COHERENT ADEQUATE FORCING AND PRESERVING CH

JOHN KRUEGER AND MIGUEL ANGEL MOTA

ABSTRACT. We develop a general framework for forcing with coherent ade-
quate sets on H(\) as side conditions, where A > wo is a cardinal of uncount-
able cofinality. We describe a class of forcing posets which we call coherent
adequate type forcings. The main theorem of the paper is that any coherent
adequate type forcing preserves CH. We show that there exists a forcing poset
for adding a club subset of wp with finite conditions while preserving CH,
solving a problem of Friedman [3].

The method of side conditions, invented by Todoréevié ([10]), describes a style
of forcing in which elementary substructures are included in the conditions of a
forcing poset to ensure that the forcing poset preserves cardinals. Friedman ([3])
and Mitchell ([7]) independently took the first steps in generalizing the method from
adding generic objects of size wy to adding larger objects by defining forcing posets
with finite conditions for adding a club subset of wy. Neeman ([9]) was the first
to simplify the side conditions of Friedman and Mitchell and present a generally
applicable technique for forcing on wy with finite conditions.

Krueger ([4]) developed an alternative framework for forcing objects of size ws
with finite conditions, using adequate sets of models as side conditions. An ade-
quate set of models consists of countable models which are pairwise membership
comparable up to some initial segment. Later Krueger ([5]) introduced the idea
of coherent adequate sets, which requires the existence of isomorphisms between
certain models in an adequate set. This idea combined adequate sets with an iso-
morphism structure originally used by Todorcevié [10] in the context of forcing on
w1. Coherent adequate sets were applied in [5] to define a strongly proper forcing
poset which forces [y, .

The present paper makes advances on the framework of coherent adequate sets.
We present a more general development in the context of H()) for a cardinal A > wy
of uncountable cofinality, rather than just H(w2) as was treated in [5]. We define
a class of forcing posets which we call coherent adequate type forcings. The main
theorem of the paper is that any coherent adequate type forcing preserves CH. More
generally, any coherent adequate type forcing on H()), where 2¢ < X is a cardinal
of uncountable cofinality, collapses 2% to have size wy, preserves (2¢)F, and forces
CH. We describe coherent adequate type forcings for adding a square sequence and
for adding a club to a fat stationary subset of ws.

The forcing posets of Friedman, Mitchell, and Neeman for adding a club subset
of wy with finite conditions all force that 2 = wy. Any forcing poset which has
strongly generic conditions for countable models will add reals, including those
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defined in this paper. These earlier forcings for adding clubs with finite conditions
can be factored in many ways so that the quotient forcing also has strongly generic
conditions in the intermediate extension. For this reason, these posets add ws many
distinct reals. Friedman ([3]) asked whether it is possible to add a club subset of
wy with finite conditions while preserving CH. We solve this problem by defining
a forcing poset which adds a club to a fat stationary set and falls in the class of
coherent adequate type forcings.

Finally we show that, under CH, the forcing poset consisting of finite coherent
adequate subsets of H(\) ordered by inclusion, where A > ws is regular, preserves
w1 and is wa-c.c., and therefore preserves all cardinals.

Section 1 develops the basic ideas of adequate and coherent adequate sets. This
development is self contained. Differences between the current paper and earlier
papers on adequate sets include the consideration of a more general context, namely
countable elementary substructures of H()\) for some A > ws of uncountable cofi-
nality, rather than just H(ws). Also we omit the assumption that 21 = wy. Since
we are not interested in taking initial segments of models as was done in [4], the
set A which is used to compare models can be taken to be ws N cof(wy). Some
simplifications of the material in [4] follow from these new conventions and from
the presence of isomorphisms between models.

Section 2 proves the main result of the paper, that any coherent adequate type
forcing preserves CH. Section 3 proves that if CH fails, then any coherent adequate
type forcing on H(A), where A > 2 is a cardinal of uncountable cofinality, collapses
2% to have size wy, preserves (2¢)", and forces CH. Sections 4 and 5 develop the
technical machinery for amalgamating conditions over countable elementary sub-
structures; amalgamation is a fundamental tool in side condition forcing for proving
cardinal preservation and stronger properties. Sections 6 and 7 give examples of
coherent adequate type forcings. In Section 6 we review the poset from [5] for
adding a square sequence. In Section 7 we define a coherent adequate type forcing
poset which adds a club to a fat stationary subset of wo.

Section 8 presents general results for amalgamating coherent adequate sets over
elementary substructures of size w;. These results are not needed for the present
paper, but could be useful for future applications. We show that the forcing poset
consisting of finite coherent adequate subsets of H(\) ordered by end-extension is
wa-C.C.

The general development of coherent adequate sets presented in Sections 1, 4, 5,
and 8 is due to Krueger.

Asperé and Mota ([1]) proved recently that for any cardinal A > wy of uncount-
able cofinality, the forcing poset consisting of finite symmetric systems of countable
elementary substructures of H(A) ordered by inclusion preserves CH. A symmet-
ric system is similar to a coherent adequate set, except that it does not have the
adequate structure. Also, after this work was done, Todorcevi¢ pointed out to the
authors that in an unpublished result from the 1980s he proved using a different ar-
gument that forcing with finite sets of countable elementary substructures of H (ws)
with isomorphisms, of the type described at the end of [10], preserves CH and adds
an wi-Kurepa tree.

Neither of these results show how to force with side conditions together with
another finite set of objects to preserve CH, nor do they imply anything regarding
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adequate set forcing. By arguments of Miyamoto [8], any coherent adequate type
forcing on H(\) adds an w;-tree with A many cofinal branches, for any regular
cardinal A > wy. Thus w-Kurepa trees exist in coherent adequate type forcing
extensions.

The authors would like to thank Sy-David Friedman for his helpful comments
on an earlier version of the paper.

1. COHERENT ADEQUATE SETS

In this section we present the basic framework of coherent adequate sets. We
will assume throughout the paper that A > ws is a fixed cardinal of uncountable
cofinality. This implies that any countable subset of H(\) is a member of H(\).
We also fix a predicate Y C H(A), which we assume codes a well-ordering of H(\)
among other things.

Let X denote the set of N C H(A) such that N is countable and N < (H(\), €
,Y). Given a set N in X, let N’ denote the set (N Nwsy) U (im(N Nws)).

We introduce a way to compare members of X. Let A := ws N cof(wy). Note
that A is a definable subset of H(\).

Definition 1.1. For M € X, let Ay; denote the set of 5 € A of the form a + wq,
for some a € M.

Since M is countable, it has countably many limit points. It follows that Ay, is
countable. It is easy to see that 8 € Ay iff = min(A \ (sup(M N G)).

Lemma 1.2. Let M € X and B € Aps. If Bo € AN S then M N [Bo, B) # 0.

Proof. Let 8 = a+w; for some o € M’. Since there are no ordinals of cofinality w;
in the interval (a, ), it is not the case that o < By < 8. Hence By < a. f a € M
then we are done. Otherwise « is a limit point of M, and hence has countable
cofinality. So By < . Since « is a limit point of M, M N (By, ) # 0. O

Lemma 1.3. For M and N in X, ApyNAN has a largest element, namely sup(M'N

N/) —+ w1i.-

Proof. Easily sup(M'NN') is in M’ NN’ hence sup(M'NN') 4wy isin Ay NAN.

Suppose for a contradiction that there is ap; € M’ and any € N’ such that
sup(M' N N") +wy < apy +wi = ay + wi.

Let vas be the largest ordinal of cofinality w; less than or equal to a;s, and similarly
with vx. Then easily vy = vn, and a straightforward argument using elementarity
shows that this ordinal is in M N N. Therefore v3; < sup(M’ N N’), and hence
Y+ w1 = ap + wy < sup(M’' N N') + wy, which is a contradiction. ]

Definition 1.4. For M and N in X, let Bpr,n denote the largest element of Ay N
An. The ordinal By s called the comparison point of M and N.

Lemma 1.5. Let M and N be in X. Then M' N N' C By n-
Proof. This follows immediately from Lemma 1.3. (]

If K and M are in X and K C M, then clearly A C Ajp;. It follows that for
all N in X, max(Ax NAx) <max(Ay NAN). So Br.n < Bu,N-

We define relations <, <, and ~ on X. Let M < N if M NSy n € N. Let
M~NifMNByun=NnNPBun. Let M < N if either M <N or M ~ N.
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Definition 1.6. A subset A of X is said to be adequate if for all M and N in A,
either M < N, M ~ N, or N < M.

Note that any subset of an adequate set is adequate. Also if A is finite and
adequate, M € X, and A € M, then AU {M} is adequate.

Suppose that M < N. Then M N By,n € N. But B,y € Ay implies that
B,y = min(A\ (sup(MNBar,n))). Hence Bas v is definable in H(A) from M NS, N
Since N is elementary in H(\), Sa,n is in N.

Lemma 1.7. Let M and N be in X and € A.

(1) If M 0wy C B, then BN < B.
(2) If B < Bm,n and {M,N} is adequate, then M NN N [B, Bu,n) # 0.

Proof. (1) Suppose for a contradiction that S < B n. Then since § € A and
Bum.n € Ay, MN[B,Bum.n) # 0 by Lemma 1.2. This contradicts that M Nwq C 8.

(2) Without loss of generality assume that M < N. Then M N By,nv C N. By
Lemma 1.2, fix £ in M N [B, Bym,n). Then £ is in M N Bas, v and hence in N. So &
is in MﬁNﬁ[ﬂ,ﬂMJ\/). O

Next we define remainder points, which describe the overlap of models past their
comparison point.

Definition 1.8. Let M and N be in X and assume that { M, N} is adequate. Define
Ry (N) as the set of B satisfying either:

(1) M ~ N and B =min(N \ Sa,n), or

(2) there is v € M \ Ba,n such that f = min(N \ 7).

The set Rps(N) is called the set of remainder points of N over M. This set
is always finite, since otherwise there would be a common limit point of M and
N greater than Sy n, contradicting Lemma 1.5. For a more detailed proof, see
Proposition 2.9 of [4].

Given an adequate set A, define R4 by letting

Ra=|J{Rn(M): M,N € A}.

Definition 1.9. For a given set S C wo, a set A C X is (S) adequate if it is
adequate and Ry C S.

Now we move on to coherent adequate sets. We will consider isomorphisms
between models in X.
Let M and N be in X and let o : M — N. We say that o is an isomorphism if
o is a bijection and for all ¢ and b in M,
e a cbiff o(a) € o(b);
eacYiff o(a) €Y.
In other words, o is an isomorphism if it is an isomorphism in the usual model
theoretic sense between the structures (M, €,Y N M) and (N,€,Y N N). We say
that M and N are isomorphic if there exists an isomorphism from M to N. Note
that the isomorphism relation is an equivalence relation.
For a model M in X, the elementarity of M in H()\) implies that M satisfies the
axiom of extensionality. It follows that (M, €,Y N M) is isomorphic to a unique
transitive structure (M, €,Y) by a unique isomorphism o5 : M — M given by
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the recursive equation ops(a) = opr[a N M]. Note that if a € M is countable, then
a C M, so opr(a) =oplal.

By the uniqueness of the transitive collapse, a standard argument shows that M
and N in X are isomorphic iff the structures (M, €,Y N M) and (N, €,Y NN) have
the same transitive collapse. In that case, 0;[1 o o) is an isomorphism from M
to N, which we denote by oj n. Also the uniqueness of the transitive collapsing
map easily implies that o7, n is the unique isomorphism from M to N. Note that
this map satisfies that if @ € M is countable, then o n(a) = oum n(a]. Also by
the uniqueness of isomorphisms, if M, N, and P are isomorphic, then oy p =
ON,P O OM,N-

Lemma 1.10. Let M, N and K be in X such that M and N are isomorphic and
KeM. Let L :=op n(K). Then:

(1) Le x;

(2) K and L are isomorphic and o, =oun | K.

Proof. (1) Since K is countable, L = oy n(K) = on,n[K]. Hence L C N. As
(N,e,NNY) < (H(A), €,Y), it suffices to show that £ := (L,€,LNY) < (N, &, NN
Y). Let R := (K, €, KNY). By the elementarity of M and N, the predicates KNY
are LNY are in M and N respectively. Let by,...,b; be in L and let ¢(z1,...,xx)
be a formula in the language of the structure (H(A),€,Y). Let a; := on m(b;)
fori = 1,...,k. Then (L,e,LNY) k= o[b1,...,b] iff N = T by, ..., b iff
M =T ®ay, ... a) iff M |= @lay,...,ax] iff N = @[bi,...,b], where the third
equivalence follows from the fact that K is an elementary substructure of (M, €
,MNY).

(2) Since L = oy n(K) = omnN[K], om,y | K is a bijection from K to L.
It is obvious that op; n | K preserves the predicates € and Y since oy n does.
So op,n | K is an isomorphism of K to L. By the uniqueness of isomorphisms,
ounN | K=o0k1. O

Lemma 1.11. Suppose that M and N are in X and are isomorphic. Let o := o N
Assume that K and L are in M NX. Then:

(1) 0(Br,L) = Bo(K),0(L);
(2) K <Liffo(K)<o(L);
(3) K~ L iff o(K) ~o(L);
(4) K <Liffo(K)<o(L);
(5) o(Rk (L)) = Ry(x)(o(L));
(6) if {K, L} is adequate then {o(K),o(L)} is adequate.
Proof. The lemma follows from the fact for any P and @ in X, the objects and
relations Bp g, P < @, P < @, and Rp(Q) are definable in H(A) from P and Q. O
We now introduce an additional requirement on isomorphisms. Let us say that

M and N in X are strongly isomorphic if they are isomorphic and for alla € M NN,
om,n(a) = a. We write M = N to indicate that M and N are strongly isomorphic.

Lemma 1.12. Let M, N and K be in X such that M and N are strongly isomor-
phic and K € M. Let L := oy n(K). Then K and L are strongly isomorphic.

Proof. By Lemma 1.10, K and L are isomorphic and ok, = om,n [ K. Let
a € KNLbegiven. Thena € MNN. So ok, r(a) = om,n(a) = a. O
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Lemma 1.13. Suppose that N, N', and N* are in X and are strongly isomorphic.
Let a € N'NN*. Then JN/7N(CL) = O’N*,N(a).

Proof. Since a € N' N N*, on/ n+(a) = a. So on' n(a) = on+ n(on n+(a)) =
UN*’N(Q). O

Lemma 1.14. Let N, N', N*, K, and L be in X such that N, N’, and N* are
strongly isomorphic, K and L are strongly isomorphic, and K and L are in N. Let
M :=onn/(K) and P := oy n+(L). Then M and P are strongly isomorphic.

Proof. By Lemma 1.10, K and M are isomorphic and L and P are isomorphic. Since
K and L are isomorphic and being isomorphic is an equivalence relation, M and P
are isomorphic. To show that M and P are strongly isomorphic, let a € M NP and
we will show that opr,p(a) = a. Let b := on/ n(a). Sincea € MNP, a € N NN*.
By Lemma 1.13, oy« n(a) = oy n(a) = b. Now a € M implies that b € K, and
a € P implies that b € L. So b € KN L. Since K and L are strongly isomorphic,
ox,(b) = b. So oy pla) = orp(or,Llomk(a))) = onn-(ok L(on N(a))) =
JN’N*(O'KyL(b)):O'NﬁN*(b):a. O

Definition 1.15. Let A be a subset of X. We say that A is coherent adequate if
A is adequate, and for all M and N in A:
(1) f M ~ N, then M and N are strongly isomorphic;
(2) if M < N, then there exists N' € A isomorphic to N such that M € N';
(3) if M and N are isomorphic and K € M N A, then oy n(K) € A.

Let M and N bein X. Since wy < Bar,n, M ~ N implies that M Nw; = NNwy.
Also if M < N, then M Nw; is an initial segment of M N By, n and hence is in N.
It follows that if {M, N} is adequate, then M ~ N iff M Nw; = N Nw;. Also if
M and N are isomorphic, then since wy is definable in H(X), oy n(w1) = wy. It
easily follows that M Nw; = N Nwy.

As a consequence of these observations, if A is coherent adequate and M and N
are in A, then the following are equivalent:

M ~ N;

M N w1 = NN w1,

M and N are isomorphic;

M and N are strongly isomorphic.
Moreover, M < N iff M Nw; < NNwy.

Given a set S C wy, a set A C X is (S) coherent adequate if A is coherent
adequate and R4 C S.

Lemma 1.16. Let A be a finite coherent adequate set.

(1) If M e X and A€ M, then AU{M?} is coherent adequate.
(2) If M € A, then M N A is coherent adequate.

Proof. (1) We already observed that AU {M} is adequate, and the coherent prop-
erties are immediate. (2) Requirements (1) and (3) in the definition of coherent
adequate are obvious. For requirement (2), suppose that K and N are in ANM and
K < N. Since A is coherent, there is N’ € A isomorphic to N such that K € N'.
If N’ € M then we are done, so assume not. As N'Nw; = NNw; < M Nwy,
N’ < M. So thereis M’ € Aisomorphic to M with N" € M'. Let N* = op i (N'),
which is in M N A. Since K € N’ and N’ € M’, K € M’. But also K € M, so
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O'M/,M(K) = K. Since K € N’, KZO’M/7M(K) S O'M,M/(N/) = N*. So K € N*,
N* is isomorphic to N, and N* € M N A. O

Lemma 1.17. Let A be a finite coherent adequate set. Suppose that { My, ..., My}
18 adequate and consists of strongly isomorphic sets. Assume that A € MyN---NMj.
Then AU{My,..., My} is coherent adequate.

Proof. Tt is obvious that AU{My, ..., My} is adequate and satisfies requirements (1)
and (2) in the definition of coherent. Requirement (3) follows from the fact that for
any i,j <k, if K € M;N A, then K € Mj, and therefore opr, 1, (K) = K € A. 0O

Lemma 1.18. Let M and N be in X and assume that M and N are strongly
isomorphic. Then MNP, (MNN)C N. In particular, if {M, N} is adequate and
M and N are strongly isomorphic, then M NP, (Bym.n) € N.

Proof. Let a € M N P, (M N N) be given. Since a is countable and o n is the
identity on M N N, op n(a) = op,n[a] = a. So a € N. If in addition we know
that {M, N} is adequate, then M ~ N. Soif a € M N P, (Bm,n), then a is a
countable subset of M N By,v = NN By,n. Hence a € MNP, (M NN) and
therefore a € N. d

Lemma 1.19. Let A be a coherent adequate set. Suppose that M and N are in A
and M < N. Then MNP, (Bu,n) € N.

Proof. If M and N are strongly isomorphic, then we are done by the preceding
lemma. Assume that M < N. Since A is coherent, fix N € A isomorphic to
N such that M € N’. Then N and N’ are strongly isomorphic. Consider a €
Mmel(,BM,N)- Then a € N’ mPu.u(BM,N) Since M € N, Bu,ny < Bn,n. So
a € N'NP,, (Bn’,n). As N and N’ are strongly isomorphic, a € N by the preceding
lemma. (]

2. PRESERVING CH

Fix for the remainder of this section a set S C wy such that S N cof(wy) is
stationary and a set ) C X’ which is stationary in P,, (H(\)). Also assume that Y
is closed under isomorphisms, which means that whenever M and N are in ) and
are isomorphic, and K € M N Y, then op n(K) € V. Note that by Lemma 1.10,
the set X itself is closed under isomorphisms.

A forcing poset P is said to be an (S,)) coherent adequate type forcing if
there exists a natural number m such that P consists of conditions of the form
(zo,- .., Tm,A) satislying:

(1) zg,...,x, are finite subsets of H(\);

(IT) A is a finite (S) coherent adequate subset of V;

(1) if (yo,-.-,Ym,B) < (zo,...,Zm,A), N and N’ are isomorphic sets in
B, and (zo,...,Zm,A) € N, then on n/((0,...,Tm,A)) is in P, and
(y07"‘7ym7B) < UN,N’((x07'~~7xm7A>);

(IV) if My,..., M, are isomorphic sets in Y such that {My,...,M,} is (S5)
coherent adequate and (zg,...,Tm,A) € Mg N ---N M,, then there is a
condition (yo, - .-, Ym,B) < (zg, ..., Tm, A) such that My, ..., M,, € B;

(V) forall M € A, (zo,...,Zm,A) is strongly M-generic.
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Regarding (V), recall that a condition ¢ is strongly M-generic if for any set D which
is dense in the forcing poset M NP, D is predense in P below gq.

We say that P is a coherent adequate type forcing if P is an (wq, X) coherent
adequate type forcing. Define (S) coherent adequate and ()) coherent adequate
type forcings to mean (S, X) and (ws,)) coherent adequate type forcings respec-
tively. We interpret the above definition to include the possibility that the sequence
Zo, - -, Ty in a condition has length 0, in which case conditions are just (S,)) co-
herent adequate sets (although the ordering need not be just reverse inclusion).

Lemma 2.1. Let P be an (S,Y) coherent adequate forcing. Then P preserves wi.

Proof. Let f be a P-name for a function from w to w; and let p be a condition.
We will find ¢ < p which forces that the range of f is bounded. Fix x > A regular
such that f € H(x). Since ) is stationary, we can find N* a countable elementary
substructure of H(x) with P, f, and p in N* and N := N* 0 H()) in ).

By property (IV), there is ¢ = (yo, - - -, Ym, B) < psuch that N € B. By property
(V), ¢ is strongly N-generic. It is easy to see that for all n < w, the set of s € NNP
which decide the value of f(n) is dense in N N'P. Tt follows that for all n < w, if
r < q decides the value of f (n), then that value is a member of N. So ¢ forces that

f is bounded. (|

We will prove that assuming CH, any (S,)) coherent adequate type forcing
preserves wo and CH. The proof will use the following technical result.

Lemma 2.2. (CH) Suppose that Ry, ..., Ry are subsets of H(\). Then for any set
z € H(X), there are M and N in Y satisfying the following:

(1) ze MNN;
(2) {M,N} is (S) coherent adequate;
(3) the structures (M, €, Y N M, RoNM,..., Ry N M) and (N,€,Y N N,RyN

N,...,R,NN) are elementary in (H(N\),€,Y, Ry, ..., Rx) and are isomor-
phic;
(4) M Nwy Cmin(N\ Bu,n) and oy n(min(M \ Ba,n)) = min(N \ Bur,n)-

Proof. Since S N cof(wy) is stationary and CH holds, we can fix N* satisfying:

As Y is stationary, we can fix N in ) such that z, * € N and
(N, e, YNN,RyNN,...,R,NN) < (H(\),€,Y,Ro,...,Rg).

Let 91 denote the structure (N,€,Y NN, RyN N, ..., Ry N N), let 9 denote its
transitive collapse, and as usual let o denote the transitive collapsing map. Let
T be the relation defined by letting T'(a,b) hold if a € N N N* and on(a) = b. By
CH, H(w1) has size wy. Since (N*)* C N*, H(wy) is a subset of N*. It follows
that M is a member and a subset of N*. Also N* contains the sets N N N* and
N N B* as members. It follows that the relation T is a subset of N*, and since it is
countable it is a member of N*.

The objects N and 3* witness the statement, satisfied by the structure H(2%),
that there exist M and [ satisfying:
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(a) Misin Y;
(b) B € SnNcof(w);
(¢) z and g are in M;
(d) Nnpg*=Mng;
(e) NNN* C M;
(f) (M,e,Y,RoNM,...,ReNM) < (H(N),€,Y,Ry,...,Ry);
(g) the transitive collapse of the structure (M, e, Y NM,RyNM,..., R, N M)
is equal to M;
(h) T'(a,b) implies that op(a) = b.
Since the parameters which appear in the above statement are all members of N*|
by elementarity we can fix M and § in N* satisfying the same statement.

Let us prove that M and N are as desired. We know that M and N are in
Y and z € M N N. Also the structures (M, €, Y N M,RyNM,...,R, N M) and
(N,e,YNN,RyNN,...,R,NN) are elementary in (H()\),€,Y, Ry, ..., Rx). And
since they have the same transitive collapse, they are isomorphic.

We claim that M and N are strongly isomorphic. So let @ € M N N be given,
and we show that oy a(a) = a. Since M € N*, it follows that a € N N N*. Let
b := on(a). Then T(a,b) holds. By (h), op(a) = b. It follows that oy a(a) =
ort (o (@) = o3t () = a.

We claim that Sy,nv < 8. Since M € N*, Ayy € N*. But Su,n € A, s0
Bum,N € N*Nwy = B*. This shows that Sy n < 8*. Let £ := sup(N N Bup.n). As
Bum.n < B*, € is a limit point of N N B*. Since By,n € An, Bm,ny = min(A \ &).
Now N N B* = M N B implies that N N §* C £. Since £ is a limit point of N N %,
§<B. As Bun =min(A\§) and B € A, Bu,n < 5.

Now M NS =NNPG* and Bpy,n < S imply that

(i) M~ N;
(i) min(M \ Bu,n) = B

(111) HllIl(N \ 6JVI,N) Z ﬂ*

Statement (i) is immediate. For (ii), if 7 € M \ Bum,n, then 7 € M \ N. As
MNpBC N, > p. The proof of (iii) is similar.

By (i), {M, N} is adequate. And since M and N are strongly isomorphic, {M, N'}
is coherent adequate. As § € M and * € N, (ii) and (iii) imply that min(M \
Bu.n) = B and min(N \ Syr,n) = B*. Also M € N* implies that M Nwe C S*.
This easily implies that Ry (N) = {5*} and Ry(M) = {5}. As 8 and 8* are in S,
{M, N} is (S) coherent adequate.

Since B and §* are the first elements of M and N above their common inter-
section, clearly op n(B) = 8*. Hence oy n(min(M \ Bar,n)) = min(N \ Bar,n).
Finally, M Nwy C f* = min(N \ Suar,n)- a

Proposition 2.3. (CH) Let P be an (S,)) coherent adequate type forcing. If p is
a condition which forces that (f; : i < wY ) is a sequence of functions from w to w,
then there is ¢ < p and © < j such that q forces that f; = fj.

Proof. Define a relation R on H(\) by letting R(z,i,n,m) if z € Pand z IFp f;(n) =
m. By Lemma 2.2, we can fix M and N in ) satisfying:
(1) pe MNN;
(2) {M, N} is (S) coherent adequate;
(3) the structures (M, €, YNM, RNM) and (N, €, YNN, RNN) are elementary
in (H(\), €,Y, R) and are isomorphic;
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(4) M Nwe Cmin(N \ Bar,n) and o, v (min(M \ Sar,n)) = min(N \ S n).

Let 0 := oy, v. By the uniqueness of isomorphisms, ¢ is an isomorphism between
the structures described in (3) above. Let ¢ := min(M \ Sar,n) and j := min(N \
Bum.n). Then i < j and o(i) = j.

We claim that for all z € M NP and integers n and m, if z Ip f;(n) = m then
o(2) IFp fj(n) = m. For assume that z I-p fi(n) = m. Then R(z,i,n,m) holds.
Since z, i, n, and m are in M, ¢(i) = j, and o is an isomorphism, R(c(2), j,n,m)
holds. By definition of R, this means that o(2) IFp f;(n) = m.

Since M and N are isomorphic sets in Y, {M, N} is (S) coherent adequate, and
p € M NN, by property (IV) in the definition of an (5,)) coherent adequate type
forcing, there is a condition ¢ = (y, B) below p such that M, N € B. By property
(V), q is strongly M-generic.

We claim that ¢ forces that fl = fj, which completes the proof. So assume for
a contradiction that there exists r < ¢ and n < w such that 7 IFp f;(n) # f;(n).

Let D be the set of conditions w in PN M such that for some m, w IFp fl(n) =m.
We claim that D is dense in PN M. So let v € PN M be given. Clearly there exists
w and m such that w < v and w IFp f;(n) = m, and hence R(w,i,n,m) holds.
Since v, i, and n are in M and M is elementary in (H(\), €,Y, R), there is w < v
in PN M and m such that R(w,i,n,m) holds. Then w is an extension of v in D.

As q is strongly M-generic, D is predense below ¢. In particular, there is w € D
such that w is compatible with r. Fix s < w,r. So s < w, M and N are isomorphic
models in A, and w € M. By Property (III) in the definition of an (S,)) coherent
adequate type forcing, s < o(w). Since w I-p fi(n) = m, o(w) Ip f;(n) = m by
the claim above. As s extends both w and o(w), s forces that f;(n) = f;(n). But
this contradicts that s < r, since r forces that f;(n) # f;(n). O

Corollary 2.4. (CH) Let P be an (S,Y) coherent adequate type forcing. Then P
preserves wo and CH.

Proof. The statement that P preserves CH is immediate from the proposition.
Suppose for a contradiction that P does not preserve wo, and let p be a condition
which forces that |wy | = w;. Then we can find a sequence of names which p forces
is an enumeration of w; many distinct functions from w to w in order type w;/ ,
contradicting the proposition. |

3. COLLAPSING THE CONTINUUM

In this section we analyze what happens when we force with a coherent adequate
type forcing over a model in which CH fails. We will prove that in this context, the
cardinal (2¢)V will be collapsed to have size wy, its successor in V will become wo,
and CH will hold in the extension .

Let A be any cardinal with uncountable cofinality such that 2¢ < A. Let (r; : i <
2%) be an enumeration of the power set of w such that r; # r; for all i < j < 2¢.
Moreover, assume that (r; : 4 < 2¢) is the first such enumeration according to the
well-ordering of H(\) coded by the predicate Y. It follows that ¥ codes the relation
Z, where Z(i,n) holds if i < 2* and n € r,.

Lemma 3.1. Suppose that M and N are in X and are isomorphic. Then opr,n(a) =
a for all o € M N2¥. Therefore M N2¥ = N N2%.
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Proof. Let « € M N2 be given. Since r; # r; for all i < j < 2¢, it suffices to
show that ro = 74,, y(a)- S0 let n < w be given. Then n € r,, iff M = Z(a,n) iff
N E Z(omn(a),n)iff n € Tom n(a): -

Theorem 3.2. Let P be an (S,Y) coherent adequate type forcing. Let u be the
cardinal 2¥. Then P collapses i to have size wy.

Proof. Suppose that p = (zo,...,z, A) is a condition, M and N are in A, and
M < N. We claim that M Ny € N. By coherence, fix N in A such that N and N’
are isomorphic and M € N’. Then M Ny € N'. By Lemma 3.1, on/ v (M N p) =
on' NIMNp)=MnNu. Hence M Ny isin N.

Let G be a generic filter for P. Let J := {N : 3(xo,...,zx, A) € G (N € A)}.
Then for all M and N in J, if M Nw; = N Nw;y then M and N are isomorphic. For
in that case the conditions in G witnessing and M and N are in J have a common
extension in G, and the set of models in this condition is coherent adequate. By
Lemma 3.1, M Np = N Np. Similarly, if M and N are in J and M Nw; < N Nwy,
then we can find a condition (x,...,2k, A) in G such that M and N are in A. By
the previous paragraph, M Nu € N. In particular, M Np C N N p.

It follows that K := {N Ny : N € J} is well ordered by the subset relation in
order type w;. Using property (IV) in the definition of a coherent adequate type
forcing, an easy density argument shows that for any ¢ < p, there is NV in J such
that ¢ € N N u. It follows that | J K = p. Hence in V[G], p is the union of wy many
countable sets and therefore has size wj. O

Lemma 3.3. Assume that we < 2¥ < X. Suppose that Ry, ..., Ry are subsets of
H()\). Then for any set z € H()\), there are M and N in Y satisfying the following:

(1) ze MNN;

(2) {M,N} is (S) coherent adequate;

(3) the structures (M, €, Y N M,RoNM,..., RN M) and (N,€,Y NN,RyN
N,...,RLN\N) are elementary in (H(\),€,Y, Ro, ..., Rx) and are isomor-
phic;

(4) there exists a € M N (2¥)T and B € N N (2¥)" such that o # B and
O’MyN(Oé) = ﬂ

Proof. For each i < (2¥)* fix N; in Y such that z and ¢ are in N; and N; is
an elementary substructure of (H(\), €,Y, R, ..., Ry). This is possible since ) is
stationary. Let M; denote the structure (N;, €, Y N Ny, Ro N Ny, ..., Ry N N;) and
let M; denote its transitive collapse. Since H (w1) has size 2¥, we can fix a cofinal
set P C (2¥)* such that for all i < j in P, 0M; = ﬁj. It follows that 91; and 91; are
isomorphic.

By the A-system lemma, there is a cofinal set P’ C P and a countable set z
such that for all ¢ < j in P’, N; N N; = z. As there are 2* many possibilities for
on, | z for i € P', where oy, is the transitive collapsing map of N;, we can find a
cofinal set P C P’ such that for all i < jin P”, on, [ 2 = on; [ z. It follows that
if a € N; N N; = z, then oy, n;(a) = UX/:(UM (a)) = a. So N; and N; are strongly
isomorphic.

Let M be equal to N; for some fixed i € P”. Then sup(M N (2¥)%) < (2¢)*
since M is countable. So we can find ¢ < j in P” such that sup(M N (2¥)%) < j.
Let N := N;. We will prove that M and N are as desired.
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Properties (1) and (3) are immediate. Since wy < 2¢ and M and N are iso-
morphic, M Nws = N Nws by Lemma 3.1. So trivially {M, N} is adequate. Also
Ry (N) and Ry(M) are empty, so {M,N} is (S) adequate. As M and N are
strongly isomorphic, {M, N} is (S) coherent adequate. This verifies property (2).
For (4), let B := j. Then sup(M N (2¥)*) < B. Since (2¥)7 is either equal to A or
definable in H(\), a := oy, (B3) is in M N (2¥)" and hence is below 3. So o # 3
and o n(a) = 6. O

Proposition 3.4. Let P be an (S,Y) coherent adequate type forcing. Let p :=
(2¢)*T. If p is a condition which forces that (f; : i < u) is a sequence of functions
from w to w, then there is ¢ < p and i < j such that g forces that f; = f;.

The proof is nearly identical to the proof of Proposition 2.3, replacing wy with
w1 and replacing references to Lemma 2.2 with references to Lemma 3.3.

Corollary 3.5. Let P be an (S,)) coherent adequate type forcing. Then P collapses
(2)V to have size wy, forces that the successor of (2°)V in V is equal to wy, and
forces CH.

The proof of the corollary follows from Proposition 3.4 in the same way that
Corollary 2.4 follows from Proposition 2.3.

4. SOME LEMMAS ON CLOSURE

The next two sections will develop the technology needed to amalgamate coherent
adequate style forcings over countable elementary substructures. Amalgamation is
a fundamental tool in side condition forcing for proving preservation of cardinals
and stronger properties; it will be used heavily in Section 7. There are several
ways in which this development goes beyond the analogous results in [5]. Besides
the more general context of H(\), we also give an analysis of the remainder points
produced under such amalgamation, and work out general results on closure. The
present section handles the topic of closure.!

Let A be a subset of X and let = be a finite subset of H(X). We say that the
pair (z, A) is closed if whenever N and N’ are isomorphic sets in A and a € x NN,
then oy n/(a) € .

Lemma 4.1. Let A be a finite coherent adequate set and x a finite subset of H(\).
Let y be the set

zU{opmm(a): MM € A, M= M’ a€xnM}.
Then (y, A) is closed.

Proof. Let N and N’ be isomorphic sets in A and a € y N N. We will prove that
onn'(a) €y. If a € x, then on n(a) € y by the definition of y. Otherwise there
are M and M’ in A which are isomorphic and b in N M such that a = o (b).
Then a is in M’ N N.

Case 1: M’ < N. Fix N* € Aisomorphic to N with M’ € N*. Thena € N*NN,
so on+n/(a) = on,n/(a). Let My = on« n/(M'). Then My € A and oy oy, =
on-.n' | M’ by Lemma 1.10. Now oas ar, (b) is in y by the definition of y. But
O M, M, (b) = OM' M, (O’M7M/(b)) = (TN*JV/(CL) = O’N,N/(a). Hence CTN7N/(CL) €.

1Lemmas 4.1 and 4.2 are also true by the same arguments when coherent adequate sets are
replaced by symmetric systems in the sense of [1].
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Case 2: M' =2 N. Since a € M'N N, oy n(a) = a. By the definition of
y, om,n(b) € y. But oy N (b) = on ni (o N(oavmr (D)) = on v (omr n(a)) =
JN’N/(Q). So aNyN/(a) €.

Case 3: N < M'. Fix My € A isomorphic to M’ such that N € M,. Let
N* = op,m(N), which is in A. Then oy« n = om,m, | N* by Lemma 1.10.
Since a € M' NN, a € M' N My. By Lemma 1.13, opg pm(a) = oprar(a) = 0. In
particular, since a € N, b = op m(a) € oy, m(N) = N*. By the definition of y,
O‘N*)N/(b) cy. But O'N*,N/(b) = UN,N’<UN*,N<b)) = O'N,N’(UM,MO(b)) = 0'N7Nl(a).
So on,n/(a) € y. O

The next lemma analyzes closure in the context of amalgamation over countable
models.

Lemma 4.2. Let A be a coherent adequate set, N € A, and suppose that B is a
coherent adequate set with ANN C B C N. Let x and y be subsets of H(\) such
that (x, A) is closed, (y, B) is closed, and xt "N C y C N. Define C by

{MEA:NSM}U{O‘N’N/(K):NIGA, N = N/, K € B}.
Define z by
zU{oyn(a): N € A, N2 N' a€y}
Then the pair (z,C) is closed, Uy C z, and zN N = y.

Proof. Assume that K and M are in C' and are isomorphic, and a is in zN K. We
will show that ok a(a) € 2.

Case 1: N < K. Then N < M. So both K and M are in A. If a € x, then
we are done since (x, A) is closed. So assume that a = oy n/(ag) for some N’ in A
isomorphic to N and ag € y.

Subcase 1a: K and M are isomorphic to N. Since a € K N N', on' k(a) =
a by Lemma 1.13. By the definition of z, ona(ag) € z. But onm(ag) =
UK,M(UN’,K((JN,N’(QO))) = O'K,JV[(UN/,K(G)) = aKyM(a). SO UK’M(G) c z.

Subcase 1b: N < K. Since A is adequate, fix J € A isomorphic to K such that
N' e J. Let N" :=0;x(N') and N := og p(N”). Then N” and N are in A
and are isomorphic to N. Moreover oy v = 05k | N’ and ONv N1 = OK.M |
N". By definition of z, a1 := on n(ag) is in z. Since a is in N'N K, a is in
JN K, so 0jk(a) =a. Hence a; = oy nw(ag) = onv nw(on N (on, N (ao))) =
O'NN,NW(O'N/,NH(CL)) = O'K7M(O'J7K(a)) = O'K,M(a). So 0K7M(a) € z.

Case 2: K = on n+(L) for some N* € A isomorphic to N and L € B. Since
K and M are isomorphic, M Nwy = K Nw; < NNuwi. So also M = on n/(P)
for some N’ € A isomorphic to N and P € B. Then LNw; = PNw;. Since B is
coherent adequate, L and P are isomorphic.

Subcase 2a: a = oy nv(ag) for some N” € A isomorphic to N and ag € y. Since
a € K =onn+(L),a € N'"NN*. By Lemma 1.13, on+ n(a) = on» n(a) = ao.
So ok, (a) = oy« n(a) = ag. It follows that ok pm(a) = opm(or p(ok,r(a))) =
opm(or,p(ag)) = on (o, p(ag)). Since (y, B) is closed, o1 p(ao) is in y. So by
the definition of z, oy N7 (oL p(ag)) is in z. That is, ok pr(a) is in 2.
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Subcase 2b: aisin x. Since a € K = oy n+(L), it follows that a € N*. As (z, A)
is closed, ag := on+ n(a) is in # N N and hence in y. But now a = oy n+(ag), N*
isin A, N* is isomorphic to N, and ag € y. So we are done by subcase 2a.

Now let us prove that x Uy C z and z N N = y. The set x is a subset of z by
definition. And if @ € y, then @ = oy n(a) isin z. So x Uy C 2. The set y is a
subset of N by definition, and we just showed that y is a subset of z. Soy C zNN.
On the other hand, suppose that a € z N N. If a € z, then a € x N N and hence
a € y. Otherwise a = oy n'(ag), where N’ € A is isomorphic to N and ag € y.
But then a € N'N' N, so ons n(a) = a. Hence a = ag, so a € y. O

5. AMALGAMATING OVER COUNTABLE MODELS

In this section we prove an amalgamation result for countable models. The
difference between this proposition and the analogous result from [5] is that here
we provide an analysis of remainder points.

The next lemma considers a special case of the general result.

Lemma 5.1. Let N, N', N* be isomorphic in X such that {N, N', N*} is coherent
adequate. Assume that K and L are in NN X and {K, L} is adequate. Let M :=
onn'(K) and P := on n+(L). Then {M,P} is adequate. Moreover, if ¢ is in
RP(M) N 61\//7]\7*, then UN/,N(C) 18 1N RL(K)

Proof. Let o0 := oy n | N'N N*. By Lemma 1.13, ¢ is equal to o=y [ N N N*.

Note that Bar,p < By N+, since M € N' and P € N*. Therefore M N Bar,p is a
countable subset of Sy n+. So M N B, p isin N'NP,, (By.N+). As N and N* are
strongly isomorphic, MNBy, v € N* by Lemma, 1.18. For the same reason, PNBs,p
isin N’. Since B, p is definable from M NBar,p as min(A\sup(MNBar,p)), we have
that By, p € N'NN*. Also o(M N Bar,p) = one . n(M) No(Ba,p) = KN o(Bu,p),
and similarly o (P N Bum.p) = LN o(Bu,p).

We claim that o(Bam,p) < Bk, Since Buar,p € Ay, 0(Bu,p) € on' N(Ay) =
Ak . Similarly, U(ﬁM,P) € Ap. Since Bk, = max(Ax NAL), U(ﬁM,P) < Bk,L-

Let us show that { M, P} is adequate. We will use the fact that { K, L} is adequate
and consider three cases.

Case 1: K < L. Then Kﬁﬂ[{y[‘ € L. Since U(ﬂM’p) < 5[{7[‘7 KOU(ﬁMyp) € L.
But U(MﬂﬂM,p) = KﬂO’(ﬁM’P> and o = ON* N [N/ﬂN*. Applying ON,N*, W&
get that o~ (K No(Bum,n)) € on N+ (L), that is M N By p € P.

Case 2: L < K. This case follows by a symmetric argument.

Case 3: K ~ L. As o(Bm,p) < Bk, 1, it follows that KNo(Bar,p) = LNo(Bu,p)-
As noted above, o(M N By, p) = KNo(Bu,p) and (PN Ba,p) = LNo(Ba,p). So
applying o1, we get that M N By p = PN B p-

This completes the proof that {M, P} is adequate. Now let ¢ be in Rp(M) N
B, n+. We will show that ( := 0(¢) is in Ry (K). Since ( € M, applying on' n, it
follows that (o € K. Note that since Sar,p < ¢, 0(Bm,p) < Co- So (o € K\o(Bum,p).

Case A: M < P. Then K < L. We claim that in this case, o0(8am,p) = Br,. We
already know that o(8ar.p) < Br,r. Suppose for a contradiction that (B, p) <
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Brk,r. By Lemma 1.2, K N [o(Bam,p), Bk,1) is nonempty. So letting 7o = min(K \
o(Bm,p)), o < Br,r- Since o(¢) = (o € K\ 0(Bum,p), 7o < o by the minimality of
To. So T :=on,n'(T0) < (. Also since 79 € K, 7 € M. And because o(Sp,p) < 7o,
ﬁM’p S 7. So T is in M\BM,P-

Since K < L, 19 € K N Pk, implies that 7o € L. Sop € KNL. As7 < (
and ¢ < Bn/ N+, T < Bn/,n+. S0 T =0on n(T0) = on,N+(T0) by Lemma 1.13. Since
To € L, 7 =0onn+(19) € P. So 7€ (MNPNuwsa)\ Bar,p, which is impossible. This
contradiction shows that o(8a.p) = Sk L-

Now we show that (o € Ry (K). If ( = min(M \ Bar,p), then applying on/ n we
get that (o = min(K\o(Bar,p)) = min(K\Bk,L). So o € Ri(K). Now assume that
there is v € P\ B, p such that ¢ = min(M \ ). Since ( < By N+, ¥ < BN/ N+
Let 7o := o(y). Applying on' n, (o = min(K \ 7). As o(Bm,p) = Bk, and
Ba,p <7, Br,L < vo. Also v € P implies that vo = on- n(7) € on- N(P) = L.
So v € L\ Bk, Therefore ¢y € RL(K).

Case B: P < M. Then L < K. As ( € Rp(M), there is v € P\ fBu,p such
that ¢ = min(M \ ). Since v < ¢ < By’ N+, ¥ € PN Bn/ n+. Applying on+ n,
Yo = o(vy) is in on+ n(P) = L. Since v € P\ Sar,p, v is not in M. Applying
ON',N, Yo is not in oy (M) = K. Soy9 € L'\ K. Since L < K, this implies that
Br.r < Y. Therefore vg € L\ k.. Since ¢ = min(M \ v), o = min(K \ o).
Hence (o € Rr(K). O

Proposition 5.2. Let A be a coherent adequate set and N € A. Suppose that B
is a coherent adequate set and ANN C B C N. Let C be the set

(MeA:N<M}U{onn(K): N €A, NN, K € B}.

Then C is a coherent adequate set, AU B C C, and C" N = B. Moreover, R¢ is
a subset of

RyU{min(K\¢):Ke€C, (e Ra}U{onyn(T): N € A, N2 N', 7€ Rp}.

Proof. Let M and P be in C such that M Nw; < PNw;. We will show that {M, P}
is adequate and that the remainder points of M and P are as required.

Case I: NNw; < M Nwi. Then NNw; < MNw; < PNw;. Hence M and P
are both in A. So obviously {M, P} is adequate and Ry;(P)U Rp(M) C Ry.

Case 2: MNw; < NNw; < PNw;. Then clearly P € A, N < P, and
M = oy n(K) for some N’ € A isomorphic to N and K € B. Since N < P and
N and N’ are isomorphic, N’ < P. And as M € N', Bap,p < Bnv.p. So M N Bup
isin N'NP,,(Bn,p). As N' <P, MNByp € P by Lemma 1.19. So M < P.

Let ¢ € Ry (P) be given, and we will show that ( € R4. Since M < P, there is
v € M\ B, p such that ¢ = min(P\ 7). As By, p <, v isnot in P. Since N’ < P
and v € N'\ P, Bn/.p <. So~y € N\ Bns p. Therefore ¢ is in Ry/(P) and hence
in Ra.

Now let ¢ € Rp(M) be given. Since M < P, there is v € P\ By, p such that
¢ =min(M\ 7). AsCisin N'\ Pand N' < P, By..p < (. If v < Bn/ p, then
¢ = min(M \ Sy p). Let 7 := min(N’ \ By p). Then 7 € Ry4. Since M C N/,
¢ =min(M \ 7). Thus ( is as required. Now assume that Sy’ p <. Then ~ is in
P\ Bnr,p. Hence m:= min(N’\ v) is in R4. But then { = min(M \ ), so ¢ is as
required.
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Case 8: MNw; < PNw; < NNwy. Then M = O'N7N/(K) and P = O'N7N*(L)
for some N’ and N* in A isomorphic to N and K and L in B. By Lemma 5.1,
{M, P} is adequate. Moreover, if ¢ is in Rp(M)N BN+ n+ then oy n(¢) € Rp, and
if ¢ is in Rp(P) N Bnr n+ then on+ ny(C) € Rp. In either case,  is as required.

Let ¢ € Rp(M) \ Bn’,n+ be given. Since M € N’ and P € N*, By,p < BN/, N+
If ¢ = min(M \ Ba,p) or if ¢ = min(M \ ) for some v € P\ Bar,p which is below
Bnr N+, then ¢ = min(M \ Sns n+). So letting 7 := min(N’ \ fn/ n+), T € R4 and
clearly ¢ = min(M \ 7). So ( is as required. Otherwise there is v € P\ Sar,p such
that By n+ <~ and ¢ = min(M \ 7). Since vy € P and P € N*, v € N*\ Bn/ n~-
Let 7 := min(N’ \ 7). Then m € R4 and clearly ¢ = min(M \ 7), and we are
done. The proof that the remainder points in R;(P) are as required follows by a
symmetric argument, since we never used in this paragraph the assumption that
MnN w1 § PN wi.

Now we show that AUB C C. f K € B, then K = oy ny(K)isin C. Let M € A.
If NNw; < MNwq, then M € C. Otherwise M Nwy < NNwy. Since A is coherent,
there exists N’ € A isomorphic to N such that M € N'. Let K := on/ n(M).
Then K is in AN N and hence in B. So oy, n/(K) = M is in C.

It remains to prove that C' is coherent and C " N = B. We apply Lemma 4.2
in the case where x = A and y = B. Then clearly the set z defined there is equal
to C. Since A and B are coherent, the pairs (A, A) and (B, B) are closed. So by
Lemma 4.2, (C,C) is closed and C N N = B. Therefore if M and M’ are in C' and
are isomorphic, and K € M N C, then oy (K) € C.

We prove the remaining properties in the definition of coherence. Suppose that
M and P arein C and M Nwy; = PNwi. If N < M, then M and P are both in A
and hence are strongly isomorphic. Otherwise M < N and P < N, which implies
that M = oy n/(K) and P = on n+(L) for some N’ and N* in A isomorphic to
N and K and L in B. Then KNwy = M Nw; = PNw; = LNw;. Since B is
coherent, K and L are strongly isomorphic. By Lemma 1.14, M and P are strongly
isomorphic.

Now assume that M and P are in C' and M < P. We will show that there is P’ in
C isomorphic to P such that M € P’. If NNw; < M Nwy, then M and P are both in
A, and we are done since A is coherent. Suppose that M Nw; < NNw; < PNw;.
Then M = on n/(K) for some N’ € A isomorphic to N and K € B. If N’
is isomorphic to P then we are done. Otherwise N’ < P, so there is P’ € A
isomorphic to P with N’ € P’. Then M € P'.

Finally, assume that M = oy n/(K) and P = oy n+(L) for some K and L in B
and N’ and N* in A isomorphic to N. Since M < P, K < L. As B is coherent,
fix L' in B isomorphic to L such that K € L'. Then M = oy n/(K) € oy .y (L)
and oy n/(L') € C. Since L and L are strongly isomorphic in N, on n/(L') and
on,n+(L) = P are strongly isomorphic by Lemma 1.14. O

6. ADDING A SQUARE SEQUENCE

We review the forcing poset from [5] for adding a square sequence with finite
conditions, and show that it is in the class of coherent adequate type forcing posets.
As a consequence, this forcing poset preserves C'H.
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By a triple we mean a sequence {«,~, ), where a € A and v < 8 < «. Given
distinct triples (,~, 8) and (a/,~/, 5’), we say that the triples are nonoverlapping
if either @ # o/, or « = &' and [y, ) N[/, B') = 0; otherwise they are overlapping.

Definition 6.1. Let P be the forcing poset whose conditions are pairs (x, A) satis-
fying:
(1) z is a finite set of nonoverlapping triples;
(2) A is a finite coherent adequate set;
(3) for all M € A and (a7, B) € x such that o« € M, either v and 8 are in M
or sup(M Na) < ~;
(4) if M and M’ are isomorphic sets in A, then for any triple (o, v, 8) € M Nz,
omm ((,7,B8)) € .
Let (y,B) < (z,A) ifx Cy and A C B.

We proved in [5] that P is strongly proper, we-c.c., and forces O, .
Proposition 6.2. The forcing poset P is a coherent adequate type forcing poset.

Proof. Let (z, A) be condition in P and we will verify requirements (I)-(V) in the
definition of a coherent adequate type forcing. The proof of Proposition 4.3 in [5]
shows that if (x, A) is a condition and M € A, then (x, A) is strongly M-generic.
So requirement (V) holds. Obviously « is a subset of H(ws), and by assumption A
is a coherent adequate set. Thus requirements (I) and (II) are immediate.

(IIT) Suppose that (y,B) < (z,A), N and N’ are isomorphic sets in B, and
(x,A) € N. Properties (1)—(4) in the definition of P are all first order definable in
H(ws2), except the part of (2) which asserts membership in X. Since oy n+ is an
isomorphism which preserves membership in X and N and N’ are elementary sub-
structures of H(LUQ), O'M7N((£l}, A)) isin P. Also UJM,N((JC, A)) = (O’M,N[:E], O'M7N[A]).
Since (y, B) is closed and B is coherent, x C y and A C B imply that oy n[z] C y
and o, n[A4] C B. Consequently, (v, B) < oym n((z,a)).

(IV) Suppose that My, ..., M,, are isomorphic sets in X such that {My,..., M}
is coherent adequate and (x, A) € MyN- - -NM,,. We claim that (z, AU{My, ..., M,})
satisfies properties (1)—(4) in the definition of P. By Lemma 1.17, AU{M,, ..., M,}
is coherent adequate so (2) is satisfied. (1) is immediate. For (3), any triple in x is
a member of My, ..., M,, so there is nothing to check. And for (4), if ¢, j < n and
a € x N M;, then a € M; N M; so oy, v, (a) = ais in . |

7. ADDING A CLUB PRESERVING CH

A forcing poset for adding a club to a fat subset of ws using adequate sets as
side conditions appears in [6]. Friedman [3] asked whether it is possible to add a
club to wy with finite conditions while preserving CH. In this section we adapt a
variation of the poset from [6] to solve this problem.

Fix a stationary set S C ws which is fat. So for every club set C' C wy, SNC
contains a closed subset with order type w; + 1. Without loss of generality we may
assume that for all & € S Ncof(w1), SN« contains a closed cofinal subset of a.
For the assumption of S being fat implies that there is a stationary subset of S
satisfying this property. Also note that S N cof(wy) is stationary, since S is fat.

The general framework of coherent adequate sets introduced in the first section
involves the parameters A and Y. For this application we let A := ws and let Y
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code S together with a well-ordering of H(ws). So X consists of countable elemen-
tary substructures of H(ws), and isomorphisms between members of X' preserve
membership in S.

Let Y denote the set of M in & such that for all @ € (M N .S) U {w2}, sup(M N
a) € S. A straightforward argument using the properties of S shows that Y is
stationary in P, (H(w2)). Also since isomorphisms between members of X’ preserve
membership in S, it is easy to check that ) is closed under isomorphisms.

For an ordinal @ and a set N such that N Nwsy is not a subset of «, let ay
denote min(N \ «). Given pairs of ordinals (o, ') and (7,7}, we say that the pairs
overlap if a <y < a' or v < a <+'; otherwise they are nonoverlapping.

Definition 7.1. Let P be the forcing poset consisting of conditions of the form
p = (xp, A,) satisfying:
(1) =, is a finite set of nonoverlapping pairs of the form (o, '), where a <
o <wy and a € S;
(2) A, is a finite coherent adequate subset of Y;
(3) if (a,d/) € xp, N € Ay, and NNws € «, then N N[, '] # O implies that
a and o are in N, and N N [a, o] =0 implies that (an,an) € Tp;
(4) for all ¢ in Ry, (¢,() € x;
(5) if M and N are in A, and are isomorphic, then for any a € M N x,,
UAI’N(CL) € Tp.
Let g <p ifaxy, Cxq and Ay C A,

Observe that if (z, A) is a condition and N € A, then (x N N, AN N) is also a
condition. Also, if (z, A) is in P and B is a subset of A which is coherent adequate,
then (x, B) is a condition.

Note that in requirement (3), if the pair is of the form («, a), then the conclusion
in either case is equivalent to requiring that (ay,ay) € .

Let Cg be a P-name such that P forces

Cs={a:3pecCGI ()€}
Clearly Cy is forced to be a subset of S. We will show that P is an (5, )) coherent
adequate type forcing and P forces that Cg is club in ws.

Proposition 7.2. Let ¢ = (x, A) be a condition and assume that N € A. Then q
is strongly N -generic.

Proof. Fix a set D which is dense in the poset N NP, and we will show that D
is predense below ¢. Let r < ¢ be given. Then r [ N := (z, N N, A, N N) is a
condition in N. Since D is dense, fix w in D below r [ N. We will prove that r
and w are compatible.

Let C denote the set

{MeA, :N<M}U{onn(K): N €A, NXN' Ke A,}
Let z denote the set
z,U{onn(a): N € A, NEN'| a €z}

Let s:= (z,C). We will show that s is a condition and s < r,w.

By Proposition 5.2, C' is a finite coherent adequate set, A, U A, C C, and
CNN = A,. Also C is a subset of ) since Y is closed under isomorphisms. So
s satisfies requirement (2) in the definition of P. By Lemma 4.2, the pair (z,C)
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is closed, x, Uz, C z, and 2 NN = x,,. Since (z,C) is closed, if M and M’ are
isomorphic sets in C, then for any a € M Nz, opmar(a) € z. Thus s satisfies
requirement (5) in the definition of P. Since z, Uz, C z and A, U A4, C C, it
follows that if s is a condition, then s < r, w.

It remains to show that s satisfies requirements (1), (3), and (4) in the definition
of P. Regarding (1), it is easy to see that z consists of pairs (o, @) where a <
o' < wsy and a € S, since this is true of pairs in z, and z,, and these properties are
preserved under isomorphisms. The proof that z consists of nonoverlapping pairs
will use requirement (3), so we verify (3) first.

(3) Let (a,a’) € z and M € C be given, and assume that M ¢ «. We will show
that M N [a, '] # 0 implies that o and o are in M, and M N [a, '] = @ implies
that {aar, apr) € 2.

Case 1: N < M and {(a,a’) € x,. Then M is in A,. So we are done since r is a
condition.

Case 2: N < M and (o, ') = on, n ({0, o)) for some (g, o)) € 2,y and N’ €
A, isomorphic to N. Since N < M, N' < M. If & < B/, then N'N By ne C M
implies that o and o are in M. So assume that Sy v < /.

We claim that Rps(N')N (e, '] = 0. Otherwise assume that 7 is in this intersec-
tion. Since r is a condition, (7,7) is in @, N N’. Let 79 := ons n(7). Then (79, 70)
is in , NN and hence in x,,. Since oy n is order preserving, oy < 79 < ), which
contradicts that w is a condition.

If o < Barne < o, then min(N'\ Bar,nv) is in Ray(N') N (v, @'], contradicting
the claim. Therefore Sy N < . If £ € M N[, &/], then £ € M\ Sanr. So
min(N’\ &) is in Ry (N') N (, @'], contradicting the claim. So M N [, a'] = 0.
Since o € N’ \ By nv, apg = min(M \ «) is in Ry/(M). Hence (o, o) € .

Case 3: M = oy n/(K) for some K € A, and N’ in A, isomorphic to N and
N'N[a,a’] # 0. Then o and o' are in N’ by cases 1 and 2. Let ag := on/ n(@)
and af := on/ y(a’). Since s satisfies requirement (5), (ag,aq) is in 2N N. Since
2NN =z, (0, ) € Ty-

Assume that M N [, o] # 0. Applying on/ n, K N [ag, o] # 0. Since w is a
condition, o and ¢y, are in K. Therefore their images under oy n+, namely o and
o, are in oy n/(K) = M.

Now assume that M N [o,e'] = 0. Applying on. N, K N [ag, ] = @. Also
on' N(anp) = on ny(min(M \ ) = min(K \ ap) = (ap) k. Since w is a condition,
<(040)K7 (Oéo)K> € Ty Therefore UN,N’(<(040)K, (Oéo)K>) = <aM,aM> isin z.

Case 4: M = oy n/(K) for some K € A, and N’ in A, isomorphic to N and
N Nla,a] = 0. As M € N', clearly M N [a, o] = (0. Since oy exists, 7 :=
min(N’\ «) exists. As N < N', (r,7) € z by Cases 1 and 2. If 7 = aps then we are
done. Otherwise 7 < aps and apy = min(M\7). Let 7o = o7 n (7). Since s satisfies
requirement (5), (79, 7o) isin 2NN = z,,. Also min(K\7p) is equal to o+, n (min(M\
7)), which is oy’ n(an). As w is a condition, (on+ n(anr),on n(aar)) is in z,.
So the image of this pair under oy n/, namely (o, an), is in z.

Now we show that z consists of nonoverlapping pairs. Suppose that (o, o) and
(v,v') are in z, and we will prove that it is not the case that o < v < /. If both
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pairs are in z,- then we are done since r is a condition, so assume not. Suppose for
a contradiction that a < v < o/.

Case 1: (a,d') = on n ({ap,ap)) for some (ag,ap) € x,, and N’ in A, iso-
morphic to N, and N’ N [y,+'] = 0. Let 7 := min(N’ \ «), which exists because
o € N'. Then a < 7 < o'. Since s satisfies requirement (3), (r,7) is in zN N".
Let 79 := on/ v (7). Since s satisfies requirement (5), (79, 7p) is in 2NN = x,,. But
then ag < 79 < oy, contradicting that w is a condition.

Case 2: {a,a’) = on n ({ag, af)) for some (ag,af) € x,, and N in A, isomor-
phic to N, and N’ N [y,7] # 0. Then by requirement (3), v and 4" are in N'. Let
Yo = ons.N(7) and v = on+ N(7'). Since s satisfies requirement (5), (70,%0) is in
zN N = z,. But then o < 79 < o, contradicting that w is a condition.

Case 3: {v,7") = on n ({(70,7,)) for some (70,7,) € 2w and N’ € A, isomorphic
to N. Since @ < v < o/, N'N[a,a’] # 0. Since s satisfies requirement (3), o and
o/ arein N'. Let o := on n(e) and o = on+ n(a'). Since s satisfies requirement
(5), {(p, ) is in zN N = z,,. But then ap < v < o, contradicting that w is a
condition.

Since at least one of (o, a’) and (v,7) is not in x,., these cases cover all possi-
bilities.

(4) Let ¢ € R¢ be given, and we will show that ((,() € z. By Proposition 5.2,
(¢ is in the set

Ry, U{min(K\&):KeC, £€Ra, }U{onn(T): N €A, N2N' 7€ R}
Let ¢ € R be given, and we will show that (¢, () € z.

Case 1: ( € Ry,.. Since r is a condition, (¢, () € z,.

Case 2: { = on n/(7) for some 7 € Ry, and N’ € A, isomorphic to N. Since w
is a condition, (7,7T) € xy. So on N ({7, 7)) = ((,¢) is in z by definition.

Case 3: For some K € C' and € € R4,, ¢ = min(K \ £). Then (¢,¢) € x,. First
assume that K € A,. Then since r is a condition, ((,() € z,.

Secondly assume that K = oy n/(L) for some L € A,, and N’ € A, isomorphic
to N. Let 7 := min(N’\§). Then ¢ = min(K\7). Since r is a condition, (7, 7) € z,.
Let 79 := ons, N (7). Then (19,70) € & NN = x,,. Since {( = min(K \ 7), applying
on',N we get that (o := ons n(¢) = min(L \ 79). Since w is a condition, ({o, ¢o) is
in z,,. Therefore on n'({Co,¢0)) = (¢,¢) is in z. O

Proposition 7.3. The forcing poset P is an (S,Y) coherent adequate type forcing.

Proof. Let (x, A) be a condition in P, and we will show that (x, A) satisfies prop-
erties (I)-(V) in the definition of an (S,)) coherent adequate type forcing.

(I) is immediate, and (V) follows from Proposition 7.2. (II) By the definition of
P, A is a finite coherent adequate subset of Y. If M and N arein A and ¢ € Ry (N),
then (¢, ¢) € x. This implies that ¢ € S. Therefore A is (S) adequate.

(III) Let (y, B) < (z,A), and assume that N and N’ are isomorphic in B with
(x,A) € N. Let 0 := on,n/. We will show that o((z,A)) is in P and (y, B) <
o((z, A)). All the properties of being in P described in Definition 7.1 are first order
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definable in H (wy) without parameters, except for the requirements on membership
in S and Y. Therefore as N and N’ are elementary in H(w;) and o preserves
membership in S and Y, (z,A) being in P implies that o((x, A)) is in P. Also
o((z, A)) = (o[z],o[4]), and since (y, B) is a condition with  C y and A C B,
olz] Cy and o[A] C B. So (y,B) < o((x, A)).

(IV) Suppose that My, ..., M, are isomorphic sets in ) such that {My,..., M,}
is (S) coherent adequate and (z,A) € MoN---NM,. Let C = AU{M,,...,M,}.
By Lemma 1.17, C is coherent adequate.

Let M and N be in C. If M is in {My,...,M,} and N is in A, then N € M.
Hence Ry(M) and Ry (N) are empty. It follows that Ro = Ra U {Ras, (M;) -
i,7 < n}. In particular, Rc C S. So C is (S) coherent adequate.

Define

z=yU{og(a): K,LeC, K=L, acynK},
where y = xU{{(,¢{) : ( € Rc\ Ra}. By Lemma 4.1, (2, C) is closed. We will show
that (z, C) is condition. Then clearly (z,C) < (x, A) and My,..., M € C, which
finishes the proof.

First we claim that z is equal to

Z, =z U {O-Mi,Mj(<<7C>) . i,j S n, C € (RC OMZ) \RA}
Obviously 2’ C z.

For the other direction, first let us prove that y C z’. By definition, z C
Now consider ¢ € Rc \ Ra. Then ¢ € Ry, (M;) for some 7,5 < n. Hence (¢, ()
U]pjj,Mj(<C, C>) is in Z/.

Secondly assume that b = ok 1(a) where K,L € C, K 2 L, and a € y N K.
Then either K, L € A or K,L € {My,...,M,}. In the former case, a being in K
implies that a is not in R¢ \ Ra, since every member of Rc \ R4 lies above every
ordinal in K Nwy. Hence a is in 2. So b € z since (z, A) is a condition.

Assume that K, L € {My,...,M,}. Ifa € zthena € KNL,sob= o0k (a) = a.
So b € y, and hence b € 2. Otherwise a = ((,{) where ( is in Rc \ Ra, and then
by definition b is in 2’.

We have shown that z = z’. Note that if (o, @) is in z\ z, then for all K € A and
(v,7') in z, sup(K Nwsy) and 7" are below a. For suppose (o, o) = o, n, (¢, C))
for some ¢ € (RcNM;)\R4. Then ¢ € Ry, (M;) for some k,1 < n. So B, m, < C.
Since (z, A) € My N M;, any ordinals in wy definable from (x, A) are in B, a, and
hence are below ¢. If oas, ar;(¢) = ¢ then we are done. Otherwise By, v, < ¢, s0
clearly B, n; < on,;(€). And as (z, A) € M;N Mj, again any ordinals definable
from (z, A) are below o, (€)-

We now verify that (z, C) satisfies properties (1)—(5) in the definition of P. We
already noted that C is a coherent adequate subset of ) and (z, C) is closed. Hence
properties (2) and (5) holds. Also (4) is immediate.

Z.

(1) Since isomorphisms preserve membership in S, easily z consists of pairs of the
form (o, o) where a < o < wo and « € S. Pairs which lie in  are nonoverlapping,
and pairs lying in 2\ z are nonoverlapping because the first and second components
in such a pair are equal. Consider (o, ') € x and o ar,(¢) where i, j < n and
¢ € (Rc N M;)\ Ry. By the comment above, o' < o, a,(¢). Hence (o, ) and
oum;,m; (¢, ¢)) do not overlap.

(3) Let (a,a’) € z and K € C with K Nws € . If (o, &’) € z and K € A, then
we are done. If (o, ') € x and K € {M,,...,M,}, then o and o are in K.
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Suppose that (a,a’) is equal to opr, ar; ((¢,¢)) for some 4,5 < n and ¢ € (Rc N
M)\ Ra. Then a = «'. If K € A, then by the comment above, sup(K Nws) < «,
contradicting our assumption. Therefore K € {My,...,M,}. If « € K then we
are done, so assume not. Then a € M; \ K. Since K N Br.m; = Mj N Br u;,
Br,m; < a. Soa € M;\ Bi ;. It follows that ax = min(K \ «) is in Ry, (K).
By definition of z, (ak,ax) is in z. O

It remains to show that P forces that Cg is a club. For unboundedness, given
a condition p and an ordinal 7, choose § in S larger than all ordinals appearing
in pairs of p and all suprema of models appearing in p intersected with ws. Then
(2, U{(B,8)}, A,) is a condition which forces that C's is not a subset of 7.

The proof of the closure of Cg is similar to the argument from [6], except that
we have the new problem of needing to close under isomorphisms when adding
something to a condition. This problem is dealt with by the next lemma.

Lemma 7.4. Let (x, A) be a condition and let (o, o) be a pair such that o < of <
we and o € S. Assume:
(1) {a, ') does not overlap any pair in x;
(2) if N € A and N Nws € a, then N N [a,a'] # O implies that o and o' are
in N, and N N [a, '] =0 implies that (an,an) € p.
Let z be the set
zU{{a, o)} U{onn({a,a')) : NN € Ay, N2N', (a,a') € N}.
Then (z,A) is a condition below (z,A) and {a,a’) € 2.

Proof. We will prove that (z, A) is a condition. Then it is clear that (2, A) < (z, A)
and (@, ') € x. Properties (2) and (4) in the definition of P are immediate.

(5) Let y := U {{a,&/)}. Since (x, A) is closed, it is easy to see that z is equal
to
yU{onn/(a): NN € A, NN acynN}.
By Lemma 4.1, (2, A) is closed.

(3) Consider a pair (a1,a)) = on n({(a,@’)), where N and N’ are isomorphic
in A and (a,a’) € N. Let M € A be given such that M Nwa ¢ a.

We claim that R4 N (a1, )] = 0. Suppose for a contradiction that ¢ is in this
intersection. Then (¢, ¢) € x. So on/ n(((,¢)) € x. But this last pair overlaps with
(o, @), which contradicts our assumptions.

Case 1: M N oy, o] # 0. We will show that oy and o) are in M. Suppose
that there is § € M N [aq, o] such that By n- < 6. Let ¢ := min(N’\ ). Then ¢
isin Ry and a; < ¢ < o, contradicting the claim above. Therefore any ordinal
in the nonempty intersection M N [aq, )] is strictly below By ns. In particular,
a1 < BN

Assume that N’ < M. If By v < of, then min(N'\ Bar,n7) is in R4 N (a1, af],
contradicting the claim above. So o) < B, n/. Then oy and of are in N’ N B v
and hence in M.

Now assume that M < N’. Fix N* in A isomorphic to N’ such that M € N*.
Since M € N*, 6M,N’ < ﬁN*,N/- In particular, oy < 6N*,N’- If BN*,N’ < 0/1, then
min(N'\ By« n+) isin RaN(a1, a}], contradicting the claim. Therefore of < By« n-.
It follows that oy and ) are in N*.
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By Lemma 1.13, (o, &’) = o+ n({a1,a))) isequal to on- ({01, a))). Since MN
[a1, o] # 0, applying o+ n we get that on= v (M)N[e, '] # 0. Ason- n(M) € A,
our assumptions imply that « and o are in oy y(M). Applying oy n+, we get
that «; and o} are in M.

Case 2: M N [aj,ay] = 0. Let 8 := min(M \ ay), and we will show that
(B8, 8) € z. Note that £ equals min(M \ o). So if By,n < @}, then 8 € R4 and
hence (3, 8) € x. So assume that o} < Bar,n/. Since M does not contain aq, we
must have that M < N'. If ﬂMJ\n < B, then g = min(M \ ﬂMyN/)' So 8 € Ra
and again (8,8) € x. Assume that 8 < By ns. Since M < N, it follows that
BeMNN'.

Fix N* in A which is isomorphic to N’ with M € N*. Since 8 € N' N N*,
B < BNn/N+. So aq and ) are in N*. By Lemma 1.13, on- n({aq,0))) =
on n({a1,0))) = (o, a’). Since M N [a1, )] = 0, applying oy« n we get that
on«N(M)N[a,o/] = 0. Let m := min(on« n(M) \ @). As on= n(M) € A, our
assumptions imply that (w,7) € . But f = min(M \ «a1), so applying on+ n we
get that o+ n(8) = min(on- y(M)\ &) = 7. Hence (on+ n(8),0n+n(B)) is in .
Since (x, A) is closed, (3, 8) € =.

(1) It is immediate that the pairs of z are of the correct form. We will show that
they are nonoverlapping. This is true by assumption for all pairs in x U {{«, /) }.

Case 1: Suppose that (y,7') € z and (a1,a)) = on N ((o,@’)), where N and
N’ are isomorphic in A and (o, o) € N. First assume that N’ N [y,~'] # 0. Then
v and " are in N’. Hence any overlap between (ay,a)) and (v,7') translates to
an overlap between (o, ') and oy N ({7,7")). As on/ N ({7,7)) € =, this would
contradict our assumptions.

Assume that N’ N [y,7'] = 0. Then the only possible overlap between (v,~")
and (aq,a)) would be if o < v < 4 < o). Letting ¢ := min(N’ \ ), we have
that (¢,¢) € z and a3 < ¢ < . But now we get a contradiction exactly as in the
previous paragraph.

Case 2: Suppose that (a1,a)) = oy n({a, ) and (aq, b)) = oy ar ({a, @),
where N, N', M, M’ arein A, N = N’, and M = M’'. Suppose for a contradiction
that a3 < as < ). Then M’ N[ay, )] # 0. By property (3) of (z,C), this implies
that oy and of are in M’. Since these ordinals are also in N/, o} < B nv.

First assume that M and N are isomorphic. As « and o' are in M N N,
oun(a) = a and oy n(a') = o', Since a1 < az < o) < Bar N/, these three
ordinals are in M’ N N’, so opp n fixes them. In particular, we have that a; =
onn (@) = over N(ovr (on,m (@) = o v (Ommr (@) = oar v(az) = as.
But this contradicts that oy < as.

Assume that M < N. Fix N* in A isomorphic to N with M € N*. Then
a and o are in N N N*. So oy n and oy« n/ agree on « and o' by Lemma
1.13. Let L := oy« n/(M), which is in A and satisfies that opp = on=- N [ M.
In particular, oa (o, ) = on- N (o, @) = on N (@, ') = (a1,a)). So
(on,0q) = om,({o, @) and (as, ah) = oar, v ({o, @’)), and thus we have reduced
the current situation to the case considered in the previous paragraph. A symmetric
argument works when N < M. (]
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Note the following consequence of the lemma: if (z, A) is a condition and (3, 8’) €
x, then there is (y, A) < (x, A) such that (8, 8) € y. Also the lemma implies that
for all p, there is ¢ < p such that for all (5, 5’) € x4, (8,5) € x4. For the process
of adding (8, 3) to p described in the lemma adds only pairs of the form (v,~),
where for some ', (v,7') € x,. So repeating finitely many times we can close the
condition under this requirement.

Proposition 7.5. The forcing poset P forces that Cyg is a club.

Proof. Suppose that p forces that « is a limit point of Cs. We will find a condition
below p which forces that o € Cg. If (a, ') € xp for some o, then p forces that
a € Cg and we are done. So assume not. Then for all (¢,¢) in xp, either { <¢' < a
ora<&<g.

Let Ag :== {K € A, : sup(K Nwa) < a}, A1 == {K € A, : sup(K Na) <
a, KNws ¢ a}, and Ay := {K € A, : sup(K Na) = a}. Note that for all M and
N in Ap, o is a limit point of both M and N and therefore oo < Sar v

Case 1: cf(a) = wy1. Extending p if necessary, we may assume that there is M €
A, such oo € M. Then M N« is bounded below . Since p forces that o is a limit
point of Cg, we can fix ¢ < p such that for some vyand v/, sup(MNa) <y <9 <«
and (v,7) € x,. Then M N[y,7'] = 0 and min(M \ v) = a. So (o, ) is in x4 since
q is a condition.

Case 2: cf(a) = w. Since p forces that a is a limit point of Cg, fix t < p
satisfying:
(a) there is v and +' satisfying that v < +' < «, (y,7') € x;, and for all
KeAyUAy, sup(KNa) <
(b) ~y is the largest such ordinal;
(c) for all pairs (8, ') in a4, (8, 0) is in t.
Let ¢ := (24, Ap). Then g is a condition and g < p. If (o, &’) € z, for some o’ then
we are done, so assume not. It follows that (o, a) does not overlap any pair in z,
since « is forced to be a limit point of Cg. Also by the maximality of +, the pair
(7, @) does not overlap any pair in z,. For all K € Ay, K N [y,7] =0, and clearly
ag =vk. Hence (ak,ax) € z4. In particular, for all K € A;, o < ak.

Subcase 2a: A = (. We will use Lemma 7.4 to show we can add (v,«) to g,
contradicting that « is forced to be a limit point of C's. By the choice of v, v € S
and (7, @) does not overlap any pair in z,. By the case assumption, if K € A,
and K Nwy ¢ 7, then K € A;. By the choice of v and the comments above,
KN[y,a] =0 and (ak,ak) € x4. By Lemma 7.4 there is an extension of ¢ which
contains (v, a).

Subcase 2b: Ay # () and there exists M € As such that sup(M Nwy) = a. We
apply Lemma 7.4 to show that we can add (o, «). Note that o € S since M € ).
And (a, ) does not overlap any pair in x, as noted above. Let N € A, be given
such that N Nws ¢ o and @ ¢ N. Then N ¢ A,. If N € A; then we already
know that (an,an) € x,. Suppose that N € A;. Then o < By, n as pointed out
above. In particular, & = sup(M N Bu,n). Since o ¢ N, it is not the case that
M < N. As o is a limit point of N N B n not in M, likewise N cannot be below
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M. Therefore M ~ N. Since ay ¢ M, Bu,ny < an. Soa < Bu,ny < an. It follows
that oy = min(N \ Bm,n). So any € Ry (N). Therefore (an,an) € z,.

Subcase 2c: Ay # () and for all M € Ay, M Nwo Q a. Let M be a member of A,
satisfying that for all K € Ag, (i) M Nw; < K Nwy, and (ii) if M Nw; = K Nwy
then apy < ag.

First assume that there is (8,4’) in x4, with @ < 8 < ay. Then By = aum.
By our assumptions, 5 cannot equal «, so o < 3. By the choice of ¢, (8, 8) € z,.
Therefore (anr, anr) € x4. In particular, apr € SN M. By the definition of ),
sup(M Nay)=a€S.

We apply Lemma 7.4 to show that we can add (a, ). The pair («, @) does not
overlap any pair in 4. Let N € A, be given such that N Nwy € o and a ¢ N.
We will show that (an,an) € x4 Obviously N ¢ Ag. And if N € Ay, then we
already know that (an,an) € z4. Let N € Ay. Then by (i), M < N. Recall that
o < Bupn. Since a ¢ N and « is a limit point of M N B, v, it is not possible that
M < N. So MNw; = NNuw;. By (ii), apy < ay. But then o < 8 < ay, so
BN = an. Since ¢ is a condition, (Bn, Sn) € z4. So (an,an) € zq4.

Now assume that there is no such pair (5, 8’) in z,. In particular, (anr, o) is
not in z,. We apply Lemma 7.4 to show that we can add (v, aar) to ¢. This is a
contradiction, since any extension of ¢ forces that « is a limit point of Cs.

Since (y,7) € x4, it follows that (var, var) € x4 since ¢ is a condition. By the
maximality of v, v = yp. So v € M. Also by the maximality of v, (v, ap) does
not overlap any pair in z, of ordinals below a.. And if (3, 8’) € z, with o < 3, then
apr < B by our case assumption. Hence (7y, apr) does not overlap any pair in z,,.

Now let N € A, be given such that N N ws ;(_ a. We will show that either ~
and oy are in N, or N N [y,ap]| = 0 and (yn,vn) € 4. Obviously N ¢ Ay.
Suppose that N € A;. Then (an,an) € x4 as noted above. And by the choice of
v, NNa Cy. So vy = ay. Hence (yn,Yn) € z4.

Suppose that NV € A,. First assume that for all K € Ay, NNw; < KNw;y. Then
by (i) and (ii), NNwy = M Nw; and ap < ay. Since o < fy,y and v € M Na,
v € N. We claim aps = av. If not, then By v < ap. But then o < Byv < am
implies that aps = min(M \ Bar,n). So aar € Ra, and therefore (o, an) € g4,
which contradicts our case assumption. It follows that v and «p; are both in N.

Now assume that M < N. Recall that o < By, n. So if By,n < anr, then
apr = min(M \ By, v) and hence aps € Ry(M). This implies that (ans, an) € g,
which contradicts our case assumption. So aps < Su,n. Since M N By,ny C N, vy
and o are in N. O

8. PRESERVING CARDINALS LARGER THAN wo

In this final section we will prove a general amalgamation result for models of size
wr. As a consequence, we show that the forcing poset consisting of finite coherent
adequate sets in H()) ordered by inclusion is wp-c.c.?2 Although we did not need
this fact for the other results in this paper, we record it here for future applications.

Lemma 8.1. Let My, My, Ko, and K1 be in X. Let 8 € A. Assume that MyNB =
MiNB, KoNB=KiNB, Brogme < B, and B, ar, < B. Then Br, n = By, -

2If 291 = wy and A<* = X, then the chain condition follows immediately from the conjunction
of Proposition 4.4 of [4] and Lemma 2.5 of [1]. A proof of Lemma, 2.5 of [1] can be found in Lemma
3.9 of [2].
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Proof. Clearly KoN g3 =Ky NG and MyN B = M; N imply that Ay, N(B+1) =
A]\/[1 n (ﬂ + 1) and AK(] N (5 + 1) = AK1 n (B + 1) Since 5K0,M0 and /8K17M1
are both in 8+ 1, Br, M, = max(Ax, NAr,) = max(Ag, N A, N (B + 1)) =
max((Ax, N(B+1)) N (Anr, N(B+1))) = max((Ar, N(B+1))N(Ax, N(B+1))) =
max(Ag, NApy, N(B+1)) =max(Ag, NAnr,) = Br, My - O

Proposition 8.2. Let A be a finite coherent adequate set. Let x > A be a regular
cardinal. Assume that N* is an elementary substructure of (H(x),€) of size wy
such that f* :== N*Nwy € A. Let 8 € B*NA.
Assume that there exists a map M — M’ from A into N* satisfying:

(1) M= M, MNB* =M 0B, and MO N* C M’;

(2) K e M iff K' € M', and in that case, oy (K) = K';

(3) if M € N* then M = M’;

(4) A :={M': M € A} is a coherent adequate set.
Then C := AUA’ is a coherent adequate set. Moreover, if we let r4 = {min(M\S*) :
M e A} and rar = {min(M'\ 8) : M € A}, then Rc CRAURA UrgaUra.

Proof. For all M € A, since M NB*=M'NB, oy mr | B is the identity function.
Also note that M N B* = M’ N 3 obviously implies that M NB* C fand M NG =
M'Nng.

First we will prove that C is adequate and that the remainder points of C' are as
required. Since A and A’ are each adequate, we only need to compare models in A
with models in A’. So let K and M be in A and we will compare K and M’. Since
M’ e N*, M' Nws C *. So Bk, m» < * by Lemma 1.7(1). If 8 < Bk a then by
Lemma 1.2, K N [B, Bk, m’) is nonempty. But then K N[5, 8*) is nonempty, which
is false. So SBx v < B.

We claim that either 8* < g ar or Bx . m = Br,m. In particular, B pr < Br -
For suppose that g < B*. If 8 < Bk m, then by Lemma 1.7(2), there is
£€e KNMnN[B,Bk,m). But then £ € K N B* C S, which is a contradiction. So
Br,m < B. Now apply Lemma 8.1 letting Ko = Ky = K, My = M, and M; = M'.
Then obviously Ko NS = KiNB, MoNp =M NG, Brym, = Br.m < B, and
Bry, vy = Bre,mr < B. So by Lemma 8.1, Bk v = Br -

Now we show that {K, M’} is adequate.

Case 1: K < M. Then K N fx,m € M. Since B mr < Br,m, KN Brmr € M.
As By < fand KNB =K' NP, KNBraw =K' N Bg . Since K' € N*,
KNpBgm € MAN*. But MNN* C M'. So KN Brm € M, and therefore
K< M.

Case 2: K ~ M. Since BK,M’ < ﬂK,M? KﬁﬂK7M/ :Mﬁﬂ[gM/. As ﬁK,M’ g ﬂ
and Mﬁﬁ :M/ﬂﬁ, MOﬂK,M/ = M/HBK,M“ So KOBK,M/ = M/HBK,M“

Case 83: M < K. Then Mﬂ,@K’M € K. Since ,BK,MI < ﬁ[gM, Mﬂﬁ}gM/ e K.
But Bgmr < Band M NG =M NG SoMNPBr .y =M N Br . Therefore
M'NBgm € K. Hence M’ < K.

Now we show that the remainder points are as required.

Let ¢ € Rx(M’) be given. First assume that ¢ > 8. If ( = min(M'\ Sk m),
then since Sx ar < B, ¢ = min(M’ \ {). So ¢ € ra and we are done. Otherwise



COHERENT ADEQUATE FORCING AND PRESERVING CH 27

¢ = min(M’ \ v) for some v € K \ Bx,m/. Since M’ Nwy C B*, ¢ < B*. As
Knp*CpB,vy<B. Soagain ¢ =min(M’\ 8) and ¢ € ryu.

Secondly, assume that ¢ < 8. Then ¢ € M' NS = M N J. Since Bx m < ¢,
¢ is not in K. Suppose that M < K. Since ¢ € M\ K, Bx.m < (. As ( < S,
Br,m < B. Therefore by the claim above, Bk v = Br v If ¢ = min(M'\ Bk ),
then clearly ¢ = min(M \ Bx,a) and ¢ € Ra. Suppose that ¢ = min(M’ \ v) for
some v € K\ B, m. Then v € K\ B, m and ¢ = min(M \ ), so ( € Ra.

Now assume that K < M. Then ¢ = min(M’\ v) for some v € K \ Bx p.
Since ¢ < B, v < 8. Hence « is not in M since otherwise it would be in M’. So
v € K\ M. Since K < M, this implies that 8k v < 7. So Bx.m = Bk,m+ by the
claim above. Therefore v € K \ Sk, n and ¢ = min(M \ ~). Hence ( is in R4.

Now consider ¢ € Ry (K). First assume that § < . Since KN g* C 3, 5* < (.
But Sx,a and any ordinal in M’ Nwsy are below 5*. So clearly ¢ = min(K \ 5*)
and ( €7y.

Now suppose that ( < (. First assume that K < M. Since ¢ ¢ M’ and
Mng=Mnpg, ¢¢ M. So ¢ € K\ M. Since K < M, this implies that
Br,.m < ¢. Therefore Bx pr < 5 and hence Bk v = Bi v by the claim above. If
¢ = min(K \ Bk,m7), then ¢ = min(K \ Bk, a) and therefore ¢ € R4. Otherwise
¢ = min(K\7y) for some v € M'\Bx p. Since ¢ < B,v < . Soy € M'NG = MnNp.
Hence vy € M\ Br ., 80 ¢ € Ra.

Next assume that M < K. Then ¢ = min(K \~y) for some v € M’\ Bk, n. Since
(<B,yeMNB=MnNpB. Soye M. Asye M\ K and M < K, Bx.m <7< B.
By the claim above, Sk ar = Br,m/. Hence v € M\ Br,m, s0 ¢ € Ra.

Next we will prove that C' is coherent. We verify the conditions (1), (2), and (3)
of Definition 1.15.

(1) Let K and M be in A and assume that K ~ M’. Then K Nw; = M' Nw; =
M Nwi, so K and M are strongly isomorphic. Since M and M’ are isomorphic,
K and M’ are isomorphic. To see that K and M’ are strongly isomorphic, let
a € KNM' be given. Sincea € M’ and M’ € N*,a € KNN*. Since KNN* C K’,
a € K'. Soa € KNK', which implies that ok x(a) = a since K and K’ are strongly
isomorphic by assumption. Also a € K' N M’, so ok m+(a) = a since K’ and M’
are strongly isomorphic. So ox v (a) = om0k k' (a)) = oxr v (a) = a.

(2) Let K and M be in A. First assume that K < M’ and we will find M* in C
isomorphic to M’ such that K € M*. Since K Nw; < M'Nw; = MNwy, K < M.
By the coherence of A, there is M* in A isomorphic to M such that K € M*. Then
M* is isomorphic to M’ and we are done.

Now assume that M’ < K, and we will find K* in C isomorphic to K such that
M’ € K*. We have that M' Nw; < KNw; = K' Nwy, so M’ < K’'. Since A’
is coherent, there is K* in A’ isomorphic to K’ such that M’ € K*. Then K* is
isomorphic to K.

(3) Let M, N, and K be in C, where M and N are isomorphic and K € M. We
will prove that oa v (K) € C.

We claim that if M is in A then so is K. So assume that K = L’ for some L € A.
Since L' e M NN* and MNN*C M', L’ € M N M'. Therefore opr (L) = L.
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But L’ € M’ implies that L € M and op (L) = L'. Hence L = L’ and therefore
L'=K isin A.

Case 1: M and N are in A. Then K € A, so we are done since A is coherent.

Case 2: M isin A and N = P’ for some P € A. Then again K is in A. Let
Q = oy p(K), which is in A since A is coherent. Then opp/(Q) = Q' is in A'.
And oy p(K) =opp(omp(K)) =opp (Q) = Q' which is in A" and hence in C.

Case 8: M = My and N = N{ for some My and Ny in A. If K = L’ for
some L € A, then we are done since A’ is coherent. Suppose that K € A. Then
K € M} and M{j € N*, which imply that K € N*. So K = K'. Hence K € A’ so
om,n(K) € A since A’ is coherent. O

Theorem 8.3. Assume CH. Then the forcing poset consisting of finite coherent
adequate sets ordered by inclusion is wy-c.c.

Proof. Let A be a maximal antichain, and we will prove that |A] < w;. Fix a
regular cardinal y > A such that Pis in H(\). By CH, we can fix N* an elementary
substructure of H(x) of size wy such that Y, P, and A are in N* and (N*)¥ C N*.

Since N* has size wy, we will be done if we can show that A C N*. Let 8* :=
N* Nwy. Note that g* is in A. And by elementarity, A N 8* is cofinal in 5*.

Let A = {My,..., My} be a condition in A. Fix 8 € AN N* large enough so
that for all M € A, sup(M N *) < 3. Let R be the relation where R(i,j) holds if
M; € Mj. Let d be the set of i < k such that M; € N*.

For each i < k let 9; denote the structure (M;, €,Y N M;), and let M; denote
its transitive collapse. Recall that oy, is the transitive collapsing map of IMt;. For
each pair (i,7) in R, let J; ; := on,(M;). For each i < k let S; be the relation
where S;(a,b) holds if a € M; N N* and oy, (a) = b.

Since R and d are finite, they are in N*. By CH, H(w;) € N*. So each
transitive collapse 9%; and each object Jij is in N*. As N* is countably closed,
each set M; N N* is a member of N*. So each relation .S; is in N*.

The objects My, ..., M}, witness in the model H(x) that there exist M, ..., M),
satisfying:

(a) {Mg,..., M|} is a finite coherent adequate set in A,

(b) fori <k, M!Np=DM;Np* M;nN*C M/, and the transitive collapse of

the structure (M/, €,Y N M}) is equal to ;;

(c) R(i,j) iff M] € M}, and in that case, JM;(M{) = Jij;

(d) for i <k, if S;(a,b) then opp(a) = b;

(e) foried, M; = M].
The parameters mentioned in the above statement are those described in the pre-
vious paragraph together with A, 8, M; N B* for i < k, and M; for i € d. So the
parameters are all members of N*. By the elementarity of N*, fix M{,...,M] in
N* satisfying the same statement.

Let us show that the map M; — M/ for i < k satisfies the assumptions (1)—(4)
of Proposition 8.2. By (a), {M,..., M} is a coherent adequate set, so (4) holds.
For (3), if M; € N*, then i € d, and so by (e), M; = M.

(1) Consider ¢ < k. By (b), M; N * = M/ N B and M; N N* C M/. Also by
(b), the structures (M;,€,Y N M;) and (M/,€,Y N M!) have the same transitive
collapse and hence are isomorphic. To see that M; = M/, let a € M; N M/. Then
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a € M; N N*. Let b := o, (a). Then Si(a,b) holds. By (d), oar(a) = b. Hence
7r1,0,(0) = T3 (s @) = Ty () =

(2) By the definition of R and (c), M; € M; iff R(i,j) iff M] € M}. And in
that case, 01\/[]/_ (le) = Jij- Now Ji,j = UMj (Mz) by definition. So O—MJvMJ{ (Ml) =
U;Tf; (o0, (M;)) = U&E(Ji,j) = M;.

This completes the verification of the assumptions of Proposition 8.2. Let C' :=
AUA’. Then C is a finite coherent adequate set, and obviously C' < A, A’. Hence
A and A’ are compatible. But A and A’ are both in A. Since A is an antichain,
A = A’. Therefore A € N*. Thus we have shown that A C N*, completing the
proof. O

By a somewhat easier argument, if CH fails then the forcing poset consisting of
finite coherent adequate sets ordered by inclusion satisfies the (2¢)*-c.c. Hence by
the material in Section 3, if 2“ < X then this forcing poset collapses 2 to have size
w1, forces CH, and preserves all cardinals above 2.

This paper has introduced a new method for producing models of CH using finite
forcing. This raises the question whether the method can be used to produce new
independence results involving CH.
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