to express the e,; linearly in
terms of the e, and the r; new arbitrary quantities ¢, - - - , €, the coefficients
being functions of the y’s; that is4

€pi = Z Qigp€s + Z ﬂz,{pﬁl (l= 1,2,-.. ,hy p= 1,2,--- ,O').

8. Suppose that for the two expressions of given total differentials, we
arrive thus at the same number of invariants y;, y,--- , Vs for the first and
Y),Y,, .-, Y, for the second; that the coefficients 4;; are for the two systems
the same functions of their arguments; the same for the coefficients a;;. Let
us determine if the two systems are equivalent, that is to say if we can find
for the X’s and the U’s functions of the x’s and the #’s which transform the
y’s into the Y’s and the @’s into the Q’s. For this let us assume that the

determinant
hy ha o him
hy hn o ham
hml hm2 to hmm
is not zero, and let us consider the following system of equations:
Y1 -y =0,
Ym —¥VYm = 0’

(21) )

If we find for the X’s and the U’s functions of the x’s and the u’s satisfying
these equations, they will also satisfy, according to the hypothesis made, the
equations

O ,

4In the second summation, n should be A and in the range for p, ¢ should be r.
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Therefore, if we bear in mind the equality of the Y’s and the y’s, the
bilinear covariants of the first terms of the equations to be integrated,

Qm+l - Wmtl = 0’

become

Let us apply the theory of systems in involution.5 Designate by
THCTRPEIN Y AT A8 RN

n systems of 7 arbitrary variables and consider the matrix with n{n—m) rows
and r columns:

z bi,l,m+1 15 2 bi,2,m+l t; ce Z bi,r,m+l ti

Z bi,l,nti 2 bi,Z,nti - Z bi,r,nti

2 bitme t > bi,2,m+l t v Y by t;-

2 biyat] 2 bignt o 2o bisnt

Shismetf  Tbomat! - Thigmt!
-1 - _

2 biin tE” ) Y bian tﬁ" 1) oo Y birn tl(n n

Designate by o; the degree of the principal determinant of the matrix ob-
tained by taking the first n — m rows, by g; + 6, the degree of the principal
determinant of the matrix obtained by taking the first 2(n — m) rows, etc.,
by 01 + 03 + - - + g, the degree of the principal determinant of the matrix
obtained by taking all n(n — m) rows.

Finally, we consider the system of linear equations with rn unknowns z,;

Zbﬂp,m+l Zp) — > b/lp,m+1 Zpp =0,
p I

(23) e , (Au=1,2,---,n).

5See E. Cartan, Annales de I’Ecole Normale (3), 21 (1904), pp. 154-175.
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The system (21) will be in involution if the number of unknowns z,; which
may be taken arbitrarily is equal to

o1+ 205+ 303+ -+ noy.

In this case the system of equations (21) admits an infinite number of
solutions depending on g, arbitrary functions of n arguments, o,_, arbitrary
functions of n — 1 arguments, and so forth. If we have a particular solution,
the general solution is obtained by operating on the x’s and the #’s with the
most general transformation which leaves the functions y and the expressions
@ invariant. This transformation generates a group of which we immediately
have the structure by the formulas which give @}, 0}, - , @}.

These hypotheses applied to the coefficients 4;;, show that we have

1.0
Z hkfb}»pizo (k= 1521"' 7m;j'= 1527”' N, p= 1727"' ’r)'
i

Hence we can without difficulty substitute for the mn(n — 1)/2 linear equa-
tions (23) the system of n2(n — 1)/2 equations

11

(24) E (bupszpr = bapszpu) = 0 (A uss=1,2,--,n).
p

We see thus that the number of unknowns z,; which we can take arbitrarily
is nothing but the number which we have designated by r;. The condition of
involution is thus

n=0y+20;+--+ noy.

9. Let us suppose now that the system (21) is not in involution, that is to
say that we have
r<oy+20;+ -+ noy.

We will form the bilinear covariants of the r expressions @,, which depend
on the x’s, the ¥’s and the r; new auxiliary variables (r, of the quantities v,;).
In the same manner in which the r; quantities entered in the expressions 7o,
we see that we have formulas of the form

w_{ = Z Ajpr 5,5; + Z Bipr J,Fp + Z Cpar E;w_a + ZDMT w—ia
(¢k) Lp (po) iA
the x’s being r; new Pfaffian expressions independent of the @’s and the
s,
If we apply the fundamental identity ¢ to the equations (14), we obtain

DI=S Apc 00 + Y ipe O Wy + Y Cpar Tp Wa + 9 Bise 0
(25) (ik) ip (po) LA
(T: 1923"' 5r)a

$See E. Cartan, Annales de I’Ecole Normale (3), 21 (1904), p. 155.
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the coefficients c,q. being the structure coefficients of I', the coefficients ;.
and B;,, being those which enter the equations (20).

Thus there remain only the coefficients 4;;,, which may be independent of
the y’s. If we assume now

=X TWy®O + W+ -+ W0y,
1,...,,-1

Agee = A + Y (Biae Wik — Braz i)
2

the expressions ¥, and the coefficients 4;;, are the invariants. The Ay, de-
pend now on the n variables x, the r quantities u, the r; quantities v and the
nry quantities w.

As above (no. 7), we show that these coefficients are subject to a group I';
with 7+ r; + nr, parameters. Taking, in effect, the changes & of the two terms
of equations (25), we obtain

Zﬂuraax_l*_zaAiktaiak- =---,
il

the second terms being the familiar expressions. We easily deduce from this

(26) o, = —der+)_eu @i+,

the unwritten terms of equations (26) being linear in the ¢’s and in the ¢’s,
also in the 70 ’s and in the ¥’s, the coefficients not dependent on the y’s. As
for the d A4;;.’s, they are expressible linearly in terms of the 4’s themselves, the
coeflicients being the linear expressions in the e’s and the ¢’s with coefficients
which are functions of the y’s. We have thus the infinitesimal transformations
of the group I'; with r + r| + nr| parameters.

10. If the A;,. depend effectively on certain of these parameters, we can
always reduce a certain number of them to constants; the others will then be
the invariants (functions only of the variables x) and the group I'; will be
reduced to one of its subgroups. The reduction of I'; to one of its subgroups
may also reduce either I'; or I'; the new invariants, if there are any, may also
reduce I'.

In every case we may, after a certain number of reductions and, if neces-
sary, the introduction of new invariants y, assume that we have reduced to
the case where the A4, are functions only of the invariants y and where the
group I'; is reduced to one of its subgroups with r + r; + r; parameters.

We consider now the characteristic numbers o{,03,--- , o, corresponding
to the system of coefficients f;;,. If we have

ry =0{ +20,+ -+ noy,

the system of the Q’s will be equivalent to the system of the @’s on the
condition that, for this second system, we arrive at the same number m of
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invariants Y and that the coefficients 4;;, a;x;, A;c; be the same functions of
their arguments Y as for the system of the @’s. The most general transfor-
mation taking the @’s into the Q’s depends on ¢}, arbitrary functions of »
arguments, o, _, arbitrary functions of n — | arguments, and so forth. If we

have a particular transformation which takes the w’s into the Q’s, the most
general is obtained by operating on the x’s with a group with m invariants,
the structure of which is given by formulas (14) and (25).
If we have
ry <oy +205+ -+ noy,

we will have the bilinear covariants of the expressions ¥ ; r, new expressions
0 are introduced, and we may arrange so that all the coefficients of the ¥,
are functions of the y’s, except the coefficients of the the @; @w;. We then
proceed as before, arriving at a group I'; with » + r; + r, + r3 parameters and
so forth.

The theory of systems in involution shows that these operations will have
an end, that is to say, that for some integer o we will have

Fo = al(“_l) +20* V4. naleY,

Thus we will have the structure of the most general group which leaves
invariant the expressions @ and the degree of indeterminacy of the transfor-
mation which takes the system of the @’s into an equivalent system.

11. More generally, let us consider:

On one hand, m independent functions y;,---,y, of the variables
Xi,X3, - ,Xn and two systems of n expressions of independent linear total
differentials

wy, @, -, Wy,
01 ’ 02, Y On-

On the other hand, m independent functions Y;,---,Y,, of the variables
X1, X2,-++, X, and two systems of n expressions of independent linear total
differentials

Ql s QZ) T Qn,
81 ) 825 Y 9"'

We propose to determine whether there exists a change of variables which
transforms the functions y into the functions Y, such that the expressions {2
reduce to the w’s by a linear substitution belonging to a given group I" of order
r, and the expressions © to the expressions £ by a linear substitution belonging
to another given group IV of order r, the coefficients of the finite equations
of these two groups possibly depending, in addition to the parameters, on the
functions y.

If we designate by

uy, U2, -, Up,
Vi, Va, -+, Vn;

the parameters of the groups I and I, and if we designate by w; and 8, that
which w; and 85 become under the most general substitution of the groups I'
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and I7, it is clear that the 8’s may be expressed linearly in terms of the @’s
by the formulas

6;:'- slw_l+1s2w_2+"'+lsn—6)-; (s=1,2a"',n),

the coefficients /; being functions of the x’s, the u’s, and the v’s. If we
operate on the @’s with a substitution from the group I' and on the ©’s
with a substitution from the group I, the coeflicients /;; will undergo the
transformations from a linear group with r + r; parameters. Reasoning as
above, we see that we may reduce a certain number of these coefficients to
constant values, the others being invariant functions only of the variables
x. Each of the groups I' and I is thus reduced to one of its subgroups,
and these two subgroups are obviously isomorphic. We can now disregard
the expressions ©, and we are led back to the original problem, the group I’
being reduced to one of its subgroups.

12. The preceding general problem presents itself, for example, if the ques-
tion arises of recognizing the equivalence of two systems of equations of total
differentials in x, x5, -, x, vis-2-vis a finite or infinite given group G. We
have from the theory of groups’ the result that by adjoining if necessary new
auxiliary variables, the group is defined by a certain number of invariants
Y1,¥2, - ,Vm and by n expressions w;, @, - - - , @, subject among themselves
to the most general linear substitution of a linear group I" of order r; on the
other hand, if

27) =60,=---=6,=0
the equations are of one of the given differential systems,
(28) 0,=0,=---=6,=0

those of the other (where the variables are written X instead of x), and
designating by 6,.,,---,68,, n — v arbitrary expressions independent of the
first v (the same for ©,.,,---,6,), we must take the 8’s to the ©’s by the
most general linear substitution, which transforms the system of equations
(27) into the system of equations (28); this substitution generates the group
earlier called I".

"See E. Cartan, Annales de I'Ecole Normale (3), 21 (1904), p. 176.
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