A GENERALIZATION OF MARTIN’S AXIOM
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ABSTRACT. We define the R; 5—chain condition. The correspond-
ing forcing axiom is a generalization of Martin’s Axiom; in fact,

MA1<'2 implies MA_... Also, MAzi implies certain uniform failures

of club—guessing on w; that do not seem to have been considered
in the literature before. We show, assuming CH and given any
regular cardinal x > wy such that ™0 < & for all 4 < x and such
that O({a < & @ cf(a) > wi}) holds, that there is a proper Ro—c.c.
partial order of size k forcing 2% = k together with MAzi.

1. A GENERALIZATION OF MARTIN’S AXIOM. AND SOME OF ITS
APPLICATIONS.

Martin’s Axiom, often denoted by MA, is the following very well-
known and very classical forcing axiom: If P is a partial order (poset,
for short) with the countable chain condition® and D is a collection of
size less than 2% consisting of dense subsets of P, then there is a filter
G C P such that GN D # () for every D € D.

Martin’s Axiom is obviously a weakening of the Continuum Hypoth-
esis. Given a cardinal A\, MA, is obtained from considering, in the
above formulation of MA, collections D of size at most \ rather than of
size less than 2% . Martin’s Axiom becomes interesting when 2% > ;.

MAy, was the first forcing axiom ever considered ([9]). As observed
by D. Martin, the consistency of MA together with 2% > RN, follows
from generalizing the Solovay-Tennenbaum construction of a model
of Suslin’s Hypothesis by iterated forcing using finite supports ([14]).
Since then, a plethora of applications of MA (+ 2% > X;) have been
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LA partial order has the countable chain condition (is c.c.c.) if and only if it has
no uncountable antichains. More generally, given a cardinal k, a partial order has
the x—chain condition (is k—c.c.) if it has no antichains of size k.

1



2 D. ASPERO AND M.A. MOTA

discovered in set theory, topology, measure theory, group theory, and
other areas ([3] is a classical reference).

In the present paper we generalize Martin’s Axiom to the class of
posets satisfying what we call here the Ny s—chain condition (R 5—c.c.).
This terminology is intended to highlight the fact that every poset with
the countable chain condition (i.e., with the 8;—c.c.) is in our class and
that every poset in our class has the Ny—c.c. Of course it follows from
the first inclusion that for every cardinal A, the forcing axiom MA}® for
the class of all Ny 5—c.c. posets relative to collections of A-many dense
sets implies MA,. Furthermore, as to the consistency of MA}®, there
is no restriction on \ other than A\ < 2%. More precisely, the same

construction shows that MAL®, MAL® | MAL® , and so on are all
1 727 wo+w+3

consistent.? This construction will take the form of a forcing iteration,
in a broad sense of the expression, involving certain partial symmetric
systems of countable submodels as side conditions (cf. our earlier work
in [1]).

Note that the collapse of w; to w with finite conditions has size ¥; and
therefore has the Ny—chain condition. The forcing axiom for collections
of Ny—many dense subsets of this poset is obviously false. This shows of
course that some restriction is necessary in order to obtain a consistent
forcing axiom for posets with the Nyo—c.c., even relative to collections
of Ny-many dense sets. On the other hand, the definition of our class
of posets will be wide enough to contain all c.c.c. posets and in fact
to make the corresponding forcing axiom MA}® (for A > ;) strictly
stronger than MA,. In fact, we will show for example that MA}® implies
certain ‘uniform’ failures of Club Guessing on w; that do not seem to
have been considered before in the literature, and which do not follow
from MA,. As a matter of fact we do not know how to show the
consistency of these statements by any method other than ours.

Before going on we will fix a setting for our notation. For the most
part we will follow set—theoretic standards as set forth for example in
[6] and in [8]. In particular, if (P, : « < k) is a forcing iteration and
a < K, G, denotes the canonical P,-name for the generic filter added
by P., and <, typically denotes the extension relation on P,. We will
also make use of less standard pieces of notation. For example, if N
is a set for which N Nw; is an ordinal, we will use dy to denote this
intersection and will call o5 the height of N. Other pieces of notation
will be introduced when needed.

2The same is true for the Solovay—Tenennbaum construction, i.e., the same con-
struction shows the consistency of Martin’s Axiom together with 280 being Ry, R7og,
Ny tw+t4a, and so on.
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Let PP be a poset and let N be a submodel of (H(f), €) such that
P € N and 0 > |TC(P)|".> Recall that a P-condition p is (N,P)-
generic if for every extension p’ of p and every dense subset D of P
belonging to N (equivalently, every maximal antichain D of P belonging
to N) there is some condition in D N N compatible with p’. Also, P is
proper ([16]) if for every cardinal § > | TC(IP)|* it holds, for club—many
countable N < H(6), that for every p € N NP there is a condition ¢ in
P extending p and such that ¢ is (N, P)-generic. Every poset P with the
countable chain condition is proper as every condition is (N, P)-generic
for every N as above.

Now we may proceed to the definition of the ¥, 5—c.c.

Definition 1.1. Given a poset P, we will say that P has the Ny 55—
chain condition (P is Xy 5—c.c. for short) if and only if for every regular
cardinal A > | TC(P)|* there is a club D C [H(\)]™ such that for every
finite {N; : i <n} C D and every p € P, if p € N; for some j such
that oy, = min{dy, : i <n}, then there is some condition extending p
and (N;, P)-generic for all .1

Since the intersection of two clubs is again a club, we may assume
that all members of D in the above definition are countable elementary
substructures of (H(\),€). Also note that a poset P has the W 5—
chain condition if and only if it satisfies the above definition for some
A > | TC(P)|* (this is true because the projection of a club is again
a club). Finally note that every c.c.c. poset is N; 5—c.c. and that every
Ny 5—c.c. poset is proper.

Proposition 1.2. If P has the Ny 5—c.c., then P has the Ny—c.c.

Proof. Let A be a maximal antichain of P such that |A| > N,. Let
A and D be as in Definition 1.1 and let N, be, for every p € A, a
member of D such that A, p € N,. Let § < w; be such that the set
A’ of p € A such that dy, = 0 is uncountable. Pick some p € A’ and
some p’' € A"\ N,. Then, since dn, = On, = 0 and p' € Ny, there is a
condition ¢ extending p’ such that ¢ is (N, P)-generic. In particular g
is compatible with some p € AN N,. This is a contradiction since A is
an antichain and p # p'. O

It is clear that the intersection of any c.c.c. poset Q with any N <
H(#) such that @ € N (for any 6 > | TC(Q)|) is itself c.c.c. In fact, for
every cardinal k the k—c.c. is hereditary, in the sense that if Q has the x—
c.c., 0 is a cardinal such that | TC(Q)| < 6, and N < H(0) is such that

3Where TC(z) denotes the transitive closure of z.
4Note that we are not assuming that p € (\{N; : i < m}.
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Q € N, then QNN is k—c.c. The reason is simply that two condition in
QNN are compatible in Q if and only if they have a common extension
in QN N. This fact, for Kk = Ny, is a crucial ingredient in the Solovay—
Tenenbaum consistency proof of MA with 2% = )\, where one argues
that if Q is a c.c.c. poset in the final extension W and (A; | i < u) € W
is a sequence of maximal antichains of Q for u < A, then there is a
c.c.c. poset R C Q such that each A; is a maximal antichain of R
and such that moreover |R| < A.> It is not clear whether or not the
N 5—c.c. is hereditary in the above sense, but in any case we can prove
the following weak form of this property, which will suffice for our
consistency proof (Theorem 2.1).

Fact 1.3. Suppose Q has the RNy 5—c.c., 0 is a cardinal such that there
is some strong limit cardinal x with 0 > x > | TC(Q)|, and M is an
elementary substructure of H(0) such that Q@ € M and “*M C M.
Then R = QN M is a complete suborder of Q with the Xy 5—c.c.

Proof. To start with, notice that R has the Ny—chain condition and is a
complete suborder of Q since M is closed under w;—sequences. To see
that R has the Ny 5—c.c., let x > | TC(Q)|* be a strong limit cardinal
in M and W a bijection between x and H(x) also living in M. Let
D C [H(x)]® be a club witnessing the R, 5—c.c. of Q, let p € R, and
let Ny, ..., N,, be a finite set of countable elementary substructures of
(H(x),€,W) in D containing Q and such that p € N; for some j with
dn, minimal.

Subclaim 1.3.1. In M there are countable elementary substructures
My, ..., M, of (H(x),€,W) such that for all i,
(a) M,L € M,
(b) Ml N Nl == Nz N M,6, and
(c) there is an isomorphism ¢; : (N;, €, W) — (M;, €, W) fizing
N; N M;.

Proof. By elementarity and since M contains all the relevant param-
eters (all the real numbers, M N N; and W), M also contains a set
{M,, ..., M,} such that for each i,

oMﬁngMland

e there is an isomorphism ¢; between (NV;, €, W, M; N N;N x) and

®One then argues that there is some stage of the iteration at which both R and
(A; | i < p) were defined and at which we forced with R.
SIn particular, Q € M;.
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Note that ¢; has to be the identity on M; N N; N x. Finally, since
there is a bijection W : x — H(x) definable in (H(x), €, W), we have
that ¢, fixes M N N; N x if and only if it fixes M N N;.

O

Fix My, ..., M,, as in the above claim. Since p € M; and dp, =
min{dy,, .. .,0n,, }, there is a condition p € R such that p <g p and
such that p is (M;, Q)—generic for every i. Suppose towards a contra-
diction that there is p’ < P, i¢ < m + 1, and some maximal antichain
A of R in N, such that no condition in AN N, is compatible with p'.
Let p* € R be a common extension of p’ and of some p” € ¢;(A) N M,,.
To see that there are such p* and p”, note that ¢;,(A) € M; is a max-
imal antichain of Q. This is true since Q € N;, N M;, and, therefore,
@i, fixes Q.

Now note that A € M since M is closed under w;—sequences and
|A] < Ny. Tt follows that ¢;,(A) = A since p;, is the identity on
M N N;,. Also, p"” € N;,. To see this, take a surjection f :w; — A
in V;, N M (take for example the W-first surjection f : wy — A).
Then ¢, (f) = f € M,, is a surjection from w; onto ¢;(A) = A.
Let ( € M;, Nw; such that f({) = p”. Then ¢ € N;; Nw; and so
p" = f(C¢) € N;,. This contradiction finishes the proof. O

Corollary 1.4. If O has the Xy 5—chain condition and X is a subset of
Q, then there is R such that

(i) R is a complete suborder of Q,
(ii) R has the Wy 5—chain condition,
(iii) X C R, and
(iv) R < |X[™
We are ready now to define our generalisation of MA.

Definition 1.5. Given a cardinal ), let MA}® be the following state-
ment: For every Ny 5—c.c. poset P and every collection D of size A con-
sisting of dense subsets of P there is a filter G C P such that GND # ()
for all D € D.

In the remainder of this section we present more consequences of
MAS®.
Proposition 1.6. I\/IAi';’ implies that if P is Ny 5—c.c. and X € [P]™,
then there is Y € [X|¥2 such that every nonempty o € [Y]<“ has a

lower bound in P. In particular, MA§‘25 implies that any finite support
product of Xy 5—c.c. posets has the Ny—c.c.

Note that there are ZFC examples showing that the No—c.c. is not
productive ([15]). The proof of Proposition 1.6 is essentially the same
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as the classical proof that the c.c.c. is productive under MAy, (see
for example [8], Lemma 2.23 and Theorem 2.24). For the reader’s
convenience we include the argument here.

Say that a topological space is Ny 5—c.c. if its topology, ordered by
inclusion, is an Ny 5—c.c. partial order. Of course, a partial order P is
Ny 5—c.c. if and only if the topology on (P, <) generated by the collection
of cones {p € P : p < ¢} (for ¢ € P) is Ny 5—c.c. Hence, in order to prove
the first assertion of Proposition 1.6 it suffices to prove the following
proposition. The second assertion follows then immediately from the
first by a standard A-system argument.

Proposition 1.7. MAi‘f implies that if X is an Ny 5—c.c. topological
space and {U, : a < wy} is a collection of nonempty open subsets
of X, then there is I € [wy]™ such that {U, : o € I} has the finite
intersection property.

Proof. Let (V,)a<w, be the decreasing sequence of open sets given by
V., = U6>a Us. Note that there must be o < wy such that vV, = Vg
for all 3 > a (where V denotes topological closure). Otherwise there
would be Z C wy unbounded in w9 such that VQ\VB # () for all & < Bin
7, which would yield the existence of No—many pairwise disjoint open
subsets of X, a contradiction since X is N; 5—c.c.

Let now « be as above, and let P be the partial order of all nonempty
open subsets of V,, ordered by inclusion. For every 8 > a let Dg be
the set of U € IP such that U C U, for some v > 3. Since vV, C Vg,
it follows that Dy is a dense subset of P. Hence, since P is N;5-—c.c.,
by MAL? we may find a filter G C P meeting Dy for all 8 > «, which
gives the desired conclusion. O

Note that the above (weak) productiveness result, as well as the pro-
ductiveness of c.c.c. under MAy,, are instances of the following general
result, which is proved exactly as above.

Proposition 1.8. If I" is a class of posets with the k—c.c., then the
forcing axiom for I' and for collections of k—many dense sets implies
that for every P € T' and every X € [P|* there is some Y € [X]* such
that every nonempty o € [Y]<“ has a lower bound in P; in particular,

this forcing axiom implies that any finite support product of members
of I' has the k—c.c.

Next we will show that MA}® implies certain uniform failures of Club
Guessing on wy, as advertised in the abstract. It will be convenient to
consider the following natural notion of rank (see for example [1]).



A generalization of Martin’s Axiom 7

Definition 1.9. Given a set X and an ordinal §, we define the Cantor—
Bendizson rank of § with respect to X, rank(X,¢), by specifying that

e rank(X,0) > 1 if and only if ¢ is a limit point of ordinals in X,
and that

o if > 1, rank(X,d) > p if and only and for every n < p, d is a
limit of ordinals € with rank(X,e) > 7.

Given an ordinal 7, we will say that a set X of ordinals is 7—thin in
case rank(X,d) < 7 for all ordinals 4.

Definition 1.10. Given ordinals 7 and A, 7 < wy, (+)] is the following
statement: For every sequence (A;);<, if A; is a 7—thin subset of w;
for all i < A, then there is a club C' C w; such that |C'N X;| < Y, for

all 1.

Clearly, if 7 < 7/ and A < X, then (-)}, implies (-);. In particular,
for every infinite 7 and every A > wy, (-)} implies “WCG, where WCG
denotes Weak Club Guessing on wy (cf. [16]).

Fact 1.11. For every cardinal A\ > wy, the following weakening of (-)¥
implies 2% > X: For every sequence (A)icx seLim(wn)s if each Af is a
cofinal subset of 6 of order type w, then there is a club C C wy such
that Ay ¢ C for alli < X and ¢ € Lim(w,).

Proof. Suppose 2% < X\ and let (A%),- A dcLim(wy) b€ such that for each
8, {A% : i < A} contains all cofinal subsets of d of order type w. If
C Cw;isaclub and § € C is a limit point of C, then there is 1 < A
such that A% C C. O

Furthermore, it is not hard to see that full (-)§ implies b > .

Fact 1.12. For every cardinal A\ > wn, MA&\'5 implies (-)} for every
T < Wwi.

Proof. Let (A;)i<x be as in the definition of (). Let P consist of all
pairs (f, X) such that

(a) f Cw; X wy is a finite function such that rank(f(v), f(v)) > v
for every v € dom(f),
(b) X is finite set of triples (i,v,a) such that i < A\, v € dom(f),
rank(A;, f(v)) < f(v), and a is a finite subset of f(v), and
(c) for every (i,v,a) € X, range(f [ v) N A; = a.
Given P—conditions (fy, Xo) and (f1, X1), (f1, X1) extends (fo, Xo)
if fo C fi and X, C X;.
Using the fact that there are only N;-many finite functions f C
wy X wy, it is easy to check that P is 8y 5—c.c. (for example by arguments
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as in Section 5 of [1] for similar forcings). Also, there is a collection D
of max{\,w; }-many dense subsets of w; such that if G is a filter of P
meeting all members of D, then range(|J{f : (f, X) € G for some X})
is a club witnessing ()Y for (4;)i<x. O

In contrast with Fact 1.12, no forcing axiom MA, implies (-)] for any
infinite 7 < w; and any A > w;. The reason is simply that MA, can
always be forced by a c.c.c. forcing and c.c.c. forcing preserves WCG.

It seems that Theorem 2.1 below provides the first known construc-
tion of a model of MA,, for any A > w;, in which WCG fails. Indeed,
any long enough c.c.c. iteration P with finite supports producing a
model of MA will necessarily force WCG. The reason is that P will add
a Cohen real at some stage by its being a c.c.c. iteration with finite
supports (and in fact at the w—th stage). This Cohen real will add a
weak club—guessing sequence C at that stage (for example by results
in [7]) and, letting W be the corresponding model, C will remain weak
club—guessing in the end since the tail forcing has the c.c.c. in W and
therefore every club of w; in the final model contains a club from W.

Definition 1.13. ([1]) Given a partial order P, P is finitely proper if
for every cardinal 6 > |P|*, every finite set {N; : ¢ € m} of countable
elementary substructures of H(#) containing P, and every condition
p € ({N: @ i <m} NP there is some g € P extending p and (N;, P)-
generic for all .

Definition 1.14. ([1], essentially) Given a cardinal A, PFAﬁn(wl))\ is
the forcing axiom for the class of finitely proper posets of size N; and
for collections of A-many dense sets.

Fact 1.15. For every cardinal \ > wy, PFAﬁn(wl)A implies the follow-
mg.

(1) MA,,

(2) (1)L, for every T < wy.

(3) For every set F of size A consisting of functions from wy into
wy there is a function g : w; — wy such that both {v < wy :
fv) <gw)} and {v < wy : f(v) = g(v)} are unbounded for
every f € F. In particular, 9(wy) > A\, where d(w,) is the dom-
inating number for “*wy and where domination is understood
relative to the ideal of countable sets.

(4) For every R C [wi|™ of size X there is some b € [w|** such
that |anb] = Ny and |a\b| = Ny for every a € R. In particular,
t(wi) > A, where v(wy) is the reaping number for [wi]™ and
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where the reaping relation is understood again relative to the
ideal of countable sets.

Proof. The proofs of (1) and (2) are either immediate or as the cor-
responding proofs from MA}®. (3) and (4) follow from considering
Baumgartner’s forcing for adding a club C' C w; by finite approxima-
tions. 0J

The following result is straightforward.

Fact 1.16. Every finitely proper poset of size Ny has the ¥y 5—chain con-
dition. In particular, for every cardinal X, MAY® implies PFAﬁn(wl)A.

The proof of the main theorem in [1] essentially shows the consistency
of PFAﬁn(wl) » for arbitrary A.

2. THE CONSISTENCY OF MA}®
Our main theorem is the following:

Theorem 2.1. (CH) Let k > wy be a reqular cardinal such that ™ < K
for all p < k and G({a < k @ cf(a) > wi}) holds. Then there is a
proper forcing notion P of size k with the Ny—chain condition such that
the following statements hold in the generic extension by P:

(1) 2% =g

(2) MAL?

<2%0

The proof of Theorem 2.1 is an elaboration of the proof of the main
theorem in [1]. Our approach in that paper consisted in building a
certain type of finite support forcing iteration (P, : a < k) of length
% (in a broad sense of ‘forcing iteration’)” using what one may describe
as finite “symmetric” systems of countable elementary substructures
of a fixed H(k)® as side conditions. These systems of structures were
added at the first stage Py of the iteration. Roughly speaking, the fact
that the supports of the conditions in the iteration were finite ensured
that the inductive proofs of the relevant facts — mainly the No—c.c. of
all P, and their properness — went through. The use of the sets of
structures as side conditions was crucial in the proof of properness.’

"In the sense that Pg is a regular extension of P, whenever a < f < k. It
follows of course that (P, : «a < k) is forcing—equivalent to a forcing iteration
(P, : a < k) in the ordinary sense (that is, such that Pyy; = Py % Qq for all a,
where Q,, is a P,-name for a poset), but such a presentation of (P, : a < k) is
not really natural.

8This k is exactly the value that 2% attains at the end of the construction.

9For more on the motivation of this type of construction see [1].
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Here we change the proof from [1] in basically three ways. One of
the changes is in the proof of the Ny—chain condition of the iteration
(Lemma 2.19). The induction now is a bit different from the one in
the corresponding proof from [1] (and it has to be as the iterands we
are now considering are no longer of size Ny). In fact, our forcing has
the No—c.c. but it is not Ny—Knaster (on the other hand, the forcing
in [1] is No—Knaster). Another, more crucial, difference is the presence
of a diamond-sequence which ensures that all posets with the Ny 5—
c.c. (with no restrictions on their size) occurring in the final extension
have been dealt with at k—many stages during the iteration. A third
difference between the present construction and the construction from
[1] is the fact that our systems of structures now exhibit a weaker form
of symmetry than the ones in [1]; we call the systems in the present
paper partial symmetric systems, as opposed to symmetric systems as
in [1] (see Subsection 2.1 for more on the difference between these two
forms of symmetry). The need for the weaker form of symmetry comes
from the part of the argument using a diamond-sequence where we
infer that all Ny 5—c.c. posets occurring in the final model are ‘captured’
along the iteration. It is perhaps worth pointing out that the proof of
properness now is almost identical to the corresponding proof from [1]
(modulo notational changes).

Theorem 2.1 shows that all forcing axioms of the form MAL® for a
fixed reasonably defined cardinal k, are consistent (relative to the con-
sistency of ZFC). This theorem shows also that no axiom of the form
MA}\'5 decides the size of the continuum and thus, by Fact 1.16, fits
nicely within the ongoing project of showing whether or not weak frag-
ments of BPFA imply 2% = R,.!® The problem whether (consequences
of) forcing axioms for classes of posets with small chain condition de-
cide the size of the continuum does not seem to have received much
attention in the literature so far.® One place where the problem has
been addressed is of course our [1]. Prior to [1], M. Foreman and P.
Larson showed in an unpublished note ([4]) that the forcing axiom (rel-
ative to collections of N;—many dense sets) for the class of posets of size
N, preserving stationary subsets of w; implies 2% = N,. Several nat-
ural problems in this area remain open. For example it is not known
whether the forcing axiom (relative to collections of N;—many dense
sets) for the class of semi-proper posets of size Ny implies 2% = Ny,

10BPFA is the assertion that H (wo)V is a Xy —elementary substructure of H (uzg)vP
for every proper poset P ([2]). J. Moore showed that BPFA implies 2% = Ry ([11]).

HUsually the focus has been on deriving 2% = R,y from bounded forms of forcing
axioms, that is forms of forcing axioms in which one considers only small maximal
antichains but where the posets are allowed to have large antichains as well.
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and the same is open for the forcing axiom for the class of all posets
of size Ny preserving stationary subsets of wy, as well as for the forcing
axiom for the class of all proper posets of size N;. Let us denote these
two forcing axioms by, respectively, MM(w;) and PFA(w;). Tt is open
whether or not MM(w,) is equivalent to PFA(w;),'? and even whether
MM (w;) has consistency strength above ZFC.'?

As we mentioned before, Theorem 2.1 shows in particular that the
forcing axiom MAii , has the same consistency strength as ZFC. Other
articles dealing with the consistency strength of other (related) frag-
ments of PFA are [10], [5], [13], and [12].

The rest of the paper is organised as follows. In the following sub-
section we introduce the central notion of partial symmetric system of
submodels and prove the main amalgamation results for these systems.
Subsection 2.2 contains the construction of our iteration (P, : a < k)
(P, will witness Theorem 2.1). Finally, Subsection 2.3 contains proofs
of the main facts about (P, : o < k). Theorem 2.1 follows then easily
from these facts.

2.1. Partial symmetric systems of submodels. Throughout the
paper, if N and N’ are models for which that there is a (unique) iso-
morphism from (N, €) into (N, €), then we denote this isomorphism
by Wy nv. For this subsection let us fix a regular cardinal ¢ and a pred-
icate T C H(#). In this situation we will tend to refer to a structure
(N, €, TN N) by the simpler expression (N, €,T).

Definition 2.2. Let {N; : i < m} be a finite set of countable subsets
of H(#). We will say that {V; : ¢ < m} is a partial T-symmetric
system (of elementary substructures of (H(0),€,T)) if and only if the
following holds.

(A) For every i < m, (IV;,€,T) is an elementary substructure of
(H(9),€,T).

(B) Given distinct 4, 7' in m, if én, = dn,, then there is a unique
isomorphism

\IjNi,Ni/ : (Nh GvT) — (Ni’7 <, T)
Furthermore, we ask that Wy, x, be the identity on N; N Ny.

120n the other hand, PFA(w, ) is trivially equivalent to the forcing axiom for the
class of semi-proper posets of size Nj.

13PFA(w;) can be easily forced over ZFC model. Also, the existence of a non—
proper poset of size N; preserving stationary subsets of w; is consistent. In fact,
Hiroshi Sakai has constructed such a poset assuming a suitably strong version of
{w, which holds in L and which can always be forced.
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(C) For all 4, 7', j in m, if N; € N; and dy, = dy,, then there is
some j' < m such that ¥y, n,(N;) = Ny

(D) For all 4, j < m, if én, < dn,, then there is some i < m such
that
(1) on, = dn,,
(2) Ni’ € Nj, and

We will often talk about partial symmetric systems of elementary
substructures, without mentioning 7', or even just partial symmetric
systems, in contexts where 7" is understood or not relevant.

The present definition of symmetry is weaker than the one in [1] in
the following sense: In the definition of symmetric system from [1],
instead of condition (D) we had the following:

(D)* For all 4, j < m, if 0y, < dy;, then there is some j' < m such

that
(1) 5Nj/ = 5Nj7 and
(2) N; € Ny

It is easy to verify that every finite system of structures satisfying
(A), (B), (C) and (D)™ (i.e., satisfying the original definition of sym-
metric system) satisfies (A)—(D): Given ¢, j as in the hypothesis of (D),
if Nj is such that 5le = oy, and N; € Ny, then Ny := \IJN]_,,N].(Ni)
witnesses (D) relative to N; and N;.

The following lemma is immediate.

Lemma 2.3. Let N and N’ be countable elementary substructures of
(H(0),e,T). Suppose N € N is a partial T-symmetric system of
elementary substructures of H(#) and ¥V : (N,e,T) — (N',€,T) is
an isomorphism. Then W(N) = V4N is also a partial T-symmetric
system of elementary substructures of H(6).

We will need three amalgamations lemmas for the proof of Theorem
2.1. The first of the lemmas is Lemma 2.4. This lemma will be used in
case a = 0 of the inductive proof of Lemma 2.22.

Lemma 2.4. Let N be a partial T-symmetric system of elementary
substructures of H(6) and let N € N'. Then the following holds.

(1) NN N is a partial T-symmetric system.
(2) Suppose N* € N is a partial T-symmetric system such that

NNN CN*.
Let

M =N U {Tn,x “N* N No) | No, Nt €N, Oy, = b, < On}
Then,
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(i) for every Ny € N such that o, < O,
(a) M NNy = Wpn, N, “(N* N Ny) for every Ny € NN
(N U{N}) such that dn, = On,, and
(b) M N Ny is a partial T—symmetric system,
and
(ii) M is a partial T—-symmetric system.

Proof. 1t is immediate to check that all conditions in the definition of
partial symmetric system are inherited by A’ N N, which gives (1).

Let us start the proof of (2). Let Ny be as in the hypotheses of (i).
Let Ny e NN (NU{N}) be of the same height as dy, and let us check
that ./\/l N No == \PN17N0 “(./\/“’< N Nl) ObViOU.Sly, \IJN1,N0 “(N* N Nl) g
Ny N M by the construction of M. For the reverse inclusion, suppose
Ny, N3 € N are such that oy, = 0y, < dy and M € N* N N, is
such that Wy, n,(M) € Ny. Since M € N* C N, we may assume
without loss of generality that No = N if 5, = 0 by conditions (B)-
(D) in Definition 2.2 for N/, and Ny € N if 0y, < dx by conditions
(B) and (C). We want to see that Wy, n,(M) = Uy, n, (M) for some
M'" e N* N N;. We have two cases for this.

Suppose first that oy, < On,. Let Nj = N3 if oy, = dn, and, if
dn, < Ong, by condition (D) for N let N) € N3 NN be such that
5N(/) = 5N0 and NgﬂNg = NOQN(S. Then, if (5N0 < (5]\[3, \IlNg,NQ(N(S) S ./\/
and M € N* N Wy, N, (N)) as Uy, v, (M) € Ny. In that case, M’ :=
Wy, v, Ny (M) is as desired since M’ € N*, which is true because
Ny and ¥y, v, (N{) are bothin NNN C N*, M € N*, and N* satisfies
(C). In the case dy, = dn, we can of course take M’ = Uy, n, (M).

Finally, suppose 0y, < dn,. By (D) applied to NV, let N; € No NN
be such that dy; = dn; and No N N3 = N3N N3. Then Uy, n, (M) €
N3 N Né, and therefore \I’N27N3(M) = \IJNQ,Né (M) = \II‘I’NO,Nl(Né)yNé<M/)
for M" = Wy, wy v (vy(M). But M" € N* since Na and Wy, n, (NV3)
are both in NNAN C N*, M € N* and N* satisfies (C). Finally,
\IJ‘I/NO,Nl(Né),Né =Un Ny | Unov (NS), which gives what we wanted.

Now, since MNNy = W, n, “(N*NN;) for some (equivalently, every)
N; € NN (N U{N}) of the same height as Ny, and since N* N N is a
partial symmetric system for every such Ny by (1), M N Ny is a partial
symmetric system by Lemma 2.3.

Let us proceed to the proof of (ii). It is clear that M satisfies con-
dition (A) in Definition 2.2 thanks to Lemma 2.3.

To see that it satisfies condition (B), it suffices to show that if Qy,
()1 € M are such that dg, = dg, < dn, then Qg and (); are isomorphic
and the unique isomorphism between these structures fixes Qg N Q1.
By symmetry of the situation we may assume that there are Ny, Ny,
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My and M; in N such that dy, = oy, < 0, = O, < On and such
that Qo = U, n, (Q) and Q1 = Uy ar, (Q*) for some @ and Q* in N*.
By (B) for N* there is a unique isomorphism ¥g o« between @ and Q*
and \IIQ’Q* fixes Q N Q* Then ¥ := \IIMO,Ml ¢} \I}Q,Q* ¢} (‘1/N1,No r Qo)
is of course an isomorphism between )y and ();. To see that U fixes
Qo N Qq, suppose © € Qo N Q1. Let N{ = M; if Ny and M; have
the same height and, if dn, < 0, let N € M; NN be such that
N{ N Nl = Nl N Ml' Then Q/ = \IJNOJV{(Q) S M N N{ g M N Ml-
Since € Nj N Ny, we have Wy, v, (z) = x. In particular x € Q" since
Uy (Q) = Qo and z € Q. But then » € Q' N @, and since both
Q' and ), are in M N M; and M N M is a partial symmetric system
by (i), the unique isomorphism W¢ g, between )" and @) fixes z. But
then U = Wq o, o (Vn, n | Qo) since Wy v, (Q') = Qo, and therefore
WU(x) = x since Uy n, () = 2.

Let us verify now (C) for M. Let Ny, N; € N be of the same height
and let M € M N Ny. We want to see that Uy, n, (M) € M. Without
loss of generality we may assume 6§y, < dy. The case dy, < dy follows
immediately from part (i) (a). For the case oy, > 0y, let N’ € NoNN
be such that oy < oy and M € N’ (since N satisfies (C), we may also
assume that M € M\ N). Then ¥y, n,(N') € NN Ny by (C) for NV,
and we are done again by the previous case since ¥y g N, ( iy (M) =
\IINO,Nl (M>

We still need to consider the situation when Ny and Ny are in M\N,
ong = Ony, M € M N Ny, and at least one of Ny, Np is not in N.
Suppose first Ny ¢ N and N; ¢ N. Then there is some M, € N
such that dp, < oy and Ny € My and such that Ny = Vg7 0 (No)
for some My € N'N (N U{N}) of the same height as M, and some
Ny e N*NM, € Ny. We can also find M; € N such that on, < Oy and
Ny € My and such that Ny = Uy 4 (N) for some My € NN(NU{N})
of the same height as M; and some N; € N* N M;. Let ¢ € {0,1}
with dy,, minimal, let M! = M;_. if 05y, = dpr, and, if 6py, < Opry_, let
M! € NN M;_. be of the same height as M, and such that M;_.NM, =
M0 M. Then Uy pn(Ne) € Mi_e N M, and we can finish thanks
to part (i) (b) by looking at M;_. N M and taking the appropriate
isomorphic copies. Finally, in the cases when Ny ¢ N and N; € N
and when Ny € A and N; ¢ N, we can run an easier variant of the
argument above.

Finally let us verify (D) for M. Suppose My, M; are both in M and
Ony < Onr,. We want to see that there is some M) € M N M of the
same height as M, and such that Mj N My = My N M;. We may of
course assume that M, and M; are not both in N.
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Suppose My ¢ N and M; € N. Let Ny € N be such that oy, < on
and My € Ny. If oy, = 0p, then we may take M{ = Wy, ar, (M),
and if oy, < 0, we may take My = Wy, i (Mp), where Ny € N'N M,
is of the same height as Ny and such that Nj N Ny = Ny N M. If
dn, > Oy, then there is some M] € N N Ny of the same height as
M, and such that M; N Ny = M| N M;. By part (i) (b) for M N Ny
there is some M; € M N Mj of the same height as M, and such that
Mg N My = Mj N0 My. Now it is easy to check that Wy a, (Mg) € M
satisfies the desired conclusion.

Next, suppose My € N and M; ¢ N. Let N; € N be such that
oy, < 0y and My € Ny. Since 0y, < Oy, there is some Mg € NN N,
of the same height as M, and such that Mj N M, = My N N;. By part
(i) (b) for M N Ny, there is some M| € M N M; of the same height as
M; and such that M N M) = Mj N M,;. Now it is easy to check that
Mj is as desired.

Finally, suppose that none of My and M; is in N. Let Ny, N; € N
be such that oy, < dn, N, < N, My € Ny and M; € N;. Suppose
ony < 6n,. Let Nj = Ny if Ny and N; have the same height and, if
dng < Ony, let Nj € N'N Ny be of the same height as Ny and such that
Ng N N1 = N() N Né Then, MO* = \IINO,N(S(MO) e Mn Nl. By (1) (b)
for M N N; we may now find M{ € M; of the same height as M and
such that My N M = M N M. It is then easy to check that M| is as
desired. The other case is when dy, < dy,. Let Nj € NN Ny be such
that 057 = dn, and No N Ny = Ny N Ny. By part (i) (b) for M N Ny
we may pick M§ € Nj N M of the same height as My and such that
N{ N MQ = Mg N MQ. Let Mg* = \I/N{7N1<M6k) e M. 1\IOVV7 by (1) (b)
for M N N; we may find M) € M N M of the same height as M;* and
such that M) N Mg* = Mi* N M, and it is easy to check that M| is as
desired. OJ

Next comes our second amalgamation lemma for partial symmetric
systems. It will be used in the proof of Lemma 2.19.

Lemma 2.5. Let Ny and N, be partial T-symmetric systems of ele-
mentary substructures of H(#). Suppose that (JNo)N(UMN1) = R and
that, for some m < w, there are enumerations (N})icm and (N})icm
of Ny and Ny, respectively, together with an isomorphism ¥ between
(UMNo, €, T, Ry, N?)icrn and (UN1, €, T, R, N}'Yicn which is the identity

on R. Then Ny UN; is a partial T—symmetric system.

Proof. No U N obviously satisfies condition (A) in Definition 2.2.
For condition (B), we must show that if ig, iy < m are such that
dnyo = Oyt , then the isomorphism Wyo y1 := Wo Wyo yo fixes NP N
0 i LR LR
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N}. Now, if x € N) N N}, then € RN N, which implies that
U(xr) =2 € N) NN} as ¥ is an isomorphism between the structures
(UNo, €, N)icm and (UNi, €, N)icm. But then € N) NN again

by the fact that ¥ is an isomorphism between (| JNg, €, N?);<,, and

1

(UM, €, N}Yicpn, which implies that Wyo yo (z) = x and hence that
107" "]

(P T Nﬁ) © ‘I’N;)O,Ngl)(l') = ‘I’N;)O,Ngl (z) = =.

A similar argument establishes condition (C) for Ny UNp: Let My,
My, M3 € Ny UN; be such that My € My and 6y, = dpr,. We must
prove that Wy, a (Ms) is also in NgUN;. We may clearly assume that
there are indices 4, j € {1, 2,3} such that M, € N and M; € Nj. The
case when M; and Ms are both in A and Ms is in N, can be treated
as follows. First note that there are ¢; and i, such that M; = Nil1
and M, = N. As M, € M, and V¥ is an isomorphism fixing R (in
particular, M), N) € N{. But Uno vy = Uno w1 N? and this
isomorphism also fixes M. So My, My = Nil2 and Ms are in NV;. The
last case that needs to be considered is when Ms; € Ny and M, € N;.
Just as before, we can ensure the existence of i1, 75 and i3 such that
M; = N2, My = N} and M, = N}. Finally, let iy be such that
N} = \IJNill’Ni13 (N.) and note that N = Wy, ar, (Mo).

Finally, as to condition (D) for Ny N A7, it suffices to show that
if ig, i1 < m are such that dyo < 5N}1’ then there is some 7 such

0
that oy = 5N?o’ N! € N}, and N} "N} = N? N N}. For this,

i1
by condition (D) for Ny we may find i < m such that dyo = (5ng)0,
NY € N), and N) NN = NP NN . Then, since ¥ is an isomorphism,
N}, N and N} have the same height and N} € N} . To see that
N! NN = N}/ NN}, note that any set in either N} N N? or N} N N}
is in R, and use the fact that U is the identity on R together with the
fact that N) NN = NN N). O

Our final amalgamation lemma is the following. This lemma will be
used in the proof of Lemma 2.31.

Lemma 2.6. Let Ny, Ny and Ny be partial T-symmetric systems of
elementary substructures of H(0) such that Ny C Ny. Suppose that

(Ao n (M) =R

and that, for some m < w, there are enumerations (N?)i<m and (N})icm

of Ny and N, respectively, together with an isomorphism ¥ between
(UNo, €, T, R, N?)icr, and (UN1, €, T, R, N}'Yi o, which is the identity

1
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on R. Suppose, in addition, that

(JAz) n (M) =R
Then Ny UNy UN, where
N ={Uyn,n(M) | MeNy, M€ Ny, Ng € Ny, Ny € N1, dn, = 0w, }s
15 a partial T'-symmetric system.

Proof. Note that M = MyUN; is a partial symmetric system by Lemma
2.5. Note also that N7 UN3; UN can be written as

M, U{M € N, | thereis no N € Nj such that M € N}

for some finite C—increasing sequence (M;);<,, of partial symmetric
systems such that My = M and such that for all 7 < m there is some
N € N, such that

Migr = M; U J{Tnom “Na N N) | No, Ny € M, Gy = 6, < 6y}

By Lemma 2.4, each M; (for i < m) is a partial symmetric system.
Also note that in fact (M;);<,, can be set up in such a way that there
are N°, ... N™ 1 € Nj such that for every i < m, M, is

MU J{Wx v “N2NNF) | No € No, Ny € NgUNG, By, = iy, < e}

k<i

Indeed, start with any N € Aj such that N° N (N2 \ Np) # 0 and
build the corresponding M;. Note that M; NN C N, N N for every
N € N since condition (C) in Definition 2.2 holds for N2 2 A and
since Wy, n, is the identity on R whenever Ny € Ny and N; € N are
such that dy, = dx,. Now we pick, if possible, any N € Aj such that
NN (N \ My) # 0, and build the corresponding M,. We iterate this
process until we get nothing new. Let us verify now that Ny UN; UN
satisfies conditions (A)—(D) in Definition 2.2.

Condition (A) is obviously true. For condition (B), since it holds for
No D N it suffices to show, by the above representation of (M;);<m,
that if M € Ny, M € N, is such that 63 = dy7, and Ny € Ny, N € M}
are such that M € Ny and 0y, = Oy, then ¥ := Wy, y, © W, a7 fixes

M N Wy, n, (M) (all other cases are easily proved using our hypothesis
on Ny and N7 and the fact that N3 is a partial symmetric system
extending Np). Let @ € M N Wy, n,(M’') and note that x € M N R.
By our assumption on Ny and N there is some N; € Nj such that
N{N R = Ny N R. By condition (D) in Definition 2.2 for Ny there is
some M' € Ny N Nj such that §yp = 0y and M N N; = M N M. But
then W(z) = (V7 v, 0 Vara)(2) = @ since x € M N M' 10 Ny NN
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As to condition (C) it suffices to argue, again thanks to the above
representation of (M,)i<n,, that if M € Ny, M € N is such that
&3 = O0nr, No € No, Ny € N are such that M € N, and dn, = Ony, and
Q € M NNy, then ¥(Q) € NUN;UN for U = Uy, n, 0, 57 (again,
all remaining cases can be proved easily using our hypotheses). But
Uy 37(Q) € Na by (C) for Ny, and therefore Wy, n, (V) 37(Q)) € N.

Finally we verify condition (D). Suppose M and @ are both in N,
and dy; < dg. Suppose first that there are Ny € Ny, N1 € N of the
same height such that M € Ny and let us show that there is some
M € QN N; of the same height as M such that Wy, n, (M) N Q =
M N Wy, N, (M). For this, note that by our hypothesis on Ay and
N there is some N| € N such that NN R = N; N R. By (D) for
Ny D AN there is some M € N, N Q of the same height as M and
such that Wy, nr (M) N Q = Wy, nr(M) N M. But now it is easy to
check that Wy, v, (M) NQ = Wy, n, (M) N M using the fact that if €
Uy, v (M)NQ, then 2 € R (which is true since ((JN2) N (UN1) = R).
Finally suppose there are Ny € Ny, N; € N; of the same height such
that @ € Ny and let us show that there is some M’ € Uy, v, (Q) NN
such that M N Uy, N, (Q) = M N M'": By (D) for N, there is some
M € N>NQ of the same height as M and such that M NQ = M N M.
Then it is easy to see that M’ = Uy, n, (M) € N N Ty, n, (Q) is as
desired, again using the fact that (JN2)N(IJN1) = R. The remaining
cases in the verification of (D) are easier as usual. O

2.2. The forcing construction. We start our forcing preparations
fixing X = (X, : a € K, cf(a) > wi), a S € K, cf(a) > wi})-
sequence. Note that the existence of such a diamond sequence implies
2<% = k. Let ® be a bijection between x and H(k). Let also < be
a well-order of H(k™) in order type 2%. ® exists since |H (k)| = k by
2<" =k, and < exists since |H (k)| = 2".

We will define an iteration (P, : a < k), together with a function
Y : k — H(k) such that each Y(«) is a P,—name in H (k).

Let (0, : a < k) be the strictly increasing sequence of regular
cardinals defined as §, = [2%|* and 6, = |25WPls:A<ad|+ if o > 0.
For each a < K let 91, be the collection of all countable elementary
substructures of H(0,) containing ®, < and (#z : § < «). Let also
N, = {N*NH (k) : N* € 9%} and note that if &« < 3, then 9T belongs
to all members of 9 containing the ordinal a.

The properness of each P, will be witnessed by the club 9T (see
Lemma 2.22). The proof of this will be by induction on «.
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Let us proceed to the definition of (P, : o < k) now. Conditions in
Py are pairs of the form (), A), where
(A) A is a finite set of ordered pairs of the form (V,0) such that
dom(A) is a partial d—symmetric system.
Given Py—conditions g, = (0, A.) for e € {0,1}, ¢; extends ¢q if and
only if
(B) dOIIl(A()) Q dOHl(A1>

Notation 2.7. If ¢ is an ordered pair (F, A) such that F is a function
and A is a relation, we denote F' by Fj, and A by A,. In this context,
we will use supp(¢) to denote the domain of F, (supp(q) stands for the
support of q). Also, if q is as above and ¢ is an ordinal, the restriction
of q to &, denoted by g|¢, is defined as the pair

qle == (Fy 1§, {(N,min{p, £}) : (N, B) € Ag})

Let a < K, a > 0, and suppose that we have defined P for all { < .
Suppose also that if £ < a, then Py C H(k), and if ¢ € P, then ¢ is
an ordered pair of the form (£}, A;), where

e [, is a finite function with domain included in £, and

e A, is a finite relation {(N;,7;) | ¢ € n} such that dom(A,) =
{N; | i < n} is a partial d—symmetric system and, for all i, v;
is an ordinal such that v; < €.

It will be convenient to consider the following technical variant of
the N; 5—c.c. in the context of our construction. In this definition, and
throughout the paper, if P C H(k) is a poset, N C H(k), and G C P
is a filter, then by N|[G] we mean {7¢ : 7 € N, 7 a P-name}. P might
certainly fail to be a member of N and might not even be definable
there.

Definition 2.8. (In V[G] for a Pe—generic filter G, £ < a) A poset

Q C H(k)VY is Ny5-c.c. relative to V and G if and only if there is a

club D of [H(k)V]™, D belonging to V, with the following property:
If

(1) pe

(2) {N; : ZEn}CDlsﬁmte

(3) p € N;[G] for some j such that dy, = min{dy, : i <n}, and
(4) {(Nl,f) : i <m} C A, for some u € G,

then there is an extension of p which is (N;[G], Q)—-generic for all i.
If « = ap+1, then let T(ap) be a P,,—name in H (k) for an Xy 5—c.c.

poset relative to V and Gy, such that T(ap) is (say) the canonical
P., name for trivial forcing on {0} unless X, is defined and codes
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(via some fixed reasonable translating function 7)'* a P,, name X. In
that case, T(ag) is a Po,—name in H(x) for an R, 5—c.c. poset relative
to V and Gy, such that T(ap) is X if X is such a poset and such that
T () is trivial forcing on {0} if X is not such a poset.

Let 0 < a < k. The definition of P, is as follows (regardless of
whether « is a successor or a limit ordinal). Conditions in P, are pairs
of the form ¢ = (F;, A,) with the following properties.

(C0) F, is a finite function whose domain is included in a.

(C1) A, is a finite set of pairs (N,v) with v < min{a, sup(N N k)}.

(C2) For every £ < «, the restriction ¢|¢ of ¢ to & is a condition in

Pe.

(C3) If € € dom(F,), then Fy(€) € H(k) and gl¢ Ibp, F,(€) € T(£).*?

(C4) If £ € dom(F,), N € Neyq, and (N, B) € A, for some > €41,

then ¢|¢ forces in P¢ that F,(§) is (N[Ge], T(€))-generic.

Given conditions ¢, = (F,, A.) (for € € {0,1}) in P,, ¢ extends g
if and only if the following holds:

(D1) qg1]e <a qole for all € < a.

(D2) dom(Fp) C dom(Fy) and if £ € dom(Fy), then ¢ ¢ forces in Py

that Fy(£) T(&)—extends Fy(§).

(D3) If (N, 8) € Ag, then there exists 5 > (8 such that (N, 3) € A;.

We define also the notion of being an Xy 5—c.c. poset relative to V and
G for any P.—generic filter G in the natural way: A poset Q C H(x)V
is Ny 5—c.c. relative to V and G if and only if there is a club D of
[H(r)V]®, D belonging to V, with the following property:

If

(1
(2

peQ,

{N; : i € n} C D is finite,

(3) p € N;[G] for some j such that dy, = min{dy, : i <n}, and
(4) {(Ni,sup(N; Nk)) = i <m} C A, for some u € G,

then there is an extension of p which is (V;[G], Q)-generic for all 7.

— — N

2.3. The Main Facts. We are going to prove the relevant properties
of the forcings P,. Theorem 2.1 will follow immediately from them.
Our first lemma is immediate from the definitions.

M7 can be taken to be for example the following surjection 7 : P(k) — H(x™1):

if a € H(k"), then m(X) = a if and only if X C k codes a structure (v, E)
isomorphic to (TC({a}), €) (for some unique cardinal " < k). We will denote this
isomorphism by 7x.

15A5 a convenient simplification, we will tend to omit inverted circumflexes (i.e.,
we will tend to write x rather than %) in cases where we clearly deal with canonical
names.
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Lemma 2.9. P, = U5<n Ps, and ) # Py C Ps for all a < B < k.

An inductive verification shows that if ¢ is a condition in P, (o < k),
(N, ) € Ay, and p is an ordinal below g, then (F,, A,U{(N, p)}) is also
a condition in P,. In fact, the original condition ¢ is clearly equivalent
to this condition. Also note that if r is a condition in Pz and ae < 8 < &,
then the relations A, and A,|, have the same domain. In particular, if
q € Po, {q" : i € I} is a finite subset of Pg, and ¢ <, ¢'|, for all i € I,
then dom(Ag) = dom(Ay,) € dom(A,) = dom(Ay,) (the inclusion
follows from clauses (B) and (D3) in the definition of our forcing). To
sum up, Ay UJ{A4i, : 7 € I} and A, have he same domain, and this
domain is of course a partial d—symmetric system. Again by (D3), if
q <a ¢'|a and (N, p) is in Ay, , then there is 0 > p such that (N, p) is
in A,. So, after repeating a finite number of times the first observation
of this paragraph we have the following result:

Lemma 2.10. Let o and B be ordinals such that o < < k. If q is
in P, {q" : i € I} is a finite subset of Pg and q <, ¢'|s for alli € I,
then q and (Fy, Ay U UH{Ayi, : @ € I}) are two equivalent conditions
i the forcing P,.

Lemma 2.11 shows that (P, : a < k) is a forcing iteration in a
broad sense.

Lemma 2.11. If g = (F,,A;) € Po, r = (F,,A;) € Pg, and q¢ <, 7|a,
then

Ao q:= (FyU(E | o, 5)), Ay UA,)
is a condition in Pg extending r. In particular, every mazimal an-
tichain in P, is a maximal antichain in P, and therefore P, is a
complete suborder of Pg.

Proof. The proof proceeds by induction on § > «. The case f = «
follows from Lemma 2.10, since it implies that r A, ¢ is equivalent to q.
Let us assume now that § = o + 1 with ¢ > a. Clearly, r A, q satisfies
clauses (C0) and (C1) in the definition of P,.;. By the induction
hypothesis we know that the restriction of r A, ¢ to o, that is,

(7’ Na Q)’U = (Fq U (F T [047 0))7Aq U ATla)

is a condition in P, extending r|,. Therefore, r A, ¢ also satisfies (C2).
If 0 ¢ dom(F,), then r A, ¢ is a condition in P,,q, since clause (C4)
is automatically satisfied. If o € dom(F,), then (r A, q)|, forces in
P, that F.(o) is in Y (o) (since r|, forces this and (r A, q)|, extends
7|,). This concludes the verification of (C3) for ¢ A, 7. Now we check

that (1 Ay q)|s forces that F,.(o) is (N[G,], T(0))-generic for all those
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N in M,4q such that (N,o0 +1) € A, UA,. But such an N is such
that (N,o + 1) € A, (by definition of P,, range(A,) C a + 1). Since
r satisfies (C4), r|, (and hence, the restriction of r A, g to o) forces
that F.(c0) is (N[Gy], T(c))-generic. Finally note that the induction
hypothesis and the inclusion A, C A, . , together imply that r A, g
extends r. The case when £ is a nonzero limit ordinal follows directly

from the induction hypothesis.
O

The following four amalgamation results are, essentially, Lemmas
3.5-3.8 from [1]. The proofs of those lemmas are easy mechanical
verifications, not particularly illuminating, and translate almost word
by word to proofs of the present lemmas, so the familiarized reader
may skip the present proofs.

Lemma 2.12. Let o < k and let gy = (Fy, Do) and q1 = (F1, Ay) be
conditions in Pay1 such that there isv € H(k), a conditionr = (F,, A,)
in Pa, and a finite set {M; : j € n} with the following properties:

(a) o+ 1 <sup(M; N k) and (M;, ) € A, for all j <n,

(b) 7 extends both qo|o and qi]a,

(¢) a € dom(Fy) Ndom(Fy) and r forces in P, that v extends both
Fy(a) and Fi(«) in Y(«), and

(d) r forces in Py, that v is (M;[G,], T(«))-generic for all j < n
such that M; € Mqy1.

Then,
¢ = (FU{{o,0)}, A, UAUA U{(Mj,a+1):j€n})
15 a condition in P11 extending both qy and q;.

Proof. First we check that ¢y is in Pyyq. It follows from (a) and (b)
together with Lemma 2.10 that the restriction of ¢y to « is equivalent
to r, and hence that ¢, satisfies clauses (C0)-(C2). Condition (C3)
for g, follows from (c). Finally we must show that r forces that v is
(N[G4), T(c))-generic for all those N in M, such that (N, a+1) is in
AgUA U{(M;,a+1) : j € n} (recall that if (N,vy) € A,, then v < «).
But for such an N, if (N, a+1) € A, (i € {0,1}), it suffices to recall that
7 <a ¢ila, that r forces that v extends both Fy(«) and Fj(«), and that
(by clause (C4) applied to ;) gi|a forces that Fj(a) is (N[Gg], T(a))-
generic. Hence, r forces that v is (N[G,], T(a))-generic. The case
when (N,a+1) € {(M;,a+1): j € n} follows from (d). Finally note
that (b), (¢) and the inclusion A; € Ag U A U{(M;,a+ 1) :j € n}
imply together that g, extends ¢; for i € {0,1}. O
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Exactly the same proof establishes the following variant of Lemma
2.12.

Lemma 2.13. Let o < K and let qo = (Fy, No) and ¢1 = (F1, Ay) be
conditions in Pat1, r = (F, ;) a condition in P,, and {M; : j € n}
a finite set with the following properties:
(a) a+1 <sup(M; Nk) and (M;,a) € A, for all j <mn,
(b) r extends both qo|o and q1|a, and
(¢) a ¢ dom(Fy) Udom(F}).
Then,
@ = (Fr, A, UAUALU{(M;,a+1):j€n})
15 a condition in P11 extending both qy and q;.
Suppose, in addition, that v € H(k) is such that
(d) r forces in P, that v is (M;][G,], Y(«))—generic for all j < n
such that M; € Nyy1, and
(e) r forces in P, that v is (N|G,], Y («))-generic for all N such
that (N;a+1) € AgUA; and N € My
Then,

g = (F,U{{a,0)}, A, UAUA U{(Mj,a+1):j €n})
15 a condition in P11 extending both qy and q;.

Lemma 2.14. Assume that 0 < 0 < a < k. Let g¢ = (F¢,A¢)
(¢ € {0,1}) be conditions in P, such that supp(qp) U supp(q:1) C o
and such that there exists a condition r = (F,, A,) € P, extending both
Qlo and q1|,. Then qy and q; are compatible in P,.

Proof. Define qo = (F,., A, U Ay U Ay). We prove by induction on S,
o0 < B < a, that ¢s|s is a condition in Pz extending go|s and ¢;|z. The
successor step follows from Lemma 2.13. O

Lemma 2.15. Given < k and given conditions q¢ = (F¢, A¢) ( for

£ €{0,1}) in Pg, let Z¢ = supp(qe) U (BNJdom(A,)). Let a < 3 be

such that ZoN Zy C «, and assume there is a condition r = (F,, A,) in

P, extending qolo and qi|o. Let F' = F,U(Fy | [o, B))U(F) | [, B)).
Then the natural amalgamation of v, qo and q1, i.e.,

(go Aqr) Aam = (F¥' A, UAGUAY)
is a Pg—condition extending qo and q;.
Proof. The proof is by induction on 8 > a. The case § = « follows from
Lemma 2.10, since this lemma implies that (go A ¢1) Ao 7 is equivalent

to r. We consider now the case when f = o + 1 with ¢ > «. Clearly,
(go N\ q1) Ao 7 satisfies clauses (C0) and (C1). Using the induction
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hypothesis we know that the restriction of the amalgamation to o is
a condition in P, which extends both ¢o|, and ¢|,. In particular, if
o € dom(F>), then ((qo A q1) Ao T)|» forces that F!(o) is in T(o).
Therefore, (goAg1) Aar also satisfies (C2) and (C'3). Let us assume that
o € dom(F>'). In fact, since supp(qo) Nsupp(q1) C a and o > «, we
may assume that o € supp(qo) \ supp(q1) (the proof when o € supp(q1)
is identical). We must show that the condition ((gy A ¢1) Ao 7)|s forces
that FO! (o) is (N[Gy], T(0))-generic for all those N in N, such that
(N,o0+1) € AgUA;. Since 0 > a and ZyN Z; C «, it follows for such
an N that (N,0+1) € Ag. Since qq satisfies (C4) and F>'(0) = Fy(o),
¢olo (and hence, ((go A q1) Ao 7)|») forces what we want. Finally note
that the induction hypothesis, the choice of F%! and the inclusion
AgUA; C Aggong)nar together imply that (go A qi) Aq 7 extends g and
q1- The case when [ is a nonzero limit ordinal follows directly from
the induction hypothesis. O

The following lemma gives a representation of P11 as a certain dense
subset of an iteration of the form P, x Q,,.

Lemma 2.16. For all « < Kk, Pyy1 is isomorphic to a dense suborder
0f Po* Qua, where Qq is, in V7=, the collection of all pairs (W, Q) such
that W has cardinality at most 1 and

(o) if v e W, then there is some r = (F,,A,) € G4 such that

(FU {0} b A, ULV, a+1) 5 N € Q}) € Pas,
(o) if W =0, then there is some r = (F,, A,) € Gqo such that
(Fr, Ay U{(N,aa+1) : Ne@Q}) € Paqra,
ordered by (W1, Q1) <¢. (Wo, Qo) if and only if

(i) Qo € Q1, and
(ii) of Wo = {v}, then Wy = {v'} for some v' € Y («) which extends
vin T(a).

Proof. Let P consist of all (r, %), where r € P, and 7 lFp, & € Q,.

Then ¢ : Pay1 —> Pagq is an isomorphism, where ¢(q) = (¢la, ),
= ({Fy(a)}, A7 (a + 1)) if a € supp(q), and z = (0, A (a + 1)) if
a ¢ supp(q)- =

Lemma 2.17. If a and Q, are as in the statement of Lemma 2.16,
then Q. is forced by P, to have the Ny—chain condition.

Proof. Lfet G be P,—generic filter over V and let Q, be the interpreta-
tion of Q, by G. Working in V[G] suppose {(W;,Q;) : i < ws} C Q,
and W; = {v;} is nonempty for each i. Since Y(«a) is forced by P, to
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have the No—c.c., there are v € T(«), i, i1 < wy, and r € G such that r
forces that v extends both v;, and v;,. The proof will be finished in this
case once we show (F. U {{a,v)}, A, U{(N,a+1) : N € Q;, UQ;,})
is a condition in P,;. Note that, by definition of Q,, there are ry and
r1 in G such that (F,, U {{(o,vi,)}, Ay U{(N,a+1) : N € Q;,}) and
(B, U{{a, v}, Ay, U{(N,a+1) : N € @Q;,}) are conditions in Ppy1.
Since G is a filter and by extending r if necessary, we can assume that
r extends both ry and r;. Now we are done by a simple application of
Lemma 2.12.

The proof for the case when {(W;,Q;) : i < wy} C Q, is such that
W; = () for cofinally many 4 in wy is very similar (the only difference is
that we use the first part of Lemma 2.13 instead of Lemma 2.12). [

The next step in the proof of Theorem 2.1 will be to show that all
P, (for a < k) have the Ro—chain condition. We first prove that Py is
Ny—Knaster.'6

Lemma 2.18. P, is No—Knaster.

Proof. Suppose m < w and g = {N¢ : i < m} is a Py condition
for each & < wy. For notational convenience we are identifying a Py—
condition ¢ with dom(4,), which is fine for this proof. By CH we
may assume that {{J,_,, N¢ : € < w,} forms a A-system with root
X. Furthermore, by CH we may assume, for all £, £ < ws, that the
structures ({J,,, Nf, e, d X, Nf>i<m and (U;<,n Niga €, X, N§/>i<m
are isomorphic and that the corresponding isomorphism fixes X. The
first assertion follows from the fact that there are only N;—many iso-
morphism types for such structures. For the second assertion note that,
if ¥ is the unique isomorphism between ({J,_,, N¢ e, @ X, N, and
(Uicm Nf/, e, d X, Nf,)Km, then the restriction of ¥ to X Nk has to
be the identity on X N k. Since there is a bijection ® : H(k) — &
definable in (H(k), €, ®), we have that ¥ fixes X if and only if it fixes
X N k. It follows that W fixes X. Hence, by Lemma 2.5 we have, for

all £, ¢’ < w,, that g¢ U g extends both ¢ and ge. O
Lemma 2.19. For every a < k, P, has the Ny—chain condition.

Proof. The proof is by induction on «, being the conclusion for a = 0
a consequence of the above lemma.

For o = o + 1 the conclusion follows immediately from Lemmas 2.16
and 2.17 together with the induction hypothesis for ¢ and the fact that
the Ny—c.c. is preserved under two—step iterations.

6Given a cardinal p, a partial order P is y—Knaster if for every X € [P]* there
is Y € [X]* consisting of pairwise compatible conditions.
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For o a nonzero limit ordinal, suppose ¢g¢ is a P,—condition for all
¢ < wy. Suppose first that cf(a) # we. There is then some 0 < «
such that I = { < wy : supp(ge) C o} has size X;. By induction
hypothesis we may find distinct £ and ¢ in I such that g¢|, and gg/|,
are compatible in P,. But now it follows from Lemma 2.14 that g¢ and
qer are compatible.

Finally, suppose cf(a) = wy. For each £ < ws, let Z¢ be the union of
the sets supp(ge) and a N (Jdom(4A,, ). By CH we may find I C wy of
size Ny such that {Z¢ : € I} forms a A-system with root X.

Let now ¢ < « be such that X C o (o exists by cf(a) > wy). By
induction hypothesis we may find distinct £ and &' in I such that g/,
and g |, are compatible in P,. Let r¢ ¢ be a condition in P, extending
|, and gg/|,. By Lemma 2.15 it follows that the natural amalgamation
of r¢er, e and ge is a P, —condition extending g¢ and ger.

O

Corollary 2.20. For every a < k and every cardinal K" > k, Py, forces
H(xVIG) = H(V[G,] and forces (N* N H(k))[Ga] = N*[Ga] N
H (k)1 whenever 0 is reqular and N* is a countable elementary
substructure of H(0) such that P, € N* and k' € N*.

Definition 2.21. Given a < k, a condition ¢ € P,, and a countable
elementary substructure N < H(x), we will say that ¢ is (IV, P,)-pre-
generic in case

(o) a < k and the pair (V, ) is in A, or else
(o) a = k and the pair (NV,sup(N Nk)) is in A,.

The properness of all P, is an immediate consequence of Lemma
2.22. Much of the machinery in our definition of (P, : « < k) is
there precisely to make the proof of the lemma work. This lemma
is proved by reciting very much the same mantra as in the proof of a
corresponding lemma in [1]. We will repeat this mantra for the reader’s
benefit, of course adapted to the present situation.

Lemma 2.22. Suppose o < Kk and N* € WM. Let N = N*N H(k).
Then the following conditions hold.
(1)o For every q € N there is ¢ <, q such that ¢' is (N, Py)—pre-
generic.
(2)o If P, € N* and q € P, is (N, P,)—pre-generic, then q 1is
(N*, P,)-generic.

Proof. The proof will be by induction on «. We start with the case
a = 0. For simplicity we are going to identify a Py—condition ¢ =
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(0,A,) with dom(A,). The proof of (1), is trivial: It suffices to set
¢ =qU{N}.

The proof of (2) is also easy: Let E be a dense subset of Py in N*.
It suffices to show that there is some condition in £ N N* compatible
with ¢. Notice that ¢ N N* € Py by Lemma 2.4 (i). Hence, we may
find a condition ¢° € E'N N* extending ¢ N N*. Now, by Lemma 2.4
there is a partial ®—symmetric system M extending q U ¢°. It follows
that M is a condition in Py extending ¢ and ¢°.

Let us proceed to the case @« = o + 1. We start by proving (1),.
Assume first that o € supp(q). By (1), we may assume, by extending
q|o, that g, is (N, P,)-pre-generic. Let D be the <-first P, name for
a club D of [H (k)™ in V such that D witnesses that Y (o) is Ry 5—c.c.
relative to 'V and GU. Note that ¢|, forces N € D since D € N*
and since ¢|, forces H(x)V'¢] = N by (2),. But then there is some
t € P, extending ¢|, and some y € H(x) such that ¢ forces that y
is an (N[G,], T(0))-generic condition extending F,(s). It suffices to
define ¢ as the condition (F; U {(o,y)},A; UA, U{(N,a)}) (Lemma
2.12 ensures that ¢’ is indeed a condition extending q).

The proof in the case that ¢ = (F,A) with dom(F) C o can be
reduced to the previous case by the following Claim.

Claim 2.23. If ¢ = (F,A) and 0 ¢ dom(F), then we can find a
condition ¢ = (F', A") extending q and such that o € dom(F").

Proof. This is true, using Lemma 2.13, by essentially the same argu-
ment as above since (2), guarantees that ¢|, is also (M*, P,)-generic
for all M* € 9%, such that (M,o0 + 1) € A, for M = M* N H(k),
which implies that a condition forcing that all these M are in D can
be found as in that argument. Also note that, by its being definable,
the weakest condition of Y (o) is forced to be in H(x)M'C) = M[G,]
for all these M’s, where the equality holds by Corollary 2.20. 0J

Now let us prove (2),. Let A be a maximal antichain of P, in N*
and assume without loss of generality that ¢ = (F,, A,) extends some
condition ¢* in A. We must show ¢* € N. Note that A is in N by the
Ny—c.c. of P,. By Claim 2.23 we may also assume that ¢ € dom(Fy).
Let G, be a P,-generic filter over V with ¢|, € G,. By (2), we have
that G, is also generic over N*.

Let E be the set of T(o)—-conditions v such that either

(i) there exists some a € P, extending some member of A such
that a|, € G,, 0 € dom(F,), and such that F,(c) = v, or else

(ii) there is no a € P, extending any member of A such that al, €
Gy, 0€ dom(Fy), and such that F,(0) <g@) v.
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E is a dense subset of Y (o), and E € N*[G,] by E being definable
in H(kT)V[G,] from P, together with the fact that H(xt)N'[C7] g
H(k*)V[G,] and N* contains P, and A. Note that E is in fact in N[G,]
by Corollary 2.20. Suppose F,(c) = v. Since v is (N[G,], T(0))-
generic, we may find some v € ENN|G,| and some v* Y (0)-extending
both v and v.

Claim 2.24. Condition (i) above holds for v'.

Proof. Let r be a condition in G, extending ¢|, and deciding v*, and
let u= (F, U{(o,v")},A, UA,). By Lemma 2.12, u is a P,—condition
extending ¢. In particular, u extends a condition in A, and therefore
it witnesses the negation of condition (ii) for v/, so condition (i) must
hold for v'.

O

By the above claim and by H(x*)V' (6] 5 H(k*)V[G,] there is a in
N*[G,] witnessing that condition (i) holds for v, and actually a € N
since N*[G,] NV = N* by (2),. Now we extend ¢|, to a condition
r deciding a, and deciding also some common extension v* € Y (o)
of 7 and v'. We may also assume that r extends al,. It follows that
(F, U{(o,v")},A, UA, UA,) is a common extension of ¢ and a by
Lemma 2.12. Hence ¢* = a.

It remains to prove the lemma for the case when « is a nonzero limit
ordinal. The proof of (1), is easy. Let ¢ € NN« be above supp(q). By
induction hypothesis we may find r € P, extending ¢|, and such that
(N,0) € A,. One can now easily check that the result of stretching
the marker o in (N,0) up to a if @ < k and up to sup(N Nk) if a = K
is a condition in P, extending ¢ with the desired property.

For (2),, let A be a maximal antichain of P, in N*, and assume
without loss of generality that ¢ = (F}, A,) extends some condition ¢*
in A. We must show ¢* € N. Suppose first that cf(a) = w. In this
case we may take o € N* N« above supp(q). Let G, be P,—generic
with ¢|, € G,. In N*[G,] it is true that there is a condition ¢° € P,
such that

(a) ¢° € A and ¢°|, € G,, and
(b) supp(¢°) C o.
(the existence of such a ¢° is witnessed in V[G,] by ¢*.)

Since ¢|, is (N*, P,)—generic by induction hypothesis, ¢° € N*. By
extending ¢ below o if necessary, we may assume that ¢|, decides ¢°
and extends ¢°|,. But now, if ¢ = (F},, A,), the natural amalgamation
(Fy, AjUA) of ¢ and ¢° is a P,—condition extending them by Lemma
2.14. Tt follows that ¢* = ¢°.
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Finally, suppose cf(«) > w;. This will be the only place where we
use the (partial) symmetry of dom(A,). The crucial observation in
this case is that if N’ € dom(4,) is such that onv < oy and N” €
N N dom(A,) is such that dy» = oy and N" N N’ = N’ N N, then
sup(N'N N Na) <sup(N”"Na). Hence, since such an N is countable,
we may fix ¢ € N N« above supp(q) N N and above sup(N' N N N «a)
for all N’ € dom(A,) with dn < .

As in the above case, if G, is P,—generic with ¢|, € G,, then in
N*[G,] we can find a condition ¢° € A such that ¢°|, € G, (again, the
existence of such a condition is witnessed in V[G,] by ¢), and such a
q° will necessarily be in N*. By extending ¢ below ¢ we may assume
that ¢|, decides ¢° and extends ¢°|,. The proof of (2), in this case will
be finished if we can show that there is a condition § extending ¢ and

q°.

The condition § can be built by recursion on supp(q°) \ o (note
that by the choice of o, min(supp(q) \ o) > sup(N N «), and therefore
min(supp(q) \ ¢) > max(supp(¢°))). This finite construction mimics
the proof of (1), for successor a.. The details are as follows.

Let (&;)i<r be the strictly increasing enumeration of supp(¢°)\o. We
may assume that r > 0, and therefore r — 1 > 0. We build a sequence
(¢i)i<r of conditions as follows:

For i = 0, we first extend ¢|, to a Pg,—condition r extending ¢|¢, and
¢°le,- 7 can be found by appealing to Lemma 2.14 if o < &, and if
o = & it is enough of course to set r = ¢|,.

If N is a relevant structure — meaning that (N, & +1) € Agle,+, and
N € 9M¢,11 —, then r forces also that the first club D C [H(k)V]™ in
V (in the well-order of H(x")[Ge,] induced by <) witnessing that the
poset Y (&) is Ny 5—c.c. relative to V and G§0 is such that every relevant
N isin D. (For such an N there is some N € e, 4 containing <
and such that N = N N H (k) which, since < € N , implies that
N" contains a name D for that club. Applying this fact and (2)e,
we conclude that gl forces N € D.) Finally, r forces that Fo (&)
is in N[GY,] and hence in N’[Ge,] for some relevant N’ with 5N’[G€0]
minimal. The reason is that N'[Ge,] = on+ for every relevant N’ by

(2)¢, and that by our choice of o we know that if N € dom(4A,) and
& € N, then 65 > 6. Putting these facts together we get that there is
some v* € H () and some extension of r forcing that v* Y(&y)-extends
F(&) and is (N[Gg,], T(&))-generic for all relevant N. It follows
now from Lemma 2.12 that there is a Pg,4;—condition gy extending r,

q’io-i-l and qO’€0+1'
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For 7 such that ¢ +1 < r, we assume inductively that ¢; € Pg, 1
extends g|¢,+1 and ¢°|¢,41, and obtain g;41 € Py,,, 41 from ¢; by arguing
exactly as in the case ¢ = 0 with & instead of &, and starting with
¢; rather than ¢|,. In the end we obtain ¢;11 € P, +1 extending both
qlei+1 and ¢°le,, 41 Let g = &1 = max(supp(q°)) and let

g=(F,, Ul [p+1,0a),A,_, UARUA)
Claim 2.25. § is a condition in P, extending both q and ¢°.

Proof. We prove by induction that if 1+ 1 < ¢ < a, then gl¢ is in Pe
and qle <¢ ¢°l¢, ¢le. The case & = p+1 follows from Lemma 2.10, since
it implies that g|,+1 is equivalent to ¢,_; (recall that ¢,_1 <,41 ¢°|u41,
qlu+1). Assume now that £ = n+ 1 for n > p+ 1. It suffices to
show that g|,;1 satisfies condition (C4) in the definition of P, 1, since
it clearly satisfies the other conditions. In other words, we must show
that if n € dom(F,), then g|, forces that Fi(n) is (M [G,], T(n))-generic
for all those M € 91,11 for which there exists an ordinal 8 > n + 1
such that (M, B) € A, , UA, UA,. But such a pair (M, ) cannot
be in A, ,, since all markers occurring in side conditions in ¢,_; €
Pu+1 are at most u+1 < n+ 1. On the other hand, we know that
n € supp(q) \ ¢ = supp(q) \ (N N «). It follows that there is no
M € dom(Ag) such that M € M, (such a countable M is in N, and
therefore M N € N N «), and hence (M, ) is neither in Ap. We
conclude that such a pair (M, 8) isin A,. By (C4) applied to ¢|,+1, we
have that ¢, (and hence, gl,) forces what we want. Finally note that
the induction hypothesis q|,, <, ¢°|,, ¢|,, the definition of g, and the
fact that the maximum of the support of ¢° is p < 1 together imply
that |11 <41 ¢°ln+1, ¢ln+1. The case when £ is limit follows from the
induction hypothesis. 0

The above claim finishes the proof of (2), for limit @ and the proof
of the lemma. O

Corollary 2.26. For all a < Kk, P, is proper.

The following lemma is a straightforward application of Claim 2.23
and Lemma 2.11.

Lemma 2.27. For every a < £ and every condition q € Py, q forces
that the collection of all y such that there is some (F,A) € G, with
F(a) =y generates a V|G,|-generic filter on Y («).

Lemma 2.28 follows from the usual counting of nice names for subsets
of k using (k<*)V = k and Lemma 2.19.

Lemma 2.28. P, forces k<" = k.
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Lemma 2.29. If R is a P, -name for an Ry 5-c.c. poset included in
H(r)V, then P, forces that R is Ny 5-c.c. relative to V and G,.

Proof. Let G be generic for Py, let R be the interpretation of R by G,
and let D be a P,name for a club of [H(k%)[G,]]X witnessing that R
has the X; 5—chain condition.’” Fix a sufficiently large cardinal € such
that R and D are in H(f). Define 9* as the set of all countable ele-
mentary substructures of H(f) containing all the relevant parameters.
Let also Mt = {N* N H(k) : N* € 91"} and note that, by properness
together with Lemma 2.22, the club 91 witnesses that R is Ny 5—c.c.
relative to V and G’K:

If w € P, and {N; : i € m} C I are such that A, includes
{(N;,sup(N; N'K)) : i < m}, then u forces that (N N H(k%))[G,] =
H(kT)NCs] is in D whenever N € 9t is such that N = N; N H(k).
Also note that, by the assumption R C H(x) and the N,chain con-
dition of this poset, u forces that (N N H(x*))[G,] and N;[G,] have
the same maximal antichains of R. It follows that u forces that a
condition in R is (N} N H(kM))[G.l, R) —generic iff it is (Ni[GH],R)—
generic. Thus u forces that if y € R belongs to some N;[G,] with
dn, minimal among {dy; : j < m}, then there is an extension of y in
R which is (N;[G.], R)-generic for all i. This is true since u forces
ONNH(kH))[C] = ON,[c) = O, Dy Lemma 2.22. O

Definition 2.30. Let () be an elementary substructure of H(#), for
some regular 6 > 6,, and suppose @) is closed under w—sequences and
contains ¢, < and X. Suppose () Nk is an ordinal § in k. Let a < 9,
let ¢ be a condition in P,, and let ¢* € P, N be a condition with the
following properties.

(1) Fp = F

(2) There is an enumeration ((N;,y;) : @ < n) of A, and an enu-

meration ((M;,7;) : i <n) of Ay such that
e there is a set R with

((Jdom(Ay) N (| Jdom(A)) = R = (| Jdom(A

and an isomorphism ¥ between

Udom , €, R P M>z<n

1"Note that there is such a D since |R|IVIE! < k by Lemma 2.28 and therefore, by
definition of Ry 5-c.c., there must be a club of [H (k1) VICI[Mo in V]G] witnessing that
R is Ny 5-c.c. Also, remember that P, forces H(kT)[G,] = H(x1)VIEsl (Corollary
2.20).
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and
<U dom(A(I)? Ea R? (1)7 N’L>z<n

which is the identity on R, and such that
o foralli < n,¥; =~ if v; < § and 3; = sup(N;N§) if ; = 0,
and for all £ € RN N; N a,
(a) Ml S m§+1 iff Nz € mg_H, and
(b) if M; € MNeyq, then ¥ [ M; is an isomorphism be-
tween (M;, €,Pe) and (N, €, Pe).
Then we say that ¢* is a reflection of ¢ to Q.

Lemma 2.32 will make use of the following reflection result.

Lemma 2.31. Let Q) be an elementary substructure of H(0), for some
reqular @ > 0, and suppose Q) is closed under w—sequences and contains
®, < and X. Suppose QQ N k is an ordinal 6 in k. Let a < 0, let
G € PaNQ and let ¢ = (F,, {(Ni,7) : i@ < n}) be a P,condition
extending qo. Then

(1) there is a reflection of q to Q extending qo, and

(2) for every q*, if ¢ = (F,, {(M;,3:)}) is a reflection of q to Q as
witnessed by the isomorphism

U (| (dom(Ag), €, R, @, Mi)ic, — (| J(dom(A,)), €, R, @, Nj)icn
and q' € Q NP, extends ¢*, then
7= (Fi, A UA,U{(M,0) : M e NTUA)

is a condition in P,, where N is the collection of all ¥ o 1 (M)
such that M € dom(A,)NN?, N? € dom(A,), N' € dom(4A,),
and dyo = Odn1, and where A is the collection of all pairs
(U(M),~) such that there is some i with

(a) (M,~) e My Ay,

(b) v <%, and

(C) Mi € m’erl

Proof. We prove the first part first. For all ¢ let 4; be obtained from
v; as in the definition of reflection of ¢ to ). Of course v; = ~; unless
a =9. In any case 7; € @ since () is w—closed. It is straightforward to
see that ¢ = (F,, {(N;,%) : @ < n}) is a condition in P, extending go.
Note also that Fj, is in @) since for every £ < a, X¢ € Q, X¢ C @), and P
has the Ny—c.c. (and therefore for every { < « there is a set Yy C H(k),
Ye € @, such that for every v € H(k) and every Pe—condition r, if
r ke © € T(€), then v € Y). Since Q < H(6) contains all reals, go,
Fy, (Fi)i<n and {(N; N Q,%;) : i < n}, we may find in @ a reflection
of ¢ to @ extending qy: The existence of such a ¢* can be expressed by
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a sentence with parameters in () and this sentence is true in H(f) as
witnessed by q.

We will prove (2) by induction on a. Let ¢f € Q NP, extend ¢*
and let g be obtained from ¢' as in (2). We prove by induction on
B < a that G is a Pg—condition. For g = 0 this follows immediately
from Lemma 2.6. The present use of partial symmetric systems rather
than fully symmetric systems in the sense of [1] is needed precisely to
make this point of the argument go through. With the stronger notion
of symmetry from [1] it might not be possible to amalgamate even the
restriction to 0 of § and ¢ into a Py—condition. The limit case follows
from the induction hypothesis. For the successor case, let 5 be such
that 8+ 1 < a and suppose q|z € Pg. It suffices to show that if 5 is in
the support of ¢, then g|s forces that Fi:(3) is

(1) (Ni[Gﬁ], T(5))-generic for every ¢ < m such that v; > § and
N; € ‘ﬁgH, and

(2) (U(M)[Gs], Y(B))-generic whenever M € Nyy1, (M,7) € Ay
for some v > [ + 1, and there is some ¢ such that M € M,
v <7, and M; € Ng4q.

We prove the first part only (the proof of the second part is essentially
the same). Note that for every i as in (1), M; € 94y and 4; >
B. Hence, qls forces that F,i(8) is (M;[Gs], Y(B))-generic since 7|z
extends ¢f|s and ¢'|s forces this. Suppose towards a contradiction
that there is a Ps—condition t extending G|z, a Psname A € N; for
a maximal antichain of Y(5), and some y € H (k) N @ such that ¢ I

y € Y(B) and such that ¢ forces that 3 extends F+(/3) and that no

condition in A N N;[G4] is compatible with y. We may assume that
A consists of pairs (r, %), with € Pg and # the canonical Pg-name
of some 2 € H(k)V. Then U~'(A) € M; is a Psname for a maximal
antichain of YT(B3) by the choice of ¥ since ¥~ | N; preserves the
predicate Pg. Note that, by the Ry—c.c. of Ps together with the Ry—c.c.
of T(B) in V[Gj], there is a surjection ¢ : w; — A in N;. Let now
t* be a reflection of ¢ to @ extending ¢'|s (which exists by (1) for 3)
and let ¢’ <gt*, t' € Q, and ¥ € H(k) N Q be such that ¢ forces that
y' is a common extension in Y () of y and of some z € W~1(A) N M;.
These objects exist since ¢'|s is (M;, Pg)-generic and forces Fi () to
be (M;[G5], T(B))-generic and since t* extends ¢f|s. By extending ¢
within @ if necessary we may of course assume that ¢’ decides x, that
(r,) € U=1(A) N M; for some r and that ¢’ extends r. There is some
v < Oy, such that U~1(p)(v) = (r,%). But then p(v) = (¥(r), %) €
AN N;. Now, by induction hypothesis there is a condition ¢ in Ps
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extending ¢, ¢ and W(r). This is a contradiction since t forces that
x € AN N; is compatible with . O

Lemma 2.32. P, forces MAL?.

Proof. Let q be a P,—condition, let y < &, and let R C H(x) and A,
(for i < x) be P,—names such that ¢ forces that R is an Ny 5—c.c. poset
relative to V and G, and that each A; is a maximal antichain of R.
By Lemma 2.28, Corollary 1.4 and Lemma 2.29 we will be done if we
show that there is some condition extending ¢ and forcing that there
is a filter on R intersecting all A;. Let X be a subset of & coding the
P,—name R via our fixed translating function .

Now, using the fact that X is a O({a < & : cf(@) > wy})-sequence,
we may fix an elementary substructure @) of some large enough H(6*)
containing @, ¢, P, R, (AZ)ZEX, X, X and a well-order W of H(0)
for some strong limit 6 > &, closed under w-sequences, and such that
0 = @ Nk is an ordinal sueh that X5 = X N § (since p0 < & for all
i < K, the set of § € Kk for which there is a () as above contains a A\—
club for every regular cardinal A < K, A > wy). Let Ro be the Ps—name
coded by Xs. By taking ¢ from within a suitable club we may further
assume that ¢ forces in P, for all £, & in § that if 7x,(§) and 7x,(£)
are compatible conditions in R, then there is an ordinal below & coding
a common extension in R of 7y, (&) and 7y, (¢') (since this is true for
a club of k in the extension which, by the k—c.c. of P,, includes a club
of k in V). Using this, we may assume as well that § is taken so that
q forces in P, for every Ps-name for a maximal antichain of Ro, that
A is a maximal antichain of R. This is true since every A as above can
be taken to be in H(k) and since ® : K — H(k) is a surjection.

The following claim follows from the closure of () under w—sequences
together with the above choice of §.

Claim 2.33. q forces in Py that 720 s an Ny 5—c.c. poset relative to V
and G(;.

Proof. Let ¢ <s qandlet {N{J,..., N;_,} be aset of countable elemen-
tary substructures of (H(6), €, W) containing everything relevant (this
includes a name D for a club witnessing the N s—c.c. of R relative to V
and G,) and such that (N;,8) € A, for all 4, where N; := N} N H(x).
Suppose towards a contradiction that there is some y € ) such that
¢ 5§ € Ro and such that y € Ny, where 6y, = min{dy,,...,0n, ,},
and that ¢ forces that there is no extension of y which is (N;[Gs], Ro)—
generic for all ¢ < n.
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By the proof of Lemma 2.31 (1) together with the proof of Subclaim
1.3.1 we may find a reflection ¢* of ¢’ to @) so that, in addition, if ¥
is the isomorphism witnessing that ¢* is a reflection of ¢’ to @ and
M; = W'“N; for all 4, then there are M} € Q (for i < n) such
that each M} is a countable elementary substructure of (H(6), €, W)
containing everything relevant and such that M; = M} N H(k) and
(M¥, e, W) is isomorphic to (N7, €, W) by an isomorphism fixing D
and R whose restriction to M; is ¥ | M;. We may also assume that
U | M; preserves Pg for every ¢ and every € N; N (). Clearly we may
assume that ¢* also forces y € R. Let q¢" € Q be an extension of q
and let 3 € H(x)NQ be such that ¢! forces that ¢/ is a condition in R
extending y and (M;[G,], R)-generic for all i. By Lemma 2.31 (2), ¢
and ¢’ can be amalgamated into a Ps condition g. Now we argue that
g forces that y/ is (N;[Gs], Ro)-generic for all i.

For this, suppose towards a contradiction that there is a Ps—condition
q extendlng g, some i, and some A € N; such that A is a Ps—name such
that g forces that A is a maximal antichain of Ry and that there is no
condition in AN N; compatlble with . Note that, by our choice of ¢,
A is a P,—name such that g’ forces in P, that A is a maximal antichain
of R. We may therefore assume that A is actually a P,—name for a
maximal antichain of R. Let ¢** be a reflection of § to Q. The rest
of the argument is again as in the proof of Lemma 2.31 (2): We find
an extension ¢t € @ of ¢** together with some y” and some z € M;
such that ¢t forces that & € W=1(A) and that 3 is a common extension
in R of z and /. We then find by (the proof of) Lemma 2.31 (2) an
extension of ¢! and § forcing & € A N N;, which is a contradiction.
Exactly as in the proof of Lemma 2.31 (2), the argument uses the fact
that R has the RNo—c.c. and so, since Ps has also the Nyo—c.c., there is
an enumeration of A in N; in length wy. 0

It follows from the above claim that ¢ forces Y(0) = Ro. Finally,
we may extend ¢ to a condition ¢’ such that 6 € supp(¢’). Then, by
Lemma 2.27, ¢' forces that there is a filter H on R, meeting all A;,
and of course H generates a filter on K. O

Lemma 2.34. P, forces 2™ = k.

Proof. VP = 2% > k follows for example from the fact that P, forces
MALS VP |= 2% < g follows from Lemma 2.28. O

Lemma 2.34 finishes the proof of Theorem 2.1.
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