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B LemmaC

In this proof, we write x = 1/\. Define a function ¢ : Ry — R by

B(t) = t — 26().

By definition, ¢, is the unique solution to equation 1 (t) = 0.

First, we consider the case of x € (0,3). Note that \/— >ty since ) is strictly increasing and
w(\/—) > 0. To show that > ®(ty), it suffices to show that
[:(0,3] = R as

> @(m) Define a function

1+ * 1—}—e3lc

() = =41 if z € (0,2)
L -2 4+d(E) ifxe(2,3].

This function [ is plotted in Figure 1. It suffices to show that

eﬂ‘,’

1o > l(x) > @(\/%)

1+ez > [(x), it suffices to show that g(x) = 1+e’” —(z) >
0. Since g is strictly convex and since g(0) = 0 and g(2—), g(2), g(3) > 0, it follows that g(z) > 0 for
any x € (0,3]. To show that [(x) > Q)(\/—) it suffices to show that h(z ) l(ac)—q)(\/%). Note that
W(z) =5 — \/Q—ﬂgb( =) > 0 for any z # 2, wheregb( =) < ¢(0) = \/— Since h(0) = h(2) =0 by
construction, h(z) > 0 for any = € (0,3). Hence, 1+e“” > ®(ty) for any = € (0, 3).

Second, we consider the case of x € [3 o0). Note that v2Inx > t) since ¢ is strictly increasing
and ¥(v2Inz) > 0. To show that 1+ez > ®(ty), it suffices to show that 1+ = > ®(v2Inz).

Let U(t) = 1 — ¢(t)(t~* — t73), and then we have W(t) > ®(t) for any ¢t > 0.! This is because

We prove these inequalities. To show that
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!Note the following asymptotic expansion: ®(t) = 1 — ¢(t) Yoo (=) (2n — D=2~ where (2n — 1)!! is the
double factorial of 2n — 1. We obtain ¥ by truncating the expansion at n = 1.
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Figure 1: the function [(x)

L(U(t) — @(t)) = —3¢(t)t™* < 0 and limy_,c ¥(¢) — ®(¢) = 0. To show that (£ > &(t,), it

1+e®
suffices to prove that % > U(v/2Inx). By algebra, it is equivalent to

(2lnz — 1)2 - 2mx?
(2Inz)3 (1+e7)2

Since

(2lnz — 1) _ (- 1/(2Inx))? - (1-1/(2In3))?

(2Inz)3 2Inz 2Inz

it suffices to show that

(1-1/(21n3))? 2m?
2lnzx (1+e7)2

By Taylor expansion, e > e3(1 + (z — 3) + (z — 3)?/2). Since &3 > 20, it suffices to show that

(1-1/(2In3))? 2m?
2lnz (14+20(1 + (z = 3) + (z — 3)2/2))?

By rearranging the terms, this inequality is equivalent to
(1—1/(2In3))*(20z — 39 + 10(z — 3)*)% > 4rz’Inz

For x > 3, we have In § < § — 1, which implies that

x x 1
Inz < = In3—-1 -+ —.
na:_3+(n )<3+1O

Since (1 — 51=)? > 2= and 7 < 2, it suffices to show that

29 N2 88 Q(x 1)
27 (9202 — 10(2 — i
100(03: 39+ 10(x 3)) > 3+10 ;



which is simplified to

4960 5 26549 5, 5916 75429
— x° + xr© — xr + >

2974
YT 1 35 5 100

0.

To show this inequality, let p(z) denote the polynomial on the LHS. Since p is strictly convex and
p'(2) = —192% and p/(3) = £, it is strictly increasing on (3,00). Then, p(z) > 0 for any = > 3
_ 2403 @

since p(3) = %55 > 0. Therefore, ;3= > ®(t)) for any z € [3,00).

C Theorems 1’ and 2/

We extend all results of elections with opinion polls (Lemmas 1 to 3 and Theorems 1 and 2) to the
elections with supermajority rule or unanimity rule. The proofs are mostly the same as the original

proofs for the elections with simple majority rule, but we need to modify some details.

Preliminaries To simplify the presentation, we denote by % the payoff function under supermajor-
ity rule or unanimity rule. Formally, we define each voter’s payoff function @ : [0,1] x © — {0,1}
by, given a threshold a € (%, 1],

e 1 ift{ay>a} =190
u(an,0) =
0 if1{ay >a} #0,

where alternative 1 is chosen if and only if the vote share ay is at least the threshold a; namely,
the chosen alternative is 1{ay > a}.

Next, we define the integer n such that alternative 1 is chosen if and only if it receives at least
n+1 votes. That is, we have 7 = k for the unique integer k such that % <a< k—?\}l? In particular,

we have n = N — 1 under the unanimity rule.

C.1 Theorem 1’

Lemma 1'. In any election Py, every symmetric equilibrium 15]{, has some py € [0,1] such that

for each 0 and each k =0,1,..., N, the equilibrium vote share ay satisfies
_ k 1 N W(5:0)\, - . \N—k
(aw = 10) ZN(ﬁ}*V,O)(k)eXp( Rl [GONCE S (1

where Zy - [0,1] x © = R is the function defined by

N ik
Zn(p.0) = (Z) exp( (JX\’ 9))19’“(1 -p)MF, (2)

k=0

and py € [0,1] is the unconditional probability of each voter voting for alternative 1.

2In the baseline election under the simple majority rule with N = 2n + 1 voters, we have i = n.



One of the following holds:
1. Pj{, is an uninformative equilibrium if and only if py € {0,1}.

2. ]5;{, is an informative equilibrium if and only if py € (0,1) is a solution to equation

’ - ; (3)

Proof. The original proof goes through up to deriving the first-order condition (9) if each w is

replaced by @.% Here is the modified first-order condition:

2n (on (kL alk
> (%) oo () oo (M5 g - g
' D ( k) exp< o )(ﬁm’%l —p)N

k=0

The denominator is Zy (%, 0) by the definition of (2). In the numerator, if k # 7 then the square
bracket is zero, while if k = 7 then the square bracket equals e!/* — 1 when # = 1 and 1 — e!/*

when 6 = 0. Substituting them into (9), we have

#;V)l) <27~:Ln> (ﬁN)ﬁ(l - ﬁ}kv)%_ﬁ(el/)\ —-1)+ ZLS)O) (i}:) (ﬁ}(\}')ﬁ(l _ ﬁ}«v)%—ﬁ(l _ e1/>\) -0,

which is equivalent to (3). For py € (0,1), (Py»--.,Pn) is a Nash equilibrium if and only if p} is
a solution to (3). (]

Lemma 2. In any election Py, Lemma 2 holds as is.

Proof. The original proof goes through with a few modifications. We define the function Wy :
[0,1] x © — R by

k=n+ (4)

This function plays the same role as the function W plays in the original proof. Note that Wy (p, 1)+
Wy (p,0) = 1 and that Wy (p, 1) is strictly increasing in p and W (p,0) is strictly decreasing in p.
Then, it holds that

ZN(pa]-) = WN<p>O> +e1/>\WN(p71)> (5)
ZN(pa 0) = el/AWN(pv O) + WN(pv ]-)

3Lemma A remains true if each u is replaced by .



Note that % is continuous and strictly increasing in p, because Zy (p, 1) is strictly increasing
in p and Zy(p,0) strictly decreasing in p.
The remaining argument is the same as Step 2 in the original proof with the modification that

the functions Wy and Zy are replaced by Wy and Zy, respectively. |

Proof of Theorem 1’. This proof is analogous to the original proof. We only need to repeat the
same argument by setting the winning threshold « and replacing the functions v and W with @

and W respectively and the integer n with 7. Then, we have

- 1y I
PI‘(GNZOA’H—l)—m,
el/X _ L[l)g

~ ) — H

Hence,
o1/
Pr(a(an,0) =1) = p(l)Pr(ay > a |0 =1)+pu(0)Priay <a|=1) = Tran
as desired. The proof that # > max{u(1),#(0)} when the informative equilibrium exists is
1+4el/A

exactly the same as in the original proof. [ |

C.2 Proof of Theorem 2’

Lemma 3'. For each N, let Py, be the informative equilibrium of any election Py that satisfies
Condition 1. Then,

li N = Q.
Jim =
Proof. First, we consider the case of the supermajority rule, with a winning threshold a € (%, 1).
It suffices to show that for any small € > 0 such that 0 < a — e < a+€ < 1, if we have a sufficiently
large N then

ZIn(a—e1)  p(l)  Zn(a+el)
ZN(Oé—G,O) < M(O) < ZN(OZ-FG,O)‘ (6)

To see that (6) is sufficient, we note that gz g (1); is continuous and strictly increasing in p. If (6)

is true then p} € (a — €, a + €), where py is a solution to (3).
We show auxiliary inequalities. For any § > 0, there is an Ng such that for any N > Ng,

Wr(a+e1)>1-5 Wy(a+e0) <5,

_ - (7)
Wy(a—¢€0)>1-6, Wy(a—e¢1)<d,



where Wy is defined in (4). To see these inequalities, let 1,...,wy be ii.d. Bernoulli random
variables that take values 1 and 0 with probabilities o+ € and 1 — «a — € respectively. Then, WN(a—i—
€,1) and WN(a + ¢,0) are the probabilities that the sample average % Zij\il w; is, respectively,
strictly greater than o and strictly less than «. By the law of large numbers, there is an Nj such
that for any N > N}, we have Wy (a +¢,1) > 1 —§ and Wy(a +¢,0) < 6. To see the other
two inequalities, let @], ..., )y be i.i.d. Bernoulli random variables that take values 1 and 0 with
probabilities & — € and 1 — « + € respectively. By the same argument, there is an Ny such that for
any N > Ny, we have Wy (o —¢,0) > 1—6 and Wy (o —€,1) < 4. Lastly, let N5 = max{Ng, Ny'}.

Now we prove (6). This step is the same as that in the original proof with the modification that
the functions Wiy and Zy are replaced by WN and Z n respectively and that the winning threshold
% is replaced by «.

Second, we consider the case of the unanimity rule, with a winning threshold o = 1. It suffices

to show that for any small € > 0, if IV is sufficiently large,

Znv(—e1) _ p()

Zn(1—€,0)  pu0)

(8)

To see that (8) is sufficient, we note that % is continuous and strictly increasing in p. If (8)
is true then pj > 1 — €, where pj; is a solution to (3).

We show auxiliary inequalities. For any § > 0, there is an Ng such that for any N > Ng,

Wrn(l—e1) <8, Wn(l—e0)>1-04, (9)

where Wy is defined in (4). To see these inequalities, let 1, ..,wy be ii.d. Bernoulli random
variables that take values 1 and 0 with probabilities 1 — € and € respectively. Then, WN(l —€1)
and WN(I —¢,0) are the probabilities that the sample average % Zfil w; is, respectively, equal to
1 and strictly less than 1. By the law of large numbers, there is an Ng such that for any N > Ng,
we have Wy (1 —¢€,1) < § and Wy (1 —¢,0) > 1 — 6.

We show another inequality. Under Condition 1, there exists a small 0 > 0 such that

LelA5 (1)
SP(1=0) < u(0)

(10)

To prove this inequality, note that for a small enough &, we have the LHS arbitrarily close to e =1/

Since e 1/* < % (Condition 1), we obtain (10).
Now we prove (8). For any N > Ns,

Zy(1—€1)  Wn(l—¢0)+e/ Wy(l—¢1) _ 1+ el/A§ _ w(1)
Zn(1—€,0) e AWn(1—e€0)+Wn(l—e1) e/A1-05) ~ p(0)

where the equality is by (5), the first inequality by (9), and the second inequality by (10). Thus,
we have (8), which completes the proof. [ |



Proof of Theorem 2. Fix any 0 and any [, h such that 0 <1 < h < 1. As in the original proof,
L Pr(ay € 18] 6) = — In Zn([L, h],0) — — In Zx([0, 1], 0) (11)
N nrrian y — N nzZy,nj, N nzy IR R

where for any interval T' C [0, 1],

a(E
EN(T.0)= Y (Z) exp< (]X’g))(ﬁ}‘v)k(l—ﬁ*N)N_k-
k€T

First, we consider the case of the supermajority rule, with a winning threshold « € (%, 1). Fix

any § > 0. As in the original proof, there exists an N; such that for any N > N; and any k,

(4, 0)
A

—N§ < < N,

and by Lemma 3/, there exists an Ns such that for any N > Ny and any k,
efNéak(l o a)N—k‘ < (ﬁ}k\[)k(l _p*N>N—k < eN(Sak(l o Oz)N_k.

By these inequalities, for any N > max{Ni, Na},

i 5 7& N\ & _ \N—k
NanN([l,h],e) Nln kz <k>a (1-a) < 26. (12)
k: % €[l,h]

By Sanov’s theorem, there exists an N3 such that for any N > N3,

%ln > (JZ) o®(1 = )™ % + min {DkL(B(t) || B(a))}| < 6, (13)

te(l,h]
k: £ €[l,h]

where Dy (B(t) || B(«)) is the Kullback—Leibler divergence of B(t) from B(«). Note the non-
negativity property: Dy (B(t) || B(a)) > 0 for all ¢ € [0,1], with equality if and only if ¢ = a.
The minimum exists in (13) since Dk (B(t) || B(«)) is continuous in ¢ and [[, h] is compact. The
remaining argument (corresponding to Steps 3 and 4 in the original proof) is the same as that in
the original proof with the modification that the winning threshold % is replaced by .

Second, we consider the case of the unanimity rule, with a winning threshold o = 1. Fix any
& > 0. There exists an Ny such that (£, 60)/\ > —N§ for any N > N;. Hence,

. a(1,0)\, . NG
20(0.11,0) > o "5 ) 53 > e
Since limy_00 Py = 1 (Lemma 3'),
lim — In 2 ([0,1],0) > =6
Nooo N NS 00 = 0

7



Since the choice of § > 0 is arbitrary,

N—o0

lim %mZN([O, 1],6) > 0.

Since (4, 1) = 0 and @(£,0) = e!/* for all k # N,

(£
Zx(01-d0)= Y (J,f)xp( (fg"’))(ﬁ?v)k(l—mv)”’“

Fix any 7 € (0,€). Since limy_,oo pyy = 1 (Lemma 3'), there exists an N’ such that p} > 1 — 7 for
any N > N'. Since pjy <1 and 1 —py <,

Zn(0,1—¢€],0) < e/? Z <]Z>77N_k <eM1—n)™N

k:%gl—e kl%
Hence,
lim lln?:’ ([0,1 —€],0) < —In(1 —n) + lim iln Z N (1 —n)kpN—F
N—00 N N ’ ’ - N—o0 N k k; '
kb <1-e
By Sanov’s theorem,
im =t 3 (M)t == min (D (BE) | B - )}
N—oo N Wt k te[0,1—¢]
NS —€

Since n < €, it follows that

ter[g,ilrlg]{DKL(B(t) | B(1—=n))} = Dxi(B(1—¢) || B(1—mn)).

Then,

lim - In Zy (0,1 ,6) < ~In(1 — ) ~ Dy (B(1 — €) || B~ 7).

N—o0
The choice of n > 0 is arbitrary. Since lim,_,oIn(1—7) = 0 and lim, o Dk (B(1 —¢€) || B(1 — 7)) =
400, it follows that

1 .
lim NanN([O,l —€],0) = —o0.

N—o0



By (11),

1
lim NlnPr(ELN €0,1—¢|0=1)=—cc.

N—oo

The remaining argument (corresponding to Step 4 in the original proof) is the same as that in the

original proof with % replaced by a. |



